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Abstract. In this paper we study Lagrangian Floer theory on toric man- 
ifolds from the point of view of mirror symmetry. We construct a natural 
isomorphism between the Frobenius manifold structures of the (big) quantum 
cohomology of the toric manifold and of Saito's theory of singularities of the po- 
tential function constructed in FOOQ51 via the Floer cohomology deformed 
by ambient cycles. Our proof of the isomorphism involves the open-closed 
Gromov-Witten theory of one-loop. 
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1. Introduction 



The purpose of this paper is to prove a version of mirror symmetry between 
compact toric A-model and Landau-Ginzburg B-model. 

Let X be a compact toric manifold and take a toric Kahler structure on it. In 
this paper X is not necessarily assumed to be Fano. In |FOOQ5j we defined a 
potential function with bulk, tyD b , which is a family of functions of n variables 
yi, . . . ,y n parameterized by the cohomology class b € H(X;Aq). (More precisely, 
it is parameterized by T"-invariant cycles. We explain this point later in Sections 
[HandU) (Aq is defined in Definition 101) 

*PD b is an element of an appropriate completion of Ao[yi,2/j~ . . . , JM,?/^ 1 ], the 
Laurent polynomial ring over (universal) Novikov ring Aq. We denote this comple- 



Differentiation of tyD b with respect to the ambient cohomology class b gives rise 
to a A module homomorphism 



We define a quantum ring structure on H(X; A ) by deforming the cup product 
by b using Gromov-Witten theory. (See Definition 12.261 ) The main result of this 
paper can be stated as follows: 

Theorem 1.1. Equip H(X;Aq) with the ring structure U b . Then 

(1) The homomorphism {s b in is a ring isomorphism. 

(2) // *pD b is a Morse function, i.e., all its critical points are nondegener- 
ate, the isomorphism tsb above intertwines the Poincare duality pairing on 
H(X;A) and the residue pairing on 3ac(^pD b ) ®a A- 

We refer readers to Section [2] for the definition of various notions appearing in 
Thcorcm ll.il Especially the definition of residue pairing which we use in this paper 
is given in Definition 12.231 and Theorem 12.241 

We now explain how Thcorcm l 1 . 1 1 can be regarded as a mirror symmetry between 
toric A-model and Landau-Ginzburg B-model: 

(a) First the surjectivity of (|1.1|) implies that the family ^pD b is a versal family 
in the sense of deformation theory of singularities. (See Theorem lll.il ) 

(b) Therefore the tangent space T b H(X;A ) carries a ring structure pulled- 
back from the Jacobian ring by (jl.ip . Theorem 11.11 (1) implies that this 
pull-back coincides with the quantum ring structure U b . 

(c) Theorem 11.11 (2) implies that the residue paring, which is defined when 
JacppDf,) is a Morse function, can be extended to arbitrary class b £ 
H(X; Aq). In fact the Poincare duality pairing of H(X; Aq) is independent 
of b and so obviously extended. 

This (extended) residue pairing is nondegenerate and defines a 'Rie- 
mannian metric' on H(X; Aq). (Here we put parenthesis since our metric 
is over the field of fractions A of Novikov ring and is not over K.) As in the 
standard Riemannian geometry, it determines the Levi-Civita connection 



o 



tion by A^((y, y (See Definition |2~T1 for its definition.) We put 



O 




ls b :H(X;A )^ Jac(qJD b ). 



(1.1) 
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V on H(X; Ao). Theorem ll.il (2) then implies that this connection is flat: 
In fact, in the A-model side this connection is noting but the canonical 
affinc connection on the affine space H(X;Aq). 

Let Wi be affine coordinates of H(X; Ao) i.e. the coordinates satisfying 
V d/dwfil 'dwj — 0. Then we have a function $ on H(X; Ao) that satisfies 

(fi U b fj,f k PDx = — — — — . (1.2) 

awiOWjOWk 

Here {fi} is the basis of H(X; Ao) corresponding to the affine coordinates 
Wi and (•, -)pd x i s the Poincare duality pairing. 

In fact $ is constructed from Gromov-Witten invariants and is called 
Gromov-Witten potential. (See |Ma) . for example .) Using the isomorphism 
given in Theorem 11.11 (1) we find that the third derivative of $ also gives 
the structure constants of the Jacobian ring. 

(d) In Section 10 |FOQ05j . we defined an Euler vector field £ on H(X;A Q ). 
We also remark that the Jacobian ring carries a unit that is parallel with 
respect to the Levi-Civita connection: This is obvious in the A-model side 
and hence the same holds in the B-model side. 

(e) The discussion above implies that the miniversal family ^iD b determines 
the structure of Frobenius manifold on H(X; Ao). K. Saito [Saj and M. 
Saito [MSa defined a Frobenius manifold structure on the parameter space 
of miniversal deformation of a holomorphic function germ with isolated 
singularities. Their proof is based on a very deep notion of primitive forms. 
On the other hand, our construction described above uses mirror symmetry 
which is different from theirs. Strictly speaking, our situation is also slightly 
different from Saito's in that we work over the Novikov ring but not over 
C, and deals with a more global version than that of function germs. See 
[Sab] (especially its Section 4) for some discussion of a global version of 
Saito theory over C. It is not clear to the authors how difficult it is to 
adapt Saito's argument to our situation and prove existence of a Frobenius 
manifold structure using the primitive forms. 

(f) Dubrovin [Dub] showed that quantum cohomology also defines a Frobe- 
nius manifold structure on H(X;Aq). Theorem II .11 can be regarded as the 
coincidence of the two Frobenius manifolds, one defined by quantum co- 
homology (= toric A-modcl) and the other defined by Saito's theory (— 
Landau-Ginzburg .B-model). 

Remark 1.2. (1) Saito invented a notion, which he calls flat structure. It is 
the same structure as Frobenius manifold structure which Dubrovin found 
in Gromov-Witten theory. 
(2) For the case of Fano X and with b — 0, a statement similar to Theorem 
11.11 (1) was known to Batyrev |B1] and Givental [Gi2] . ( |Gi2j contains its 
proof relying on the virtual localization formula which was later established 
in [GrPa] .) For the case of CP n , a result closely related to Theorem 11.11 
was known to Takahashi [Ta] (n = 1) and Baranikov [Bar] . Proofs of both 
Takahashi and Baranikov are rather computational. On the other hand, 
our proof does not rely on computations but uses a natural construction of 
the map feb which we prove is an isomorphism. We prove this isomorphism 
property using some geometric argument without carrying out separate 
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calculations on both sides. In addition to this geometric argument, we use 
some important partial calculation of *pD fa carried out by Cho-Oh jCOj in 
our proof of Theorem 11.11 

(3) In the work [HVj of Hori-Vafa a function similar to the potential function 
*PD appear^ and their discussion is somewhat close to Theorem ll.il Also 
there are various conjectures closely related to Theorem ll.ll in the literature 
such as those stated by Saito-Takahashi [SaTa] . Iritani |Iri2] and others. 
These conjectures are more wide-ranging than Theorem ll.il in their scope 
in that they also discuss the Hodge structure, higher residues and others. 
Especially in |Iri2| a similar statement as Theorem 11.11 is announced as 
a theorem, whose proof is deferred to subsequent papers. On the other 
hand, in |Iri2) and other references, superpotential in the B-model side are 
defined 'by hand' and the role of potential function with bulk ^D b was not 
discussed. In that sense, Theorem 11.11 does not seem to have appeared in 
the previous literature even as a conjecture. See also [KKPj . 

(4) We also remark that our potential function ^O b in Lagrangian Floer theory 
is slightly different from the superpotential appearing in the literature we 
mentioned above: The 'superpotential' in the literature coincides with the 
leading order potential function ^PD in our terminology. *PD coincides 
with potential function tyD b for the case of X Fano and fa = 0. There is 
an example where VfiD is different from ^3£) b , fa = in non-Fano case. 
(Theorem [16TJ) However we can prove that *$£)q is the same as *}3D b for 
some b up to an appropriate coordinate change (Theorem 1 11.1|) . 

(5) We believe that using Theorem ll.il we can prove a version of homological 
mirror symmetry conjecture f |Ko2| ) between toric A- model and Landau- 
Ginzburg B-model, namely an equivalence of Fukaya category of X and 
the category of matrix factorization of Jac(<pD t ). We plan to explore this 
point elsewhere in the near future, with M. Abouzaid. 

(6) It seems important to push our approach further and study the mirror 
symmetry along the lines of Saito, Givental and Hori-Vafa. For example, 
including higher residues, primitive forms, quantum D-module and hyper- 
surfaces of toric manifolds into our story are some interesting projects. We 
hope to pursue this line of research in the future. 

(7) After the main results of this paper was announced, an interesting result 
of Gross [Groj appears which studies a similar problem in the case of CP 2 . 
See also [GPS] . 

We can apply Theorem 11.11 to the study of Lagrangian Floer theory of toric 
manifolds. Let 9Jl(A, fa) be the set of pairs (u, b) with 

u e IntP, b e H 1 (L(u);X)/H 1 {L(u);27rV^lZ) 

such that 

HF((L(u), fa, b), {L{u), fa, 6); A) ^ 0. 

Here HF((L(u), fa, b), {L(u), fa, b); A) is the Floer cohomology with bulk deforma- 
tion. (A is defined in Definition HU (See |FOOQ2] . |FOOQ5] .) 



Hori and Vafa conjectured that the superpotential in their situation coincides with the po- 
tential in Lagrangian Floer theory. A similar conjecture was also made by Givental around the 
same time. This conjecture was one of the motivations of the work |CO| . 
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Theorem 1.3. If?fiD b is a Morse function, we have 



#OT(X,b) = ^rank# fc (X;Q). 



(1.3) 



k 

If^O b is not a Morse function, we have 



< #Wl{X,b) < ^rankff fe (X;Q). 



(1.4) 



k 



Theorem 11.31 settles a conjecture in the preprint version of |FOOQ4] . It also re- 
moves the rationality hypothesis we put in the statement of Theorem 1.4 }FOOQ4] . 
Theorem 11.31 is proved in Section [2] right after Theorem 12.321 using Theorem 11.11 



We have another application of Theorem 11.11 which is proved in Section 1151 

Theorem 1.4. Assume b £ H 2 (X;Aq). The set of eigenvalues of the map x i— > 
Ci(X)U b x : H(X;A ) —¥ H(X;A ) coincides with the set of critical values o/^pD b , 
with multiplicities counted. 

Here U b is the quantum cup product associated with the bulk deformation by b. 
(See Definition 12.261 for its definition.) 

Remark 1.5. Theorem 11.41 was conjectured by M. Kontsevich. See also [Aurlj . 
Thcorem ll.4l is proved in [F0004 in case X is Fano and b = 0. 

Outlines of the proof of Theorem 1 1.1 1 and of the contents of the following sections 
are in order. The proof of Theorem 11.11 (1) goes along the line we indicated in 
Remark 6.15 [FOOQ4| . However the details of the proof are much more involved 
partially because we have much amplified the statement. 

In Section [2] we define various notions used in the statement of Theorem 11.11 and 
make a precise statement thereof. In Section [31 we make explicit computations 
for the case of X = CP™, b = to illustrate Theorem 11.11 Section @] contains 
several (technical) issues related to the completion of Laurent polynomial ring over 
Novikov ring. 

As we already mentioned, the potential function we defined in |FOOQ5] is 
parametrized by the group of T™-invariant cycles. The set of T"-invariant cy- 
cles, which we denote by ^4(Ao), is mapped surjectively on the cohomology group 
H(X; Ao). However this map is not injective. In Section[8j we prove that if b and 
b' give the same cohomology class in H(X; A ), ^O b and ^O b , coincide up to an 
appropriate change of coordinates. (See Theorem 18. 71 ) In Section [7] we prove that 
the map 6s b , which is originally defined on _4(Ao), descends to a map defined on 
H(X;Aq). (See TheoremOJ) 

In Section [9l we prove that the map ts b is a ring homomorphism. In Section [3T1 
we explain its relation to various results, ideas, and conjectures appearing in the 
previous literature. We also explain there how the discussion of Section [9] can be 
generalized beyond the case of toric manifolds. 

In Section [TU1 surjectivity of ts b is proved. We first show that its C-reduction 
ts b is surjective and then use it to prove surjectivity of £s& itself. 

Sections [TT1 - [14l are devoted to the proof of injectivity of is b . Since this proof is 
lengthy and nontrivial, we give some outline of this proof here. 

We first remark that tyD b is not a Laurent polynomial in general but a formal 
Laurent power series of y\,...,y n with elements of Aq as its coefficients, which 



(!)• 



8 



K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO 



converges in an appropriate T-adic topology. We note that even in the Fano case 
we need to work with such formal power series as soon as we turn on bulk defor- 
mations. Therefore we first show that ^PD b can be transformed into a Laurent 
polynomial by an appropriate change of variables. This is proved in Section 1121 
This is possible because of the versality of our family which we prove in Section [TT] 
using the surjectivity of 6st,. 

The second point to take care of is the fact that we actually need to take a 
closure of the ideal generated by yi ^ * . This is especially important when we 
work over a Laurent polynomial ring and not over its completion. For example, the 
equality (|1.3[) will not hold in the non Fano case, if we do not take the closure of 
the ideal. (See Example 8.2 [FOOQ4] .) This point is discussed in Section [T4l 

After these preparations, we proceed with the proof of injectivity of tSf, as follows. 
Using the surjectivity of 6S(, and the fact that H(X;A ) is a free A module, we 
observe that the injectivity of tsj, will follow from the inequality 

rank A (Jac(fpD b ) ® Ao A) > rank A -ff(A; A). (1.5) 

One possible way of proving the inequality (|1.5|) is to explicitly construct the inverse 
homomorphism from JacCPD b ) to H(X;A). We have not been able to directly 
construct such a map on Jac(^3D b ) itself but will construct a map from a ring 
similar to Jac(*}3D b ) instead. An outline of this construction is now in order: 
In |MT) . McDuff-Tolman proved that the Seidel's [Sel representation 

iri{Ham(X)) H(X;A ) 

provides m elements z[ £ H(X; Aq) (Recall m is the number of T"-invariant cycles 
(or toric divisors) of X of (real) codimension 2.) that satisfy the quantum Stanley- 
Reisner relations (see Definition 6.4 [F OOQ4j and Section [T3] of this paper) and 
which are congruent modulo A + to the Poincare dual of the generators of the 
ring of T™-invariant cycles. See Theorem 113.21 We use this to show that the 
quantum cohomology ring is expressed as the quotient of Ao [zx, ■ ■ ■ , z m ] by an ideal 
which is a closure of the ideal generated by quantum Stanley- Reisner relations and 
other relations congruent to the relations yi d< ^® - = 0. In other words, quantum 
cohomology (H (X; A), U fa ) is represented as the quotient of polynomial ring of m 
variables over A by the relations which are congruent to those used for the Jacobian 
ring Jac(^p£) b ). Using this congruence, we find a family of schemes parameterized 
by one variable s which interpolates Spec( Jac(^3£) Jig) a A) and Spec(H(X; A), U 6 ). 
This is a family of zero dimensional schemes. Therefore if it is proper and flat over 
Spec(A[s]), the orders (counted with multiplicity) of the fibers, which is nothing 
but the rank over A of the coordinate ring of the fiber, are independent of s and 
hence (ll.5[) follows by the standard fact in algebraic geometry. The proof of the 
properness is based on the fact that *}3D b has no critical point whose valuation lies 
in a sufficiently small neighborhood of the boundary of the moment polytope. The 
proof of Theorem ll.il (1) is completed in Section [T4l 

In Section [15] we prove Theorem 11.41 We use it in Section [16] to calculate the 
potential function of second Hirzebruch surface F2 at b = 0. (The same result was 
previously obtained by Auroux |Aur2j by a different method. See also |FOOQ7| .) 
We also calculate residue pairing in that case and verify Theorem ll.ll (2) by a direct 
calculation. 

Sections [17] - [21] are devoted to the proof of coincidence of the Poincare duality 
and the residue pairing. We summarize the main idea of the proof now. 
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Using the Poincare duality applied to both X and L(u), we dualize the map tSb 
and obtain the adjoint map £s£ . A description of this map in terms of the operator p 
introduced in Section 3.8 |FOQ03j is given in Section [T7J (We recall that another 
operator q was used in [FOOQ51 in the definition of the potential function with 
bulk.) We then calculate the pairing 

(U* b (PD \pt] ),ts* b (PD\pt])) POx (1.6) 

where PD[pt] is the top dimensional cohomology class in H(L(u); Aq) as a Floer 
cohomology class in 

HF((L(u), b, b); (£(«), b, 6); Ao) = H (L(u); A ). 

By inspecting the definition of ts£ , we find that the paring (|1.6I) can be calculated 
by counting the number of holomorphic maps w with boundary lying on L(u) from 
certain bordered semi-stable curve £ which is obtained by attaching two discs at 
their centers. We also require w to satisfy an appropriate constraint related to 
the class \pt]. Note that E is a degeneration of the annulus, i.e., of a compact 
bordered Riemann surface of genus with 2 boundary components. So calculation 
of (|1.6I) is turned into a counting problem of appropriate holomorphic annuli. By 
deforming complex structures of the annuli, we prove that (jl.6l) is equal to an 
appropriate double trace of the operation m2 on HF((L(u), b, b); (L(u), b, b); Ao), 
which is our definition of residue pairing. (See Theorem 120. 11 ) Section |2"01 contains 
several constructions related to open-closed Gromov-Witten theory of one-loop. 
These results are new. For example, they did not appear in |FOOQ3j . 

One important point in carrying out this proof is that we need to reconstruct a 
filtered structure so that it becomes cyclically symmetric. In other words we 
need to take the perturbation of the moduli space of pseudo-holomorphic discs so 
that it is invariant under the cyclic permutation of the boundary marked points. 
This is because fiber products of the moduli spaces of pseudo-holomorphic discs 
appear at the boundary of the moduli spaces of pseudo-holomorphic annuli where 
we need cyclic symmetry for the consistency of the perturbation. 

The perturbation we used to define the operator q in |FOQ05j is not cyclically 
symmetric. In Fu2|, the cyclically symmetric perturbations of the moduli space of 
pseudo-holomorphic discs are produced. (In |Fu2] it is not assumed that X is a toric 
manifold.) For this purpose, continuous family of multisections is used therein. In 
Section [TS] we adapt this scheme to the present situation where X is toric and L is 
a T" -orbit, and construct a cyclically symmetric versions q c , m c of our operators q, 
m. We also discuss their relationship with the operators q and m in [FOOQ5] . 

The proof of Theorem 11.11 is completed in Section [5T] 

If a primitive form takes a simple form dy\ A • • ■ A dy n / (yi - ■ ■ y n ), the residue 
pairing is the inverse of the determinant of the Hessian matrix of the potential 
function. (See Definition 12.171 ) We will prove that this is the case if either (1) 
n = 2 or (2) X is nef and b is of degree 2, as follows. It was proved by Cho |Cho2] 
that the Floer cohomology ring (HF((L(u), b, 6), {L(u), b, b); A), 11X2) is isomorphic 
to the Clifford algebra associated to the Hessian matrix of ^iO b . This isomorphism 
between Clifford algebra and Lagrangian Floer cohomology holds in general if 
is Morse. However in general we do not know whether this isomorphism respects 
Poincare duality of L(u). We prove this under the condition that (1) or (2) above 
holds. (See Theorem 122.21 ) In Section [53] we use it to prove coincidence of the 
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residue pairing (in our sense) and the inverse of the Hessian determinant modulo 
the higher order term in the general case. 

In Scction[M] we calculate cyclic (co)homology of Clifford algebra using Connes' 
periodicity exact sequence. We use this to prove that residue paring in our sense 
detects the second of the nontrivial elements of cyclic cohomology. Note the first 
nontrivial element of cyclic cohomology is detected by the critical value, which in 
turn becomes the first Chern class. (We also review the relation between cyclic 
cohomology and deformation of cyclic algebra.) 

In Sections l2"5ll2"o1 we discuss orientation and sign. Especially we study the case of 
moduli space of pseudo-holomorphic annuli, which was not discussed in |FOOQ3] . 

In Sections l28ll30l we discuss the construction of Kuranishi structure of the mod- 
uli space of pseudo-holomorphic discs which is invariant under T" action and other 
symmetries. Those sections are rather technical but necessary and important sub- 
stance for the constructions of this paper. 

Hochschild and cyclic (co)homology of Lagrangian Floer cohomology and of 
Fukaya category is known to be related to the quantum cohomology of the ambient 
symplectic manifold. We prove and use this relationship in this paper. In Section 
[31] we summarize various known facts and previous works on this relationship. 

A part of the results of this paper is announced in [F0005 Remark 10.3 and 
|FOQ04j Remark 6.15, as well as several lectures by the authors. 

The authors would like to thank M. Abouzaid for helpful discussions especially 
on those related to Theorem 11.11 (2). Remark 11.21 (5) and Proposition 124.31 The 
second named-author thanks NIMS in Korea for its financial support and hospitality 
during his stay in the fall of 2009 when a large chunk of the current research was 
carried out. The first named-author thanks MSRI for its financial support and 
hospitality during his stay in the spring of 2010 when he was working on Section 
[29] of this paper. The third and fourth named authors thank KIAS for its financial 
support and hospitality during their stay in the summer of 2010, when the final 
version of this paper was prepared. 



Definition 1.6. Let R be a commutative ring with unit. We define the universal 
Novikov ring Aq(R) as the set of all formal sums 



where ai € R and Ai G R>o such that limi_ i . 00 Ai — oo. Here T is a formal 
parameter. 

We allow Ai € R in (|1.7[) (namely negative Ai) to define A(i?) which we call 
universal Novikov field. It is a field of fraction of Ao (R) . 

We require Ai > in (jl.7p to define A + (R), which is the maximal ideal of Aq(-R). 

In this paper we mainly use the case R = C. In such a case we omit C and write 
Ao, A, A+. 

Definition 1.7. A discrete monoid G is a submonoid of additive monoid R>o 
which is discrete. An element (|1.7j) is said to be G-gapped if all the exponents Ai 
are contained in G. 



Notations and terminologies 



oo 




(1.7) 



i=0 
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For (3 £ H2{X, L; Z), we denote by M™^ e (f3) the compactified moduli space of 
the genus zero bordered holomorphic maps in class j3 £ H2{X, L{u)\ Z) with k + 1 
boundary marked points and I interior marked points. Namely it is the set of all 
isomorphism classes of z + ,u) 1 where S is a genus zero bordered Riemann 

surface with one boundary component, u : (£,(?£) — > (X, L) is a holomorphic map 
of homology class f3, z = (zq, . . . , z^) is an ordered set of k + 1 distinct boundary 
marked points, and z + = (z^ , . . . , zt) is an ordered set off distinct interior marked 
points. (Sometimes, we denote the interior marked points by z 111 * = (z} nt , . . . , z™'), 
instead of z+ = (z^ , . . . , z^).) We require the order of k + 1 boundary marked 
points respects the counter-clockwise cyclic order of the boundary <9£ and also 
assume appropriate stability conditions. 

This space is a compact Hausdorff space and has a Kuranishi structure with 
boundary and corners. (See |FOOQ3] Section 7.1.) 

Definition 1.8. A (R valued non- Archimedean) valuation of a commutative ring 
R with unit is by definition a map : R — > R U {oo} such that 

(1) X>{ab) = 0(a) + o(6). 

(2) o(a + b) > min{o(a),D(6)}. 

(3) o(0) = oo. 

It uniquely induces a valuation on its field of fractions F(R). (Sec [BGR p41 
Proposition 4.) We denote the induced valuation on F(R) by the same symbol 0. 
A ring R with a valuation is called a valuation ring if 

R = {x e F(R) | o(x) > 0}. 

In general, a ring R with a valuation may not coincide with {x £ F(R) \ v(x) > 
0}. In fact, we will see in Section [5] that the universal Novikov ring Ao is a valuation 
ring, but we also treat several rings with valuations which are not valuation rings 
in the sense of above. 

When a valuation is given, it defines a natural non- Archimedean norm on R 
given by 

\a\ :=e~°^ 

and hence defines a metric topology on R. By the property (1) in Definition ll.8[ 
| • | is multiplicative, i.e., satisfies |a&| D = | a. 1 1 1>| - We say (i?, o) is complete if it is 
complete with respect to the metric induced by the norm | • 1 . 

For a T™ orbit L(u) of our toric manifold we denote by ef, i = 1, . . . , n the basis 
of H 1 (L(u);'Z) and we write an element b £ 7? 1 (L(u); Ao) as 

n 

b = }^ Xjej. 

i=l 

We put yi = e Xi . 

2. Statement of the results 

In this section we describe the main results of this paper. We also review vari- 
ous results of [FOOQ5] and of several other previous works and introduce various 
notations that we use in later sections. 

We first discuss potential function and its Jacobian ring. Let (X, u>) be a compact 
toric manifold and n : X — > P be the moment map. Let n = dime X and m = the 
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number of irreducible components of D = n~ 1 (dP) = the number of codimension 
one faces of P. Let B be the number of faces of P of arbitrary codimension. Let 
{P a }a=i,...,B be the set of all faces of P such that p = diP (i = 1,. . . ,m) are the 
faces of codimension one. Denote D a = n^ 1 (P a ) which are T n -invariant cycles. We 
denote by A k for k ^ the free Z module generated by D a 's with codimP a = k. 
Then P = P and D = X. We put A = Z[D ]. (We remark here this notation 
is slightly different from one in F0005 . Namely for k ^ 0, the group A k is the 
same as the one used in |FOQ05j . But in |FOQ05j we put A = {0} instead.) We 
put A = A{Z) = ® k A k and -4(A ) = A <g> A . 

We put f a = [D a ], a = 0, 1, . . . , B. An element b £ -4(Ao) is written as 

B 

fa = ^2w a (b)f a 

a=Q 

so w a 's are coordinates of fa. Let y\, . . . , y n be formal variables. For u = (u\ , . . . , u n ) £ 
Int P we define n variables Vjiu) (J = 1, . . . , n) by 

vM /' " ///• (2-1) 

We consider the Laurent polynomial ring: 

A[2/i,yr\ • ■ ■ ,y n ,Vn\ 

which is canonically isomorphic to 

A[yi(u),yi(u)~\ • ■ • ,y n {u),y n {u)-\ 

by (p7T|) . We write this ring A[y(u), y(u) _1 ] or Afe/,j/ -1 ]. If u' = (u[, . . .,u' n ) £ IntP 
is another point we have a canonical isomorphism 

: A[y( U ),y( U )- 1 ] Ab/Ctt'J.yCli')" 1 ] 

that is 

^,«(%(«))=T«J- U *i, i (« / ). 
For i = 1, . . . , m, we denote 



tUj = cxpwj = ^ ^yw fc 



fc=0 

We consider the Laurent polynomial ring 

AK.tfi.wr 1 , • • .,ro m ,xo^-,w m+1 ,.. .,w B >y,y~ x ], 
and denote it by 

A[to,ttr\u;,2/,y _1 ]. 
A non- Archimedean valuation X>t on A is given by 

Ot ^ a*P A ^ = inf{A, | a; ^ 0}, t) T (0) = +oo. (2.2) 

We define a valuation t>j. on A [to, ro _1 , w, y, y _1 ] by assigning 

= o£K) = t#(yi(u)) = 0, t#(T) = 1. (2.3) 

It implies 

0t(»3(«')) = m j ~ «i> «>t(w) = «j- (2-4) 

We also define 

Vt = inf Or- 
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Let A p ((ro,tn 1 ,w,y,y *)) be the completion of A [to, to 1 1 w,y 1 y 1 ] with respect 
to the norm 0^. We remark that P is not a valuation but e~ D ? still defines a 
norm. We also put 

Ao > ((w ! W -1 , y, y -1 )) = {x £ A p ((U3,n>- 1 ,w 1 y,y- 1 )) \ <o%(x) > 0}. 

We define A p ((y, y" 1 )), A p ((j/,y -1 )) in a similar way. 

Let Aq((j/,j/ -1 )) (resp. Aq ((to, to -1 , w, y, y -1 ))) be the completion of the rings 
A [y(u), y(u) -1 ] (resp. A [rD, ro _1 , w, y(u), y(w) _1 ]) with respect to 0^. We denote 
by A™ ((y, y -1 )) the ideal of Aff ((y, y -1 )) consisting of all the elements with 0^ > 0. 

To handle the case of b £ -A(Ao) we need to use slightly different completion. 

Definition 2.1. We put 

uGlntP 

o 

Ag({vo,to- 1 ,w,y,y- 1 ))= f] A%((xo, id -1 , tu, y, y" 1 )). 

uGlntP 

Here the definition of the intersection 

AJf^.rtnAJf'^.y- 1 )) (2.5) 

is as follows: An element o of Ag((y,y -1 )) is a limit of a sequence of elements 
a; £ Ao[y,y _1 ] in Dj- topology. We say it is in the intersection (|2.5|) if we may 
choose 0^ so that it converges in t)y topology also and lim^oo Oj. (a«) > 0. 

In Section 4, we will define a metric on these rings in Definition 14.21 and show 
that indeed they are the completions of the corresponding Laurent polynomial rings 
with respect to the metric. 

We extend the Ut norm on Ao to Ao[i>i, . . . , Z m ] by setting Vr{Zi) = i = 
1, . . . , m. Let Aq((Zi, . . . , Z m }} be the completion of the polynomial ring Aq[Zi, . . . , Z m \ 
with respect to this Dt norm thereon. 

Here and hereafter we use the convention of |FOQ04j Section 2 on toric manifolds 
with P being its moment polytope. In F0004 we use the affine functions lj : 
W l — > K, (j = 1, ■ ■ ■ , m) defined by £j(u) = (u, Vj) — Xj such that 

P= {u | lj(u) > 0} = {u | (u, Vj ) > Xj}. (2.6) 

Let Vj = (vj y i)2 =1 be the gradient vector. We have Vj^ £ Z™. 

Definition 2.2. We define Zj £ A [y(u), y(w) -1 ] by 

n n 

Zj = I^Wljyi^ = I A Hy,' . (2.7) 

i=l i=l 

Here Xj — (u, Vj) — £j(u) for j = 1, . . . , m. If u £ P, then £j(u) > and hence Zj 
defines an element of Ao[y(w), y(u) _1 ] from the first expression. Note that we use 
(|2.ip to get the second expression, from which we can also regard Zj £ A[y, y _1 ] 
with = -Xj + (u, Vj) = lj{u) > by tf23]) and (JUD, if u G P. 

Lemma 2.3. We /iave surjective continuous ring homomorphisms 

A ((Z U . . .,Z m }) -+ A^y" 1 )), A p!, . . .,Z m }] A^y- 1 )} (2.8) 
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which send Zj to Zj . We also have surjective continuous ring homomorphisms 
A ((tv,K>- 1 ,w,Z u ...,Z m )) -> A^w.ttT 1 , y -1 » 

(2.9) 

\ {{to,to- 1 ,w))[[Z 1 ,...,Z m ]] -> A^((ro, tD _1 ,t«, 
which send Zj to Zj and preserve VO, w. 
The proof will be given in Section 01 

Definition 2.4. Let G be a discrete submonoid of M>o- 

(1) An element of Aq[[^i, ■ • • , Z m ]] is said to be G -gapped if the exponents of 
T appearing in all of its coefficients are contained in G. 

o 

(2) An element of Aq ((y, y^ 1 )) or of Aq ((y, y^ 1 )) is said to be G -gapped if it is 
an image of a G-gapped element by the surjective homomorphism (12.8[) 

o 

(3) A^dy^y- 1 }) denotes the image of A+[[Zi, . . . , Z m ]] under the map (|2.8p in 

Agiiv.v- 1 ))- 

Remark 2.5. Any element of A^((y, y -1 )) is G-gapped for some discrete submonoid 

o 

G of Z>o- However this is not true for the elements of A^((y, j/ -1 )) in general. 

Let ej, i = 1, ... ,n be the baisis of 7f 1 (L(w);Z) and we write an element b £ 
^(L ju); A ) a s 6 = £™ =1 We P ut ^ = eXi ' 

In [FOOQ5) . we defined the potential function with bulk *pD(u>i, . . . , wb] yi, • ■ • , y n ), 
that is, a 'generating function of open-closed Gromov-Witten invariant' given in 
Section 3.8 |FOOQ3j . We enhanced this function to 

ySQ(w 0) wi, . . .,w B ;yi, ■ ■ -,y n ) = wq + y$D(wi, . . .,w B ;yi, ■ ■ -,y n ) 

by adding additional variable wo corresponding to the top dimensional cycle P° = P 
(and D° = X). Hereafter in this paper, *pD will always denote this enhanced 
function given in the left hand side. We also denote 

^b(yi) ■■•>Vn) = ySD(w 0> Wi,.. .,w B ;yi,.. .,y n ) 

where b = 'Y^f^wA- The following lemma and the remark thereafter justify our 

o 

consideration of A^((?/, y" 1 )). 
We recall 

**)>(»!,...,».) £ ^ a ^ T^^ yi (uf^ ■ ■ • y n (uf^ 

1,0 h,—,h 

evo[Mi*(fl;D jl ,...,D jt )]n[L] 

1 (2-10) 
= E j^/^uf^ ■ ■ ■ y n (uf^ 

evo[M.i;t(J3; b, . . . , b)] n [L\. 

See [FOOQ5I (7.5). (The moduli space Mi- l t(fi\Dj 1 ,...,D h ) is defined at the 
beginning of Section [6]) Note yi and yi{u) are related by (|2.ip . 

Lemma 2.6. (1) If b £ -4(A+), t/ien «pD b € A£((y, y" 1 )). 

o 

(2) //be -4(A ) ; tten we We y}D b £ Ag{(y, y- 1 )). 
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Proof. (1) is proved in Theorem 3.11 |FQOQ5j . Since ^pO b converges in norm 
for any u £ Int P, (2) follows. □ 

Remark 2.7. We do not know whether ^iO b £ A^((j/, y" 1 )) or not, in case of 
general b E A{A ) \ A(A + ). 

Definition 2.8. We define the Jacobian ring Jac(*pD) by 

Ao > ((w ! to -1 , iw, y, y~ x )) 



Jac( < |5D) = 



Clos 



<,({*<rii=i,...,»}) 



Here CloSrf Q stands for the closure with respect to the topology induced by the 

p 

metric (14.11). 



Definition 2.9. If b = X>»(b)fi € A(A ), we define 

JacfQJD ) = Ag'fa.y- 1 )) 

^ b7 Clos,„({y i ^|i = l,...,n})' 

In other words, 

Jac(«J*D 6 ) = JacCPD) ® » A^y, y- 1 )). 

O O 

Here we regard Aq ((y, y -1 )) as a A^((tD, to^ 1 , io, y, y _1 ))-module via the ring homo- 
morphism which sends to, to lOj(b). 

Remark 2.10. We can prove that the ideal generated by fa ^y . 13 \ i = 1, ■ ■ - ,n} 

is closed if b € A(A + ). (Lemma 112.81 (2).) So, in that case, CloSd in the above 

p 

definition is superfluous. 

Remark 2.11. If b G A(A + ), we have 

jac (w * n ./io!',-^ — (2 - u) 

where the closure Clos„p is taken with respect to the norm e^ ?. (See Proposition 
1531 ) 

In case b € -4(Ao) \ A(A+), the equality p. lip may not hold in general. See 
Example |U 

We now recall that 

n:A{A )^H(X;A ); b ^ [b] (2.12) 

is surjective map but not injective. We can choose a subset {fj | i = 0, . . . , B'} of 
our basis {f^} so that 7r(fj) forms a basis of H(X; Z) and fo = fo, and deg = 2 if 
and only if i < m'. With respect to such a basis, we identify H(X; Ao) with the 
subspace of -4(A ) generated by Let uJi be the corresponding coordinates and 
T5i their exponentials. We define 

o 

A^^WjW" 1 ,®,?/,?/- 1 )), ((t^to" 1 ,^,?/,^ 1 )) 
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in the same way as we did for A p ((tv, ID -1 , w, y, y^ 1 )), A p ((xo, to -1 , u>, y, y^ 1 )). By 
restriction, we may regard *}3D as 

q3De A p {(p5,Xo,w,y,y- 1 )). 
We then define another quotient ring 

Clos d0p ({ Vi ^\i = l,...,n}) 

(The difference between Jac' and Jac is the number of variables we use.) 

We next define a residue pairing on Jac(*pD [l ). For further discussion, we need 
to restrict ourselves to the case where ty£) b is a Morse function. We first make this 
notion precise. 

Define the vector of valuations 

T : (A \ {0})" -> K" 

by 

o T (rn,...,r)„) = (t) T (rji), . . • , t>r(t)n))- 

Definition 2.12. t) = (rji, . . . , t)„) is said to be a critical point of tyD b if the 
following holds: 

W^T^(«0 = O i =!,...,« (2-14) 

T (rj)GlntP (2.15) 
We denote CritCPDf,) the set of critical points of ^D b . 

The following lemma will be proved in Section 2] 

Lemma 2.13. (A ) The following conditions for rj = (rji, . . . , rj„) G (A \ {0})" are 
equivalent: 

(1) (TQ5|) holds. 

(2) The ring homomorphism A[y,y _1 ] — > A, j/j i— >• rji extends to a continuous 

o 

homomorphism: A p ((y, y^ 1 )) — > A, yj i— > rji. 

(Bj Similarly, the following conditions for rj = (t)i, . . . , rj n ) € (A \ {0})" are equiv- 
alent: 

(1) orfo) G P. 

(2) TTie rinj homomorphism A[y,y ] — > A, j/j i— > rji extends to a continuous 
homomorphism: A p ((y, y" 1 )) — > A, 2/i i— > rji. 

Definition 2.14. (1) A critical point rj is said to be nondegenerate if 



det 



d^D t 



dytdyj 



ft) * o. 

(2) *pD b is said to be a Morse function if all of its critical points are nonde- 
generate. 



Proposition 2.15. (1) There is a splitting of Jacobian ring 
Jac(<pD b )®A A= ]J Jac(qj£> b ;tj) 



t)£Crit(^0 6 ) 
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as a direct product of rings. Each of Jac(*pD b ; 1)) is a local ring. 

(2) X) is nondegenerate if and only if Jac(^pD b ; tj) = A. 

(3) In particular. if?fiD b is a Morse function, then there exists an isomorphism 

Jac(<J3D b ) ®a A = Yl A - ( 2 - 16 ) 

necritcpoj 

When X is Fano and b = 0, this reduces to Proposition 7.10 |FOQ04j . We will 
prove Proposition 12. 151 in Section [5] 

Definition 2.16. We denote by If, € Jac(*}3D b ; X)) the unit of the ring Jac(*pD b ; t)). 

We are now ready to define the simplified residue pairing: 

Definition 2.17. Assume that *PD b is a Morse function. We then define a simpli- 
fied residue pairing 



/ res 



(Jac(<pD b ) ®a A ) ® (Jac(qj£) b ) ® Ao A) ->• A 



by 




if ^ 0', 

«=n V 1 (2.17) 

(b;t)") ifD = t)'. 



Here u = o T (tj), T u *t# = tfc and qj£) 6 is as in (|2~TUj) . 

Remark 2.18. (1) We remark e x * = y%. Hence yi-^p = gfr- Thus the ma- 
trix appearing in (|2.17j) is the Hessian matrix of b with respect to the 
variable Xi. 

(2) In that regard, the value of (l t) ,l t) )" cs is the contribution to the principal 
part at the critical point Xi = log t)i of the oscillatory integral 

/=T*fsa b ( x )/h dx 

in the stationary phase approximation as H — > 0. 

In the case when one of the following conditions is satisfied, (•, -)5? es defined above 
gives the residue pairing in Theorem ll.il 

Condition 2.19. X is a compact toric manifold and b € H(X;Aq). 

(1) dime AT = 2. 

(2) X is nef and deg 6 = 2. 

We remark that a compact toric manifold X is nef if and only if for all holomor- 
phic map u : S 2 — > X we have / u*c\{X) > 0. 

To define our residue pairing in the general case, we need notations. 

Definition 2.20. Let C be a I2 graded finitely generated free A module. A 
structure of unital Frobenius algebra of dimension n is (•,•) : C k <E) C n ~ k — > A, 
U : C k <g> C e -> C k+e , 1 G C°, such that: 

(1) (•,•) is a graded symmetric bilinear form which induces an isomorphism 
x ^ (y ^ (a:, y)), C k -> Hom Ao (C n ~ k ,A). 

(2) U is an associative product on C . 1 is its unit. 

(3) (x Uy,z) = (x,yU z). 
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We remark that we do not assume that U is (graded) commutative. The coho- 
mology group of an oriented closed manifold becomes a unital Frobenius algebra in 
an obvious way. 

Definition 2.21. Let (C, (•, •), U, 1 ) be a unital Frobenius algebra. We take a basis 
ej, I € 3 of C such that eo is the unit. Let gu — (ej, ej) and let g IJ be its inverse 
matrix. We define an invariant of C by 

Z ( C ) = E E (-^9 IlJl 9 l2J2 9 h °9' h0 

riA,z 3 e3 Ji,J2,.he3 (2-18) 

(e Il U e/ 2 , e/ 3 ) (e, 7l U e j 2 , e, h ) 

where * = dege^ degej 2 + " ( -"~ 1 - > . We call Z(C) the trace of unital Frobenius 
algebra C. 

It is straightforward to check that Z(C) is independent of the choices of the basis. 
This invariant is an example of 1-loop partition functions and can be described by 
the following Feynman diagram. 




Figure 2.1 

We will discuss the invariant Z more in Section l24l 

Remark 2.22. In (Fu2) . a cyclic unital filtered algebra is assigned to an arbi- 
trary relatively spin Lagrangian submanifold L in a symplectic manifold X. So if 
we fix an element b of the Maurer-Cartan scheme M. W ca,k(L; Ao), then we obtain a 
unital Frobenius algebra. Therefore Z in Definition 12.211 induces a map 

Z :M wcak (L;A )^A. (2.19) 

This map is an invariant of L in that generality. 

For the pair (X, L) with c\{X) = and /il = 0, this invariant vanishes by 
the degree reason. There is another invariant constructed in |Fu3j for the case of 
dimension 3, denoted by ^ : M(L;Aq) — > Ao, which is different from Z given here. 
For example, the unit did not enter in the definition of $ in |Fu3] . 

Let b € H(X; A ) and (u,b) € 9Jt(A; fa). In |FOQ05j we constructed a (unital) 
filtered A x algebra {H {L(u); A ), {m£' h }, PD([L(u)])) such that mj' 6 = 0. In Sec- 
tion[l8lwe modify it slightly and obtain another (H(L(u); A ), {m^,' b,h }, PD([L(u)])) 
which has the following cyclic property in addition: 

(m£ ' (a;i, . . .,Xk) 7 ^0/cyc 



( _ 1)d eg' K0 (deg' x I+ ...+deg' (^b^^^ Xj . . . ) Xfe _ l)7 Xfe 



(2.20) 
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Here we put 



(x,y) cyc = (-lf^^y+^^y), 



/PD r 



(2.21) 
(2.22) 



See Remark 126.51 for the precise definition of (•, •)pd l( „ ) ■ Then we can find that 
(•, -) cyc satisfies the property (|2.20[) . while the Poincare pairing (•, ^pd^^j itself sat- 
isfies the property (3) in DefinitionEjOl Then (H(L(u); A), (•, ^pd^, , U C ' M , PD[L(u)}) 
becomes a unital Frobenius algebra with cyclic symmetric pairing (•, ^cyc- We put 

Z(b,b) = Z({H(L(u);A),(-,-) PDLM ,U^ b ,PB([L(u)])). (2.23) 

Definition 2.23. Assume that ^O b is a Morse function. We then define a residue 
pairing 



(Jac(«pD b ) <E>a A) ® (Jac(«pD b ) ® Ao A) 



A 



by 



t)'/rcs 







(^(b^))- 1 if tj 



(2.24) 



In Section 1181 we also define a unital and filtered isomorphism $ between 
(H(L(u);A ),{ml},PD([L(u)])) and (H(L(u);A ), {m^.' 11 }, PD([i(u)])). For b = 
b Q + b + e H^Liu^Aa), b a G H 1 ^^); M), 5+ G H l (L{u); A+) we define 

6 C = 6 + 6*. 

by 

65. = ?.(&+)• 

We have G H odd (L(u); A+) in general but G # 1 (L(u);A+) in case (1) or (2) 
of Condition holds. We put: 

This is related to Definition 12 . 1 71 as follows. 



Theorem 2.24. (1) Assume that b = Yl x i e i> xi 
generate critical point of tyD^ ■ Then 



Xj mod A + is a nonde- 



Z(b,b) = dot 



det 



ViVj 



ViVj- 



dyidy 3 
dyidyj 



(>>) 



(2.25) 



(tj) mod T A A+. 



i,J=l 



i/ere A = v T {Z(b, b)) and X) = (e Xl , . . . , e Xn ). 
(2) // Condition \2.19\ (1) holds, then we have 



Z(b,b) = det 



. 

(3) // Condition \2.19\ (2) holds, then we have 



Z(b,6) = dot 



(«>)■ 



(2.26) 



(2.27) 
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(|2.27|) implies that 

(• ) -)res = (-,-) r °es (2-28) 

in case (2) of Condition 12.191 holds. 

We prove Theorem l2~24l in Sections 1221 and l23l 

Remark 2.25. The authors do not know a counter example to the equality (12.27)) 
in the non-nef case. But it is unlikely that it holds in the non-nef case. 

We next turn to the Frobenius manifold structure in the big quantum cohomol- 
ogy. Since this story is well established (See [Dub] . [Ma] .), we just briefly recall it 
mainly to fix our notation and for readers' convenience. 

To simplify the sign issue, we only consider the case where the cohomology of X 
consist only of even degrees. (This is certainly the case for toric manifolds, which 
is of our main interest in this paper.) 

Let (X, ui) be a symplectic manifold. For a £ H2(X; Z) let Aii(a) be the moduli 
space of stable maps from genus zero semi-stable curves with £ marked points and 
of homology class a. There exists an evaluation map 

ev : Mz(a) — > X e . 

The space M.g{a) has a virtual fundamental cycle and hence defines a class 

ev*[Me(a)] e H,{X e ;Q). 

(See [FD] .) Here * = 2n + 2c 1 (X) n a + 21 - 6. Let Qi,...,Q t be cycles such that 

^codimQ 4 = 2n + 2 Cl (X) Da + 2£-6. (2.29) 

We define Gromov-Witten invariant by 

GWtia-.Qx,..., Q t ) = ev, [M e (a)} n (Qi x • • • x Q e ) G Q. 

We put GW e (a : Q u . . . ,Q t ) = when ([2~29]) is not satisfied. 
We now define 

GWt(Qx, ...,Q e ) = J2 T anui GW(a : Q x , . . . , Q t ), (2.30) 

a 

(I2.30P extends to a A module homomorphism 

GW e : H(X;A Q f £ -> A . 

Definition 2.26. Let b € H(X; Ao) be given. For each given pair t,0£ H(X; Aq), 
we define a product cU 1 " € H(X;Aq) by the following formula 

\) ^ 

(c U 6 0, e) PDx = pGW e+3 (c, 0, c, b, . . . , b). (2.31) 

£=0 

Here (-,-)pd x denotes the Poincare duality. The right hand side converges and 
defines a graded commutative and associative ring structure on H(X; Ao). We call 
U [l the deformed quantum cup product. 

We now discuss convergence of the above deformed quantum cup product in more 
detail in an adic topology. Let fi (i = 0, . . . , B') be a basis of H{X; Ao). We assume 
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deg fo = and deg fj = 2 for i = 1 , . . . , m', deg % > 4 for i = m! + 1, . . . , B', Then 
the divisor axiom of Gromov-Witten invariant (see |FOj Theorem 23.1.4) implies 

GWj+k j a ': f»; • • • i U i Qk+i, ■ • ■ , Qk+e) 

(2.32) 

= T" na ^(a n l) k GW e (a; Q k+1 Q k+e ) 
for i = 1, . . . , m! . Now we consider b — J^iLi w & an d put 

B' 

b+ = Wifi, Wi = expiFi i — 1, . . . , m! . 

i=m f + 1 

Then (I2.31[) can be rewritten as 

oo 



ae/f 2 (x ; z)fco (2 33) 

GW^ +3 (a; c, 0, e, b h i g h, ■ • • , bhigh). 

S v ' 

£-times 

Remark 2.27. Since fo is a unit, the deformed quantum product U b is independent 
of Wq. 

And as £ —> oo in (|2.33j) . we derive c\{X) Ha^oo from (|2.29|) and aflw-xxj 
from Gromov compactness respectively. Therefore we obtain 

Lemma 2.28. There exist \ — > oo, A; > and 

Pi (c, 0, e) £ A [W i , to^ 1 , . . . , W m / , , w m+ i , . . . , w B <] 

(cU b D,e) = £T A <i>,(c,M). 

i 

We denote by 

Ao((w,W~\lZ7)} 

the completion of Aq[Wi, W[ , . . . , Jv m ', tv^n/ ,w m +i, ■ ■ • , wb>] with respect to the 
non- Archimedean norm on Ao. Lemma 12.281 gives rise to a well-defined map 

U big : H(X;A a ) ® A „ H(X;A ) ->■ H(X;A ) ®a A «W, W" 1 , W)) 

which induces a ring structure on 

H(X;A ((w,W-\w)))=H(X;A )® Ao Ao((W,W- 1 1 w)). (2.34) 

This finishes our description of the family of ring structures U b parameterized by 
the classes b £ H(X;A ). 

We now specializes the above to the case of toric manifolds. The following 
theorem states that (|2.34|) is isomorphic to the Jacobian ring. 

Theorem 2.29. Let X be a compact toric manifold. Then, we have a ring iso- 
morphism 

H(X; A ((to,to~\uJ))) = Jac' («££)). 
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See (|2.13|) for Jac'(*}3D). The isomorphism in Theorem 12.291 can be described 
more explicitly. For this purpose it will be more convenient to fix b. We identify 
the tangent space 

T b H(X; A ) 

with H(X;Aq). The coordinate basis of T b H (X; Aq) of the coordinates (to, w) on 
H(X;Ao) is given by the union 



.9toi!i=i \dwoj \dw 3)j=m , +1 
Definition 2.30. The Kodaira- Spencer map 

fis b :T b H{X;A )^Jac(^D b ) 

is defined by 

MtJt) = J^riW mod Clo Sdo (yi^^ | i = 1, • . 
otOi dtVi p \ dyi 

9 \ - 9 fm * \ f.. a *P D b 



teb(^) = 7^(^ b ) mod Clos do | * = 1, ... , 

dwi dwi p \ dyi 

Remark 2.31. The map 6s is the singularity theory analogue of the Kodaira- 
Spencer map which is used to study deformations of complex structures. 

The following is the main theorem of this paper. 

Theorem 2.32. (1) The Kodaira- Spencer map ts b induces a ring isomorphism 

ts b : T b H(X;A Q ) -» Jac(*pD b ). 

(2) If^jiO b is a Morse function, then we have 

(c,0)p Dx = (eS6C,febf}res 

for c,0£ T b H(X: Aq) = H(X; Aq), where the left hand side is the Poincare 
duality. 

Proof of Theorem \1.3[ Theorem 11.31 immediately follows from Theorem 12.321 (1), 
Proposition 12.151 in this present paper and Theorem 3.12, Proposition 8.21 in 
|FOOQ5j . □ 

The following is immediate from Theorem 12.321 (1) and Proposition l2.15l 

Corollary 2.33. If^O b is a Morse function, then 

#Crit(fpDJ = rank A Jac(qj£) 6 ) = rankQiJ(A; <Q>). 

Sections I41I2T1 of this paper are devoted to the proof of Theorem 12.321 
We note that Theorem 12.321 implies the following mysterious identity: 

Corollary 2.34. If^O b is a Morse function, we have 

£ zUar - (2 - 35) 
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Proof. Let l x G H°(X;A) be the unit. Then 
By Proposition 12 . 1 51 we have 

ix= E h 

where lq is the unit of the Jacobian ring Jac(^D b ; rj). (|2.35|) now follows from 
(|2~24| and Theorem E32] (2). □ 

Example 2.35. We take monotone toric blow up of CP 2 at one point. Its potential 
function at the (unique) monotone fiber is: 

T 1 ^{yi + y2 + {yxV2)- x + Vx X ). 
See Example 8.1 [FOOQ4] . The condition for (2/1,2/2) to be critical is 



1 - Vi 2 V2 l - vi 2 = 0, 1 - vwl = 0. 



yi + yl - 1 = 0. 



Therefore y\yi = I/2/2 and 

By Theorem [2~24l f3) we have 
Z(0,(y u y 2 )) = T 2 / 3 det 
Using (|2~37l) . (f2~38]) we have 

T- 2 / 3 Z(0,( yi ,2/ 2 )) = dct 



yi + (2/12/2) 1 + 2/1 1 (2/12/2) 1 
(ymy 1 2/2 + (2/i2/2)~ 1 



2/2 + 2/| + 2/2 2 2/2 



2/2 



2j/2 



= 2y 2 3 + y 2 + 2y- 1 = ^— ^. 

2/2 



(2.36) 

(2.37) 
(2.38) 

(2.39) 
(2.40) 



Let Zi (i = 1, 2, 3, 4) be the 4 solutions of (pOS"]) . Then the left hand side of ([235]) 



is: 



J-2/3^ 



4-2? 



(2.41) 



We have z 4 + z 3 - 1 = -(z + 1)(4 - z 3 ) + 4z + 3. Therefore ([2Hj) is 



y-2/3^ 



i( Zi + l) T- 2 / 3 



4z, + 3 



1G 

3T- 2 / 3 
16 



/=i 
4 

E 



4z 2 + 3 



1 



4z 4 + 3 



We use ^ = — 1 in the second equality. 

We have 4(z 4 + z 3 - 1) = (z 3 + z 2 /4 - 3z/16 + 9/64)(4z + 3) - 283/64. Therefore 



t— 



64 

4^ + 3 = 283 ^ 



zf 3zi 



16 64 



By (|2381 we have £ = £ ^ = -1, E z f = 1 - Therefore 

4 / v 2 



64 



zf 3Zi 9 



16 64 / 283 



64 



^E(^ 3 + f -^ + ^)-^(- 1 + i + t^ +4x ^)= 



1 3 



4 16 



64 
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We have thus checked (|2.35|) directly in the case of monotone toric one point blow 
up of CP 2 . 



3. Projective space: an example 

Before starting the proof of Theorem l2.321 we illustrate the theorem for the case 
X = CP™ with fa = by doing some explicit calculations. In this case the moment 
polytope P is 

{(«!,...,«„) | < u i: J2 u i < i} 
and the potential function 

n 
i—l 

The critical points are xy- > = T^+i e "+ 1 k = 0, . . . , n which are all nondegener- 
ate. Therefore we have 

n 

Jac(q3D ) <E) Ao A = JjAl ?w . 

fc=0 

The isomorphism is induced by 

n n 
k=0 fc=0 

If we put 

ffe = 7r _1 ({(tti, . . .,u n ) e P \ u.i = 0, i = n - k + I, . . . ,n}), 

{f , . . . , f„} forms a basis of H(CP n ;A). 
We derive 

from Proposition 4.9 |FQQQ5j and hence 

n 

feo(fi) = [T^y n ] =TWTT^ e 22 ^l yW (3.1) 

fc=0 

by definition of feo- Using the fact that tso is a ring homomorphism, we have 

n 

teo(fc) -T^r^e 2 ^ 1 !^,,. (3.2) 

fc=0 

Note this holds for £ = also since fo is a unit and ISo is unital. We remark that 

n 

(feo(fi))" +1 = tJ2 i,w = r(ts (fo)). 

fc=0 

Recall that 

(fi) „+i =Tf() 

is the fundamental relation of the small quantum cohomology ring of CP™. 
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We now calculate the residue pairing. We remark that both (1) and (2) of 
Condition 12.191 hold in this case. The Hessian of ^PD is given by 



Hess „( fc) «pD = 



T^ti - ( e Xl H h e Xn + e -i x ^+-+ x ^) 

dxjdxj v 



»J=1 



(fe) _ 



with > = 2n X+x - Therefore 



It is easy to see that the determinant of the matrix [Sy + 1]* is n + 1. Therefore 
the residue pairing is given by 

( V> , V))re S - T-^e- 2 -^^-^-. (3.3) 
Combining (|3.2[) and (|3.3[) . we obtain 

^ n 

te (*<),too(t«')>«- = — TT T "^ X> ^^r— e w . (3.4) 

71+1 * — ' 

It follows that is unless ^ + £' = n and 

(feo(f^))feo(fn-^))res = 1 = (f^ifn-^/PDcpn- 

Thus Theorem 12.321 (2) holds in this case. 

We remark that in this case a similar calculation can be found in the earlier 
literature [Taj . [Bar], |KKP) . The main result of the present paper generalizes 
this calculation to arbitrary compact toric manifolds X also with arbitrary bulk 
deformation parameter b € H(X;A ). 

Remark 3.1. In the above discussion of projective spaces, we derived (|3.2[) from 
(13. ip and the fact tso is a ring homomorphism. We can also prove (|3.2p directly: 
Let Pi € 7r 2 (Jf ; L(u)) as in the end of Section [T] We consider the moduli space 
■M-X;i{fi n -l+i + ■ • • + fin) an d its fiber product 

Mi(0 n -i+i H h/3„;ff) := Mi-x{fi n -i+i H h /3„) ov .nt x x h- 

Since the Maslov index of fi n -e+i + • • • + fi n is 21, it follows that the (virtual) 
dimension of M.i(fi n -£+i + ■ ■ '+^5 ff) is n: Actually by inspecting the classification 
of holomorphic discs, Theorem 5.2 [CO] (see also Theorem 4.4 [Choi]) we can find 
that M.\-\{p n —l+i + • • • + fin) is Frcdholm regular and the evaluation map 

evi n t : Mi-i{p n -t+i H + fi n ) -> X 

is transverse to the divisor ig. Therefore A4i(fi n -e+i +••• + finite) is smooth, n 
dimensional and 

ev : Mi(fi n -t+i H \-0 n ;U)-> L{u) 

is a diffcomorphism. We can also find that M.\(fi]ff) is empty for other fi with 
Maslov index 21. Therefore by definition we have 

?pf>Hi; y) - «JfcO(0; y) = wT u -^ + - +u -y n ^ +1 ■ ■ ■ y n mod w 2 . 

Hence 



dw 

k=0 



(t) (fe) )l,(^ 



is given by (|3.2 
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Remark 3.2. In [Groj the case of CP 2 is studied including bulk deformation by 
6 6 H\<CP 2 ). 
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Part 1. Ring isomorphism 

4. Norms and completions of polynomial ring over Novikov ring 

o 

In this section we discuss various points related to the ring A p which 
was defined to be 

4((v,v- 1 ))= f| Kdv^y- 1 )) 

uelntP 

in Section [5J and prove Lemma 12.31 and Lemma 12.131 whose proofs were postponed 
therein. This section is rather technical since we need to deal with completion of the 
ring of Laurent polynomials with Novikov ring coefficients. In particular, we need 
to make precise the definition of a metric on A [y, y^ 1 } used taking the completion 

which coincides with A p ((y, y -1 )). 

For each sufficiently small e > 0, we define the subset P e of P by 

P E = {u£P\e J (u)>£, j = l,...,m}. 

Here ij are affine functions appeared in (|2.6|) . 

Definition 4.1. We define A Pe ((y, y -1 )) by the completion of A[y, y _1 ] with respect 
to the bounded metric 

dp e (x, x') :— min{l, exp(— Pe (x — x'))} 

on Ao[y,y -1 ]. And A p£ ((y, y^ 1 )) is the subring of elements x with V^'(x) > 0. 

Definition 4.2. Define a metric d^ on A[y,?/ _1 ] by 

oo 

do(x,x') = ^2- fe dp 1/fc (x,x'). (4.1) 
fc=i 

o 

The case of A p ((ro, to -1 , w, y, y -1 )) is similar. 

o 

Proposition 4.3. Aq ((y^y -1 )} is the completion of a subring 

A^y-^nA^y- 1 }) 
of the Laurent polynomial ring with respect to the metric d a . 

Proof. We note that if e > is sufficiently small P £ is still convex and so 

Pe = min{o^ (ej)) \j = l,...,N} (4.2) 
where u(e, 1), . . . , u(e, N) are the vertices of P e . Therefore we have 

uelntP k=l 



P| A-((y,y- 1 ))=f]A^ k ((y,y- 1 )) 



and hence 



oo 

Pi, 



fc=i 
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But it easily follows from the definition of the metric do that the completion of 

o 

A[y,y _1 ] n Aq > ((?/, y" 1 )) with respect to coincides with 

oo 
k=l 

whose proof is standard and so omitted. □ 
Note that there exists a continuous homomorphism 

A^{{y,y-l))^A^{{y,y-l)) 

for £j < e 2 . The following lemma is an immediate consequence of Proposition 14.31 
and P~2l . Note by 

o 

Lemma 4.4. A^((y, y^ 1 )) is isomorphic to the projective limit hm A n E ((y, y^ 1 )) . 

The following lemma is a consequence of the proof of Lemma 3.9 IFOOQ51 whose 
proof we omit but refer thereto. 

Lemma 4.5. Suppose T^y v lies in A^[z/, jp 1 ]. Then there exist w(v) € Z> such 
that 

T fi y v = 2 iA (m,i>) z w(i>) (4_3) 

forz w ^ = zf v)W ...zZ {v) ' m) and 

t)?(rV)=A(M,«). (4.4) 
Now we are ready to give the proofs of Lemmas 12.31 and 12.131 
Proof of Lemma \2.!A The case of Aq ((y, y -1 )) immediately follows from Lemma 3.9 

o 

|FOQ05j and so we will focus on the case of A^((y, j/ -1 )). 

By definition of Zj's in (|2.7p . we have X)j.{Zj) = £j(u). In particular, if u € IntP, 
we have ^(zj) > 0. Therefore any formal power series of Zj with coefficient in A 
converges in t>^. for any u £ Int P. Hence the map 

A [[Z 1 ,...,Z m }}^AF((y,y- 1 )) (4.5) 
is well defined. It remains to prove its surjectivity. 

o 

Now let x be an arbitrary element A^((y, Then for any u G IntP we can 

write x as 

oo 



X 

i=l 

of with < A- < A- +1 , limA- — > oo. (Recall V^(yj(u)) = 0.) We assume that 
(X'^ Vi) (X'pVj), and a,eC \ {0}. We define 



A, = A(A' i; u,0 = rt(T x >y(uP), Wi = w(v t ) = (w\ L > , . . . ,w\ m >). 
For each N € N, we define 

I N ={i\ wP + ■■■+ Wl (m) < N}, 

and 

x N = OiT x <y(u) Vi . (4.6) 
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A priori, (|4.6j) may be an infinite sum but the sum converges in 0^ norm for any 
u G Int P: It is a sub-series of a convergent series. Therefore the sum converges 

o 

in dp e for any e > by Ay((y, y -1 )), since v% is an non- Archimedean valuation for 
any u. Therefore it converges in do by the definition (|4. 1[) . 

Using (|4.3[) . we can rewrite 

and so the right hand side also converges in dp t . On the other hand, if + ■ ■ ■ + 
< N, we derive 

\^( ai T Xi z Wi ) - \3^(aiT Xi z Wi )\ < eN 

from (|4.2|) and hence the sum also converges in dp and hence sjv e ((y, y -1 )). 
In particular, 

<C,wV +--- + w ( i m) <N} 
is a finite set for any C and N. Therefore we have proved that 

is a polynomial with A; > 0: Recall \ = t)£(T A *y(u) Wi ) = o£ (T A * z™' ) > 0. By 
construction, we have 

x = lim Xn 

N—hx 

with respect to the distance d ^ and so x is the image of the formal power series 

J2 a l T x ^Z w '. 

This implies the surjectivity of (|4.5[) . 

The proof of the other two cases are similar and is left to the reader. □ 

Proof of Lemma \2.13[ (A) (1) (2) is immediate from Lemma T2. 3 1 

We next prove (2) =S> (1). Recall from Definition E2] that zj = T~ A ^ JlLi V?'* 
(j = 1, . . . , m). By the homomorphism yi — > X)i, Zj is mapped to ij = T~ Xj Yl7=i ' 

o 

For each j = 1, . . . , m, YlkLi z j converges in A^((y, y^ 1 ))- This is because i>x( z j) = 
£i(u) > for any u G Int P. By the continuity hypothesis of the evaluation homo- 
morphism substituting y H> rj, it follows that YlkLodj converges in Ao. Therefore 

o T (h) > 0. 

Since we have 3., = T~ x j n"=i 0?'' fr° m (|2.7j> . we have < 0t(3j) = —Xj + {vj,u) — 
£j(u) for all j = 1, . . . , m with u = t>T(t))- By the definition of the moment polytope 
P, u G Int P which implies (|2.15|) . 

(B) (1) => (2) also follows from Lemma [2.31 To prove (2) => (1), we consider 
a series X^^Li T ek z^ for e > 0. Then it converges in Aq ((y.y^ 1 )) . Then a similar 
argument above yields that e + Ot(Jj) > 0. Since e > can be taken sufficiently 
small, we have vt{Ij) > 0. Then the similar argument shows (1). □ 

Definition 4.6. We define 

A p ((y : y- 1 ))=4((y,y- 1 ))® Ao A. 
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Remark 4.7. We recall that in Section[2]we define A p ((y,y -1 )) by the completion 
of A[y,y~ 1 ] with respect to 0^. By considering the homomorphism (|2.8j) over A 
coefficients, we find that A p ((y, y^ 1 )) coincides with the image of 

A((Z 1 ,...,Z m »^A p ((y, 2/ - 1 )). (4.7) 

We find that 

A p ((y,y- 1 ))=A^((y,y- 1 ))® Ao A. 
Similarly, we also find that 

A p t((y,y- 1 ))=A^((y,y- 1 ))® Ao A. 

o 

However, we note that (|4.7|l does not extend to A[[Zi, . . . , Z m )) — > A p ((y, y^ 1 ))- 



5. Localization of Jacobian ring at moment polytope 

In this section, we give the proof of Proposition 12.151 We will use the following 
lemma for the proof. 

Lemma 5.1. JacppDj,) <X>a A is a finite dimensional A vector space. 

Lemma 15.11 is an immediate consequence of Theorem 12.321 (1). (We will use 
Proposition 12.151 to define residue pairing on Jacobian ring. The residue pairing 
will be used to state Theorem l2.32l (2). However the proof of Theorem l2.32l (1) will 
be completed, without using Proposition 12 . 1 5l in Section H0l when the surjectivity 
of tSb is established. Thus the logic of arguments used in the proofs will not be 
circular.) 

o 

Proof of Proposition \2.15\ Let V £ A p ((y, y^ 1 ))- If rj is a critical point of ^p£> b then 
by Lemma f2.13[ we can plug in = yi to V and obtain V(t)). Since ^ 6 (t)) = 
if t) is a critical point, we obtain a homomorphism : Jac(^pD b ) — > A for each 
critical point t). We will prove that rit)gcrit(!p£) ) ^9 gi yes the isomorphism (|2.16p 
when *pD a is a Morse function. 

o 

For yi £ A p ((y,y _1 )) we define a A linear map 

% : Jac(qjjO b ) ®a A -> Jac(«pi) 6 ) <S> Ao A 
as the multiplication by yi in the Jacobian ring. Since y~ l £ Jac(*}10 b ) and the 

o 

map yi i— > yi is a ring homomorphism from A p ((y, y^ 1 )) to EndA(Jac(<}3D b ) <E>a A), 
yi is invertible. 

For X) = (t)i, . . . , X) n ) £ A" we put 

Jac(q3D b ;n) = {V £ Jac(«p£) 6 ) ® Ao A | 

(yi - tJi)^ = i = 1, . • • , n for sufficiently large N}. (5.1) 

Since j/j is invertible, if Jac(^3D b ; rj) 7^ 0, t); 7^ 0. We denote 

2) = {tj| Jac(q3D b ;t>)^0}. 

We have a decomposition 

Jac(q3D b ) ®a A « YI Jac(«pD fa ; tj) (5.2) 
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as a A vector space. Using the fact yiffj = VjVi we can prove that (|5.2j) is a direct 
product decomposition as a ring. (See the proof of Proposition 6.7 [FQOQ4] .) 

Lemma 5.2. If Jac(<pD b ; rj) ^ 0, then T (rj) £ IntP. 

Proof. Let u — Vt(*))- If u ^ IntP then there exists j such that £j(u) < 0. There 
exists nonzero V such that y{P = X){P for i = 1, . . . , n. We have 

( Zj ) k V = T-^'uT'- 1 ■ ■ ■ y^ n V = T' k ^X)\ V3A ■ ■ • t)^>P (5.3) 

o 

Since limfe-^ z k . = in A^((y, j/ -1 )) and 



it follows that 



lim T ((T- fe ^t}p' 1 • • • t)*"''") -1 ) = - lim j^-(u) > 0, 



o 

converges to in A^((y, Therefore f|5.3f) implies V = 0. This is a contradic- 

tion. □ 

Lemma 5.3. 2) = Crit $}£>(,). 

Proof. Let rj € 2). Then there exists nonzero P £ Jac(<}3D b ; rj) such that y^P = 
rjiP for i = 1, . . . ,n. It follows that g/j i— > rj,; induces a non-zero homomorphism 
$ 9 : Jac(*pD b ) -> A. Therefore ff2TT4|) is satisfied. (f2T5]) follows from Lemma IS~2l 
We next assume rj £ Crit(^pD b ). Then, by Lemma \2 . 1 31 and the definition, i-> 
rji induces a homomorphism : Jac(^JjO b ) — > A. For given l)' = (r/ 1; . . . , rj^) € 2), 
let ly be the unit of Jac(*}10 b ; r/). By definition, we have (j/j — rjQ^lg' = 
for sufficiently large N and so we have = - tJ^V) = (to _ ^^^(V)- 

Therefore if rj ^ r/, we obtain $,,(1,,') — 0. Therefore the factorization (|5.2p implies 
Crit(^pD b ) C 2) for otherwise we would have = 0, a contradiction. The proof of 
Lemma I5~3l is complete. □ 

Lemma 5.4. Jac(^pD b ; tj) is a local ring. 

Proof. For any homomorphism Jac(*}3D b ; rj) — > A, the element yily must be sent to 
rj,;. The lemma then follows form the fact that Jac(*pD b ; t)) is generated by j/jl), as 
a A algebra. □ 

We remark that so far we have not used the assumption that ^3D b is a Morse 
function. 

Lemma 15.31 and (|5.2p imply that IlneCritfqjOj,) ^ s surjective. To prove its 
injectivity it suffices to show the following. 

Lemma 5.5. rj is a nondegenerate critical point o/*pD b if and only if 

diniA Jac(<pD b ; tj) = 1. 

Proof. First assume dimA Jac(^3D b ; rj) > 1. By an elementary linear algebra we can 
find P £ JacCPD b ; rj) and io with the following properties: 

(1) (y io -t) iD )P^0. 

(2) ( yj - t)j)V = for j ^ t . 

(3) (2/ IO -l) lo ) 2 P-0. 
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20-th 

We will show by contradiction that e ln = (0, . . . , 0, 1 , 0, . . . , 0) cannot be con- 
tained in the image of the Hessian matrix Hess^Df,. 

Suppose to the contrary that there exists a vector c — (ci, . . . , c„) with c, £ A 
such that 

(5.4) 



dyjdy k 



In other words, we have 



y i0 -t)i = Q + J2^^^(y) (5.5) 



Integrating this, we obtain 

Q 

k=l 

for Q e A((y,y -1 )) such that 

Q(t))=0, dC(tj) = 0. (5.6) 

This implies Q = £™ j2=1 fe ~ ^h)(Vh ~ ^h)^juh for some ^juh e A ((y, V' 1 ))- 
Therefore Properties (2), (3) of V above imply VQ = in Jac(qJD b ; 1)). Thanks to 
(|5.5p , this in turn implies V(yi — t)j ) = 0. This contradicts to Property (1) and 
so the Hessian matrix Hess^Dj, cannot be nondegenerate. 

We next prove the converse. Suppose dimA Jac(^p£) b ; tj) = 1 and ^ V G 
Jac(<}3D b ) such that (yt — X)i)V = for all i = 1, . . . , n. Using the finite dimen- 
sionality of Jac(<]3D b ) over A and Lemma [5.41 there exists a sufficiently large N 
such that whenever V(i)') = 0, V N = on Jac b (*pD; r/). Using this fact, we find a 

o 

V G A p ((y,y~ 1 )) such that V = in Jac b (qJD; t}') for all t)' ^ tj and 7>(tj) 7^ 0. By 
the hypothesis dimA Jac(?pD b ; t)) = 1, we conclude (y, — t)i)'P(tl) = for i = 1, . . . , n 
in Jac(<pD b ; t)). 

Therefore it follows from ()5.2j) that for each i there exists some vector Qi = 

o 

(Gi,i, ■ ■ ■ ,Gi, n ) with Qi.k G A p ((y, j/ -1 )) such that 

By substituting ?/ = rj into the i/i-derivative of (15.71) , we obtain 

=)2 r 



^ oyuoyi 



fc=i 

a2r 



£T[ dy k dy 

for Cfc = Q k (X)). This implies that is in the image of the Hessian matrix at rj. 
Since i is arbitrary for 1, . . . ,n, the Hessian at t) is nondegenerate, which finishes 
the proof. □ 

Now the proof of Proposition 12. 151 is complete. □ 
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Proposition 5.6. We have 



for sufficiently small e > 0. //be ,4(A + ) t/ien we Ziawe 



JacC£D b ) = / 3(pD[> . r- (5-9) 

Proof. There is a continuous homomorphism 

Jac(TO /^o'^ V' ( 5 - 10 ) 

Clos^ ( yi ^:i = l,..., n J 

where the closure Clos^ is taken with respect to the metric d p ' . Surjectivity of 
(|5.10|) follows from Lemma [12.81 (1). (We may apply this lemma to P = P e .) To 
prove the injectivity of (|5.10[) it suffices to prove that it is injective after taking 
(g)A A. This is because Jacp)J£> 6 ) is torsion-free by Theorem 12.321 (1). We use 
Proposition ^. 151 (1). Then the factor Jac(CpD (l ; tj) injects to the right hand side of 
(|5.10p since Ot(q) € P e - Therefore (|5. 10[) is injective. 
We can prove 

(SftTS^ :« = !,•••,") Clos dpe [Vi^r- '■ i = !)•••.« 



in the same way as Lemma 112.81 (3). This implies (|5.8[) . The proof of (I5.9[) is 
similar. □ 

Remark 5.7. We used Lemma ri2.8l in the proof of Proposition l5.6l We do not use 
Proposition 15.61 during the proof of Lemma 112.81 



6. Operator q: review 

We first review the construction of operator q. It is described in [FOOQ3] Section 
7.4 in the general case and |FOOQ5] Section 6 in toric case. 

Let ■M™+i^eW t> e ^be compactified moduli space of the genus zero bordered 
holomorphic maps u : (E,9E) — > (X,L), in class (3 £ H-2.{X, L(u); Z) with k + 1 
boundary marked points and t interior marked points. (We require the order of 
k + 1 boundary marked points respects the counter-clockwise cyclic order of the 
boundary of the Riemann surface.) We have the evaluation maps 

ev : Mfflfoffl) ->X e x L(u) k+1 

where we put 

ev = (ev in \ ev) = (evf, . . . , evf ; ev , . . . , ev fc ). 

We denote the £-tuple of T™-invariant cycles by 

p = (p(l),...,pW). 

Here p(i) is a T"-invariant cycle in (J) fc>0 _4 fc (Z). 

We remark that the elements of _4°(Z) change the potential function only by 
constant and does not affect the Jacobian ring. 
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We define the fiber product 

Mff&tf; p) = Mftfyfflev** (P(l) x • • • x p(£)). (6.1) 

It has a T ra -invariant Kuranishi structure and the evaluation map 

ey :Mf^;p)^L(u) (6.2) 

is T™-invariant. Since T n action on L(u) is free, it follows from T™-equivariance of 
(|6.2p that the T™ action on each of the Kuranishi neighborhood of M^+DziP; P) is 
free. We use this fact to take an appropriate multisection of M^+i-iiP'i P)- 

To describe the properties of this multisection, we need to review some notations 
which we introduced in Section 6 F0005 . We denote the set of shuffles of £ 
elements by 

Shuff(f) = {(Li,L 2 ) | Li UL 2 = {1,...,£}, U n L 2 = 0}. (6.3) 

Let B = {1, . . . , B} and Map(£,B) the set of all maps {I, ...,£}—> B_. We will 
define a map 

Split : Shuff(£) x Map(£,B) — > (J Map(h,B) x Map(£ 2 ,B), (6.4) 

ii+i 2 =t 

as follows: Let p G Map{£,B) and (Li,L 2 ) G Shuff(£). We put £j = #(Lj) and 
let ij : {1, . . . ,£j} = Lj be the order-preserving bijection. We consider the map 
Pj : {1, . . . , £j} —> B_ defined by Pj(i) — p(ij(i)), and set 

S P lit((L 1; L 2 ),p) - (Split((L 1 ,L 2 ),p) 1 ,S P lit((L 1 ,L 2 ),p) 2 ) := ( Pl ,p 2 ). 

We now define a corresponding gluing map 

■ ( L ( u )> &;Pi)-o xcv, Mf;^ 2 (L(u),p 2 ;p 2 ) (6.5) 

-+M^(L(u),(3;p) 
below. Here k = k\ + k 2 — 1, I = t\ + £ 2 , = fli + f3 2 , and i = 1, . . . , k 2 . Put 

J = 1,2. 

Remark 6.1. Here and hereafter, boundary marked points are denoted by Zi and 
interior marked points are denoted either by zf or zf^ . 

We glue Zqji) € 9Ei with Zj,(2) G <9£ 2 to obtain 

S = Si#jE 2 . 

Suppose (Si, §2) is an element of the fiber product in the left hand side of (|0 . 5|) . 
Namely we assume 

<P(1)(*0,(1)) = 9{2){ z i,{2))- 

This defines a holomorphic map 

<P = ( y 3 (i)#»<^(2) : S -> X 

by putting </j = yiy) on Sj. 
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Let m G hj. Then ij(c) = m, ij : {l,...,£j} = Lj be the order-preserving 
bijection. We define the m-th interior marked point z™* of (p as G Sj C S. 

We define the boundary marked points (zq, z\, . . . , Zk) on £ by 

(z , Zi, . . . , Zk) — (^0,(2); • • ■ ; z i- 1,(2) 7 z l,(l) ) • • • ) , (1) ) (2) ) • • • , z fc 2 ,(2))- 

Now we put 

S = ((£,¥>,{*+},{*,}) 

and 

The following lemma is proved in [FOOQ3] Section 7.1. 
Lemma 6.2. W^e have the following identity as the spaces with Kuranishi structure: 

dM%% t (/3;p)= IJ U U M^ll %il (Pv,(SplH(UM),Ph) 

k 1 + k 2 = k + i 2=1 (LiX 2 )eShuff(^) 

CV0 x CVi Mjg~° 1 ., I<l |(A ! ;(Split((L 1) L 2 ) s p) 3 ). 

Let a : {1,...,£} — > {1, ...,£} be an element of &e, the symmetric group of 
order l\. We have the induced map 

which permutates the interior marked points. We define a new £-tuple p a by setting 
p CT (i) = p(er(i)). Then induces a map 

^ : Mtffctf; p) MJ^03; p CT ). (6.6) 

We now consider the following condition for a system of multisections q. (Here 
we use the same letter q as the operator q to indicate that this multisection is 
used to define the operator q.) We write AtS^ (/?; p) q for the zero set of this 
multisection. 

Condition 6.3. (1) The multisection q is T n -invariant and transversal to 0. 

(2) The evaluation map ev : p) q — > L(u) is a submersion. Here the 
left hand side is the zero set of our multisection q.) 

(3) It is compatible to other multisections given at the boundary 

^r+i A (/3i;Pi) q ev x eVj Mj£tU(&;Pa) q 
where k\ + fe 2 = k + 1, /3i + /3 2 = P, i S {1, . . . , fc 2 } and 
S P lit((L 1 ,L 2 ),p) = (Split((L 1 ,L 2 ),p) 1 ,SpHt((L 1 ,L 2 ) ) p) 2 ) := ( Pl ,p 2 ). 

(4) It is compatible with the forgetful map 

forget : p) q -> M^tW; p) q 

which forgets the 1-st . . . fc-th boundary marked points. 

(5) It is invariant under the action of the symmetric group which exchanges 
the interior marked points and the factors of p. 

Remark 6.4. Condition IQl (1) implies that ev; : Mf^ t (P; p) q -> L(u) is a 
submersion for each i = 0, . . . , k + 1. (So (2) is a consequence of (1) actually.) It is 
in general impossible to take our perturbation q so that 
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is a submersion as far as we consider a single multisection. 

The following is proved in |FOOQ5] . 

Lemma 6.5 f |FOOQ5] Lemma 6.5. See also Sections [531 -[301 of this paper.). There 
exists a system of multisections, which satisfies Condition \6.3\ above. 

Definition 6.6. Hereafter we call the multisection on (/3; p) chosen in 

Lemma 6.5 |FOOQ5] the 'q '-multisection. This is the multisection we use to define 
the operator q. 

Let C be a graded module. We define its degree shift C[l] by C[l] k = C k+1 . We 
put 

B k C = C®- - -®C . (6.7) 

k times 

Let 

OO 

BC = 0B t C 

k=0 

be the completed direct sum of them. We also consider a map A fc-1 : BC — > 
{BC) m 

^k-i _ ^ g) id® ■ ■ ■ ® id) o (A ® id®- - -® id) o • • • o A. 

fc-2 fc-3 

For an indecomposable element x £ BC, it can be expressed as 

A fc_1 (x) = ^2 x c ;1 ® • • • ® x c ;fc 

c 

where c runs over some index set. 

Let &k be the symmetric group of order k\. It acts on B k C by 

cr • (afi ® ■ ■ ■ ® x k ) = (-I)*x (T (i) ®---® av(fc) (6.8) 

where * = Ei<j:a(i)>a(i) deg^degxj-. 

Definition 6.7. i?feC is the quotient of B^C by the submodule generated by ct-x— x, 
where a £ &k, x € BfcC. 

iJC is a completion of the direct product (B^L -EfcC 1 . 

For an element x £ B k C we denote its equivalence class in E k C by [x]. 

Remark 6.8. In [FOOQ31 IFOOQ5] the authors defined E k C as the subset of 
elements of B k C which are invariant under the & k action. Here we take the quotient 
instead. This difference is not essential since we are working on a ring containing Q. 
It is slightly more convenient to use the quotient for the description of this paper. 

There are a few changes which occur accordingly. Especially for the element b 
of C we define 

e" = V -U fe S EC. 
^ k\ 

Note in case of BC, e b = £ b k £ BC[1\. In [ ;FOOQ3l IFOOQ5] we put e b = £ b k 
also in case of -EC [I]. In fact the coalgebra structure on -EC [I] is given by 
A([zi ®---® x k ]) 

® ••• ® ^(^(fci))] ® [X£ 2 (l) ® ■ ■ ■ ® x e2 ^ k2 )^\ 

(Li,L 2 )eShuffle(fc) 
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where Li = L 2 = {4(1), ■ . ■ and 

* = ^2 deg ' x ^(i) de g' x ti(j)- 

la(i)<ti(j) 

Therefore 

^(e^') = (i:^)«(i:s 6 ')- < 6 - 9 » 

We fix a T n -invariant Riemannian metric on L(u). We identify H(L;M) with 
the vector space of harmonic forms. The following lemma can be easily checked 
and so its proof is omitted. This characterization of harmonic forms for the torus 
turns out to be useful for later discussions. 

Lemma 6.9. Equip T n with an invariant Riemannian metric. Then a differential 
form is harmonic with respect to this metric if and only if it is T n -invariant. 

We also identify H (L(u); A (R)) with H(L(u) ; R) <E)m Ao(M) . Hereafter, we write 
Ao etc. in place of Ao(M) etc.. 

We take hi, . . . ,h k € H(L(u); Ao) and identify them with harmonic forms, that 
is T n -invariant forms in our case. 

Definition 6.10. We define 

<lt;k;p(\p];hi ® • • • ® hk) = ev *ev*(/ii x • • • x h k ), (6.10) 

where 

(ev ,ev) : 7W^(/3;p)" -+ L(u) x L{u) k . 
Condition 16.31 (5) implies that the left hand side of (|6.10j) is independent of the 
representative p but depends only on [p] 6 .E(.4[2]). We thus obtain: 

qi-MP ■ E e (A[2]) ® B k+1 (H(L(u); Q)[l]) H(L(u); Q)[l]. 

Remark 6.11. (1) In our situation, all the forms hi and the (perturbed) mod- 
uli spaces are T"-invariant. Therefore ^.^([p]; h\ ® • • • ® hk) is also T n - 
invariant. So we need not take the procedure to go to the canonical model 
by using the Green kernel to define q. 
(2) In Section 3.8 1FQ0Q3| (Definition 3.8.67 (3.8.68)) t here is a f actor is 
in the right hand side. There is the same factor in [FOOQ51 (6.10). We 
do not put it here, since we take quotient to define EC here. (See Remark 

EH) 

Convention 6.12. Hereafter we write 

e V *(ev*(/i 1 x...x/ lfe );7W^(/3;p)") 

for the right hand side of (16.10[) . We will apply the similar notation in the general 
context. (See Section [51] for the usage of the same notation in the general context.) 

We take u € IntP. Let b = J2 x i e i Xi £ C and associate a representation 
p:Jfi(L(u);Z)->C* by pfe) = e B «. 

Definition 6.13. Let h\, . . . ,h k € H(L(u); Ao) be T"-invariant forms. We put: 

i£;fc([p]; h i ® • • • ® h k) 

Yj T fjn ^^p(df3)q eik , p ([p];h 1 ^---^h k ). 

l3eH 2 {X-L(u)-Z) 
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The main property of the operator q above is Theorem 3.8.32 [F0003 or The- 
orem 2.1 |FOOQ5] . Namely we have: 

(1) For each /3 and x G B k (H(L;R)[l]), y G E k (H[2}), we have the following: 

o= £ £ (-i)*q ft (y* 1 ; x* 1 ® q& ( y ^ ; x ^ 2 ) ® x* 3 ) (e.iia) 

Pl+p2=P Cl,C 2 

where 

* = deg' x 3 ' 1 + deg' x 3 ' 1 degy 2 ; 2 + degy 2 ; 1 . 
In (I6.11a|) and hereafter, we write q^(y;x) in place of q / 3 ; ^ ! / c (y; x) if y G 
£/(F[2]),xeB t (ff(L;R)[l]). 

(2) Let e = PD([L]) be the Poincare dual to the fundamental class of L. Let 
Xj G fl(F(i;M)[l]) and we put x = xi O e <g> x 2 £ B(H(L; R)[l\). Then 

q^(y;x)=0 (6.11b) 

except the following case: 

C\f) (l;e®x) = (-l) dcgx qp (l;x®e) = x, (6.11c) 
where ft=0e H 2 [X,L;Z) and a; G iJ(i;R)[l] = Bi(ff(L;R)[l]). 
We can prove them by using (1) — (5) Condition 16.31 

Definition 6.14. Let b G H even (X; A ) and p : i?i(i(u);Z) -> C*. We write 
b = b + b 2 + b high where b G A ), b 2 G ff 2 (X; A ), b high € ff 2m (X; A ) 

(to > 1). We define m£ ;/3 : B k {H(L; M)[l]) -> F(L;R)[1] by 

mj' p (hi > ...,/ij t ) 

00 (6 12) 

= £exp(b 2 n/3)£T' 3n -/ 2 V(a/?)q w (b^ gh ;/ il ,...,/ lfc ). V ' ' 

p 1=0 

Let 6 G i? 1 (L(u); A ). We define 6 = b Q + b+ where 6 G H l (L(u);<C) and 6+ G 
^(Liu); A+). We define p : ff x (L(u);Z) -> C* by 7 i-> e ^ nbo . We define 

m^(/ ll ,...,^)= £ m£ +El4 . /J (6?{! ) /ii,6^...,^-S/i fc ,6!p). (6.13) 

We can use (|6.1ip to prove that mj!' h defines a unital filtered structure. 

In [FOOQ5] Definition 8.2, we defined a chain complex (f2(L(u)) <g> A ; <5j b ' b ' ) ) on 
the de Rham complex of Lagrangian fiber L(u) (tensored with the universal Novikov 
ring). We can descend the (strict and gapped) filtered algebra on Q(L(u)) <g> A 
to the de Rham cohomology H(L(u); Ao). Especially we can define the boundary 
operator m\' b — on H(L(u); A ) as abov^E This is a general fact proven in 

Section 5.4 [FOOQ3] . In the rest of this section we will review its construction and 
define the chain homotopy equivalence: 

IT : (fi(L(u)) gA , 5 b > b ) -► (H(L(u); A ),S b J n ). (6.14) 

We first recall the definition of <5 M in Section 8 |FOQ05j . 



Actually it is zero in case Floer cohomology is isomorphic to the classical cohomology, that 
is the case b is a critical point of f pO ( ". 
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We use the correspondence by this perturbed moduli space to define operators 
on the de Rham complex ft(L(u)) of L(u). Let h G fl d (L(u)) be a degree d smooth 
differential form on L(u). Let 

evl(h) G n dcsh {M 2 Afc b® e )) (6.15) 

be the pull back of h. We define 

SlA h ) = (-l) dcg/l (ev ) ! ev* 1 (/ l ) = m\ t p. t {h) G fi*(L(u)) (6.16) 

where (evo)i is the integration along fiber. We remark that T™ equivariance of 
ev and transitivity of the T n action on L(u) imply that ev is a submersion. 
Therefore integration along the fiber is well-defined and defines a smooth form on 
L. The degree * is given by 

* = degh-nW) + 1 

where /i is the Maslov index. 

Remark 6.15. (1) We remark that b is not in „4(Z) but in „4(Ao). So, more 
precisely we need to define 6p. e as follows. We put 

B 

i=l 

For each multi-index I = . . . , ig), we define f/ = (f^, . . . , f^) and con- 
sider 

ev 1 = (ev£,ev() : M^f n {(3; f» -> L(u) x L(u). 
Now we put 

s b p , e (h) = (-i) d ^ h J2 mAb)---m e (b)(^ I K^iT(h)- (6.17) 

J£{1,...,B}^ 

Hereafter we write (|6.16j) in place of (|6.17j) whenever no confusion can occur. 
(2) We remark that when we need to use a multisection rather than a single 
valued section, the perturbed moduli space M™+™ e ((3; f/) s is neither a man- 
ifold nor an orbifold. However integration along the fiber and pull-back of 
differential forms on such space can be defined in the way similar to the 
case of manifold. (See Section 12 [FOOQ5] for the details.) 

We next use 5^. g to define S b ' . Let 

n 

b = J2he t eH 1 (L(u);A ). 

i=l 

We put X) t = e fi G A \ A+, and define p b : Hi(L(u); Z) ->• A \ A + by 

(5>ej)=t)* 1 ...^. (6.18) 
Definition 6.16. We define 5 b < b : n(L(ji))®A -> fi(L(«))®A by 
^ = m 1>0 +^^T^/ 2 V(^)^, 

Here m^o is defined from the de Rham differential d by mi t o(h) = (—l) n+dceh+1 dh. 
See |FOOQ3] Remark 3.5.8. 
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By (|6.16|) we easily find that if h £ Q(L(u)) is T"-invariant then Sg' e (h) = 
p b (d/3)6 b pj(h) is also T"-invariant . Therefore 

5 b '\H(L{u);A ))c H(L(u); A ). 

We define 

S b J D :H(L(u);A )^H(L(u);A ) 

as the restriction of S b,b . 

Remark 6.17. In fact, we have S b ^ n = mj' b where the right hand side is in Defi- 
nition [OH We will prove it in Section [27l 

Let 

n : tt(L(u)) -> H(L(u);R) ^ n(L(u)) 

be the harmonic projection. 
Now we have the following: 

Theorem 6.18. We have 

S b ^ oS b,b = Q (g 19 ) 
Moreover LI is a chain homotopy equivalence. 

Proof. The proof is based on the study of boundary of A4£S"^(/3; p). Using Lemma 
16.21 Condition 16.31 and the definition, we can easily show the following formula. 

m 1 , o^ + ^om 1)0 = - Yl E JT^ 5 lvM o5 lrM- ( 6 -2°) 
Therefore 

1=0 



+ E E *M» o %A =0 - 

We next show that LI is a chain map. We remark that 

11(h) = / g*h dg, (6.21) 

where g : L — > L for <? G T" is obtained by T n action and <ig is the normalized 
Haar measure. The formula (|6.21|) and T™ invariance of .M™f m (/3; f^) imply that 

Therefore LI is a chain map. It is then easy to show that it is a chain homotopy 
equivalence. □ 
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7. Well-definedness of Kodaira-Spencer map 

In Section [2] we used a choice of a section H(X;Aq) — > _4(Ao) of ir to give the 
definition of the Kodaira-Spencer map 

ts b :#(X;A )^ Jac(<p£> 6 ). 

In this section, we prove that the definition of tej does not depend on the choice of 
the section. 

To make this statement precise, we need to set-up some notations. Let wq, . . . , wb 
be a coordinates of b with respect to the basis {fi}f =1 , i.e., b = J2i w ih- We con- 
sider the potential function s )jiD(wo, . . . , Wb;vi, ■ • ■ , y n ) for b € -4(Ao) and define a 

map U b : T b A(A Q ) -> A^y" 1 )) by 

s, ( » ) . $82i. 

\ / aw l 

Let 7r : A(Ao) — > H(X; Aq) be the canonical map given in (|2.12j) . 
Theorem 7.1. 77ie following diagram commutes: 

A(A ) A^^y" 1 )) 

4 ! (7 - 1} 

ff(X;A ) Jac(<p£>„). 

In particular, the definition ofts b is independent of the section H(X;Aq) — > _4(Ao) 
used in Section^ 

The rest of this section is occupied with the proof of this theorem. 
Let Q = J2i w i(Q)*i with [Q] = in H(X;A ). We will prove 

ts b (Q) e C\os d0p (vi^ 1 ■ ' 1 ")• (7-2) 

We may assume wq(Q) = 0. (In fact, A — > H°(L(u);li) is an isomorphism.) Wc 
consider the case of j3, b and f for which the moduli spaces 

Mffi^HulPib 91 ®® (7.3) 

have dimension n. Then the evaluation map 

ev : M^(L(u), [3; b® 1 ® f 4 ) -> L(u) 

defines a homology class 

ev .(-M^i(i(«),i8;f»® < ®fi)) G A ) Z?°(L(u); A ) = A . (7.4) 

Remark 7.2. Actually b = biT Xi is not a space but contains T. So (|7.3p is not 
a space but a kind of formal power series with space as coefficients. Namely 

oo oo 

= E • • ■ E ^w^w.ft b u ® • ■ • b ^ ® fi)T A *x+-+^ . 

21— 1 £^=1 

Then the left hand side of (|7.4[) has an obvious meaning. By an abuse of notation 
we use the expression such as (|7.3[) frequently for the rest of this paper. 
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Lemma 7.3. Let b — Y^i=i x i e i an( ^ Vi = eXi • Then we have 

s S (o)(y) = f:f; E ^t^p\ 9 0) 

^{M^ x {L{u),^ 

where Q = ^2 Wi{Q)ii. Note the right hand side is an element of Aq by the isomor- 
phism <\7.4ty - 

Proof. This follows by differentiating 

oo 1 

qjD(b;y) = E E ^T wn ^ 2 V(^)evo*(M??r(L( U )^;b^)) (7.5) 

£=0 l3eH 2 {X;L{u);Z) 

with respect to mj's. (|7.5j) follows from (|2.10|) . □ 

For the convergence of our series, we slightly rewrite Lemma I7.3I (See the proof 
of Proposition 11.4 |FOQ05j .) We put b = J2 a =i Wo- (We need not consider fo 
because it does not affect the Jacobian ring.) We put 

B m 

t>ingh = E bafa ' b2 = E &af °- ( 7 - 6 ) 

a— m+1 a— 1 

Namely they correspond to the degree > 4 part and the degree 2 part of b, respec- 
tively. 

Lemma 7.4. We have 

MQ)(y) =EE E ^T^/ 2 -exp(b 2 n/V(d/3) 

i=l £=0 0eH 2 (X:L(U);Z) 

ev *(A4^ti(iW,ACh®fi))- 

We are now ready to give the proof of Theorem [73] We split the proof into two 
parts. One is consideration of the case Q £ (B/c>4 -A k (Ao) and the other is of the 
case Q G A 2 (A ). 

We start with the first case. We use our assumption and take a singular chain 
R of X such that dR = Q. (Here we fix a triangulation of Q and regard it as a 
smooth singular chain.) We emphasize it is impossible to choose such an R that is 
T"-invariant. 

We now consider 

MT^ i+1 (L(u),f3-,p®R) =M%$ 4+1 {L(u),0) e ^ x (p(l) x ••• x p(£) x R). 

Here p(l), . . . , p(£) are T n -mvariant cycles. We remark that in |FOOQ5j we never 
considered chains on X which are not T ra -invariant. Here we however need to use 
the chains that are not T n -invariant. Because of this, there are several points we 
need to be careful in the subsequent discussions henceforth. 

Lemma 7.5. There exists a Kuranishi structure with boundary on Ai™^ tJrl {L{u), f3; p<8> 
R) . Its boundary is a disjoint union of the following three types of fiber product. 
Here f3i + (3% = f3, ki + = k + 1, i = 1, . . . , k% and (p l7 p 2 ) = Split((£i, L 2 ), p) 
for some (Li, L 2 ) 6 Shuff(£). 

ACTi^i+iO^/^Pi ® RU x OVl Mll% lp2l (L(u),p 2 ;p 2 ), (7.7) 
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Mm iPl] (L{u),^; Pl ) eVo x ev ,M^ 1 . lP2l+1 (L( U ),(3r,P 2 ®R), (7.8) 

M^?(L(u),(3;p®Q). (7.9) 
Here and hereafter we write |p| =£ i/p € EiA(A ). 

This follows from Lemmata 6.4 and 6.5 [F OOQ5] . 

We next define a multisection (perturbation). We remark that the multisection 
q on Wk+vi (^( u )> fi\ P) was already fixed in Lemma [6T51 (= Lemma 6.5 F0005 ), 
which we use here. The multisection we have chosen there is T"-invariant which 
we use to prove that evo : ^^"^(^(u), /3; p) q — > L(u) is a submersion. (Note 
M™™ t {L{u), f3; p) q is a zero set of multi-valued perturbation. Although the zero 
set does not define a smooth manifold, we can define the notion of submersion from 
such a space to a manifold in an obvious way. In fact the notion of the tangent 
space at each point is well defined for such a space. (See [FO , [FOO Q2] for the 
details.) 

For the case of our moduli space A4^" 1 g (L(u), f3;p ® R), we do not have Tr- 
action on it. So we can no longer use this technique. Therefore the evaluation 
map evo : A4™^ e (L(u), f3; p (g> R) —> L(u) is not necessarily submersive. (It may 
occur for example the case where its dimension is strictly smaller than n.) On 
the other hand, we are using de Rham cohomology here. So we need to define 
the integration along the fiber of our evaluation map and we need our evaluation 
map to be submersive. We can do this by using the notion of continuous family of 
multisections. This notion was explained in detail in Section 12 |FOOQ5] . 

Lemma 7.6. There exists a continuous family of multisections on Ai™^-(L(u), /?; p<8> 
R) with the following properties: 

(1) It is compatible with the decomposition into Q7. 7p , Q 7. £[ ) , Q7.ff| ) of its bound- 
ary. 

(2) The restriction of the evaluation map evo to the zero set of the family of 
multisections is a submersion to L(u). 

(3) It is compatible with the forgetful map 

forget : M^ e+1 (L(u), (3; p ® R) -> X^\(i(u), (3; p®R) 

of boundary marked points. 

Proof. The proof is by an induction over the symplectic area /3 fl u> and the number 
of boundary marked points, using Lemma 12.19 |FOOQ5"] . □ 

Lemma 7.7. We have an equality 

ev , (M^ { (L(u), ft; Pl )ev x CVl M%£ ]+1 (L(u), (3 2 ;p 2 ® R)) = (7.10) 

as differential forms on L(u). 

Proof. By definition, it is easy to see that the differential form is the integration 
along the fiber of the differential form 

evo* (M^(L(u),^; Pl )) 

by the correspondence 

(ev , evi) : M^ +1 {L{u), [3 2 ; p 2 ® R) -> L x L. 



44 K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO 

On the other hand, it follows from Corollary 6.6 [FOOQ5] that the dimension of 
A^ipj (L(u), f3i; p-J is n or higher. Therefore integration along the fiber gives rise 
to a function, that is a degree form on L(u). (See (|7.4[) . Actually it is a constant 
because of T n invariance.) 

By Lemma 17.61 (3), the evaluation map ev! factors through 

M^ l+1 (L(u),p 2 ;p 2 ®R) f0 ^M^ a]+1 (L(u),fcp 2 ®R) ^ L(u) 

and hence the fiber of evx : -^™Pp n |+i(^( M )' P2 ® -R) — * L has positive dimension 
and hence (|7.10p follows. □ 

Remark 7.8. We may rephrase the argument used in the above proof as follows: 
Since 6 is a weak bounding cochain, rrip'^(l) = cPD[L] (c E A ) by definition. On 
the other hand PD[L] is a strict unit of our filtered Aoo algebra in the de Rham 
model. Therefore m\' h p (PD[L\) = 0. 

We remark that if we had used singular cohomology instead of de Rham coho- 
mology, then PD[L] would become only a homotopy unit rather than a strict unit 
which would require more technical and complicated arguments. This is one of 
reasons why we use the de Rham cohomology model here. 

Definition 7.9. We denote 

00 1 
X u (b, b)=Y J E jiT" n ^p b (d(3) exp(b 2 n p) 

1=0 /3€H 2 (X;L(u);Z) ' 

ev .( J M^ 1 (£(u),/3;bg^®ii)). 

This is an element of f2(L(u))<g>Ao that is formally obtained by replacing Q by R 
in the formula in Lemma T7. 41 We also define 

X u (b, b) = n(X u (b, bj) e H(L{u);A ). 

We note that here we fix u. We fix b and u and regard X u (b, b), X u (b,b) as func- 
tions of b. Let 2{ 1 ' - '™} be the set of all subsets of {1, ... , n}. For I — . . . , ik} € 
2'f 1 '— ij < we put ej = A • • • A e ik . It forms a basis of H(L(u);Z). We 
put b = X)/62{!. ■■■."} x i( u ) e ii Di{ u ) — e Xi ^ and define 

X u b ( yi (u), y n (u)) = X u (b, b), X u b ( yi (u), . . . , y n (u)) = X u (b, b). 

We fix a diffeomorphism ip u : T n = L(u) which induces an identification H*(T n ) = 
H(L(u)) and f2(T") = fl(L(u)). We also recall that yt, y{u)i are the coordinates 
of i? 1 (T n ;C), iJ 1 (L(u);C) respectively and satisfies 

yi (u)=T- u * yi . 

(See (3.10) [F0005 for the precise meaning of this relation.) 
We regard each of X£ , X^ as a formal sum of the form 

where <2j € fi(T n ) or ai £ H(T n ; C) respectively. The next proposition claims that 
they converge in do topology. 
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Proposition 7.10. (1) We have 

X^ef7(T")iA l> ((y, 2/ - 1 )) 

and 

X u b eH(T n -4((y,y- 1 ))). 

o 

(2) In case b £ A(A+) we can take Aq ((y.y^ 1 )) in place of A^((y, y^ 1 )) . 

Proof. We remark that Gromov compactness immediately implies that the series 
(|7.11l) converges in 0^.-norm. It implies 

f^GAo^)^^)- 1 )). 

To prove Proposition 17.101 it suffices to show that (|7.11|) converges in 0^ -norm for 
any u' € Int P. We remark that X^ depends on u. (In a similar situation in Section 
7 F0005J we proved that the potential function (with bulk) is independent of 
u. In that situation, our moduli space is T ra -invariant. However in the current 
situation, the moduli space M™f?i{L(u), (3; b® £ ® R) is not T"-invariant. This is 
because the chain R is not T n -invariant. Nevertheless, we will still be able to prove 
Proposition 17.101 ) 

Suppose ev *{M¥ ; % i £ 1 (L(u), (3; bf/ h <g> R)) ^ 0. Then by Theorem 10.1 |FOOQ4j 
we can write 

m 

P = J2Hl3)l3i + a(P) (7.12) 

i=l 

so that ki(/3) > 0, > 0, and that a(f3) is realized by a sum of holomorphic 

spheres. 

Since d/3 = J2i h{P)df3 h it follows from (£2) that 

y(u)f nei ■ • • y{u)f ne " = T c ^ l( « • • • 

for 

m 

c^^^fei^fB). (7.13) 

i=l 

Combining (|7.12|l and (|T. 13|) . we obtain 

/?nw/27T = a{(3) n w/2tt- c(/3). (7.14) 
We write the contribution from (/?, £) in (|7.11l) as: 

%U = ±T<^/^z\^ ■ ■ ■ zSrWatf, I) (7-15) 

where 

a(f3,£) = exp(b (1 (3)ev ,(M^ 1 (L(u), (3; b® e gh ® fl)) e A § fi(T"). (7.16) 

Lemma 7.11. Suppose that there are infinitely many different (/3 c ,£ c )'s (c = 
1,2,...) with a(f3 c , £ c ) ^ 0. If b £ .4(A+), then V^(X^ a e ) are unbounded. 

Proof. Suppose to the contrary that V^(X^ p e ) are bounded. Then since we have 

Oy(j£b p e) — ^<$T (bhigh), it follows that l c are bounded. By the hypothesis that 
the numbers of pairs ((3 C ,£ C ) are assumed to be infinite, there must be infinitely 
many different /3 c 's. We have the (virtual) dimension 

n + ,i(/3 c ) - (deg bMgh - 2)4 - (deg R-2)-2 (7.17) 
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for M^ +1 {L{u), ft; bff gh ® R). Therefore a(/3 c , 4) 7^= only when 

< n + n(0 c ) - (deg b high - 2)4 - (deg - 2) - 2 < n. (7.18) 

Therefore since 4 is bounded, the Maslov indices of /3 c 's must be bounded. 
From (|7.12l) and /i(A) = 2, we have 

ra 

H(fi c ) =^2fc. i (/3 c )+2c 1 (a(/3 c )). 

i=l 

We split our consideration into two cases: 

(1) If ^2ki(f3 c ) are unbounded, then the Chern numbers of a(f3 c ) are un- 
bounded. 

(2) If J^kiiPc) are bounded, then since there arc infinitely many /? c 's there 
must be infinitely many different a(/3 c )'s. 

We thus find that there are always infinitely many different a(/3 c )'s. Therefore we 
can conclude from Gromov compactness that the values ui n a(/3 c ) are unbounded. 
But by taking the O^-valuation of (|7.15p . we have 

*T{%b,p,i) > una(J3 e )/2ir, 
which gives rise to a contradiction. This finishes the proof. □ 
For a general element b in .4(Ao) \ _4(A + ), we have the following alternatives. 

Lemma 7.12. Assume that there are infinitely many (/3 C , 4) 's (c = 1, 2, . . . ) with 
d(Pc^c) 7^ 0, then one of the following holds: 

(1) t)^(X^ a 1) are unbounded. 

(2) Sj=i ki(/3 c ) are unbounded. 

Proof. If 4 are bounded, then we can prove (2) in the same way as the proof 
of Lemma 17.111 We next assume 4 are unbounded. Then (deg bhigh — 2)4 are 
unbounded. This, combined with (|7. 18)) . implies that /i(/3 c ) are unbounded. Then 
it follows from (|7.13|) . (|7.14p that either (2) happens or there are infinitely many 
different a(/3 c )'s. On the other hand for the latter case, it follows from Gromov 
compactness that a{j3 c ) n lo are unbounded. This implies (1) as in the end of the 



proof of Lemma 17.111 The proof of Lemma 17.121 is complete. □ 

It is easy to see that Lemmata 17. Ill and 17. 121 imply Proposition 17. 101 □ 
Proposition 7.13. We have 

ts b (Q)-PD[L(u)]=5 b J n (X u b ). (7.19) 
Proof. By Theorem 16. 181 we have: 

S b Jn(X u b ) = COW)) = U(6 b > b (X u b )). (7.20) 



It follows from Lemmas 17.51 17.61 and the definition that the chain mi ) ^ (X^)) is a 
sum of the terms corresponding to (|7.7[) - (|7.9p . (Here p = E> ® • • • ® b.) 
By Lemma 17.71 the term corresponding to (17.81) vanishes. 

By definition, the term corresponding to (|7.7p is X^^ m i,p(% b )- The term 
corresponding to (|7.9p is ts b (Q) by Lemma T7. 31 Therefore we have 

i 5b (Q)-PD{L{u))=8^\Xl). 
The proposition now follows from (|7.20p . □ 
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Proposition 7.14. 

Im 5 b J n C Clos^ (y*^^ : i = 1, . . . , n) H(T n ; 4((y, y- 1 ))). 
If b G A(A + ), we may take Aq in the right hand side. 

Proof. Let G(b) be a discrete submonoid such that b is G(b)-gapped and G(b) D Gq. 
We put G(b) = {A , Ai, . . . } such that = A < Ai < 

o 

Let 3k be the ideal of Aq ((y,y -1 )) generated by elements 

rp\l jl , , , j m 

such that YlTLi Ji + I > k. We recall from Definition 16.141 (see Section |2"T)) that: 

rp/3nL0/27T 

m5' 6 (fe ls /»a) = J] ^ exp(/3 n b 2 )p b (d/3) q/3;2/ (< gh ; fci <8> fta). 

LP 

It defines a ring structure 

hi U M h 2 = {-l) dcsh ^ dcsh2+ V m b 2 ' b {h u h 2 ) (7.21) 

o 

on H(T n ; A^((y, y -1 ))). Then U b ' b is associative and G(b)-gapped. Consider the 
generators e$ (i = 1, . . . , n) of H(T n ; Z). 

o 

Lemma 7.15. TTie sufchnff of (H(T n ; A£ ((y,y- 1 ))),U b - b ) generated by { ei \ i = 
1, . . . , n} is dense. 

o 

Proof. Let A^((y, y^ 1 )) (n) be the free associative algebra which is generated by n 

o o 

elements over the ring Aq((j/, y -1 ))- For each T 5 € Aq ((y, y _1 ))(n) we can define 

o 

"P(ei, . . . , e n ) € H(T n ; A$((y, y -1 ))) using the product U b,b in an obvious way. 
The lemma will be an immediate consequence of the following: 

o 

Sublemma 7.16. for eac/i given fc and *P G H(T n ; Aj^((y, j/ -1 ))) i/iere existe 7> € 

o 

Aq ((y,y~ 1 ))(n) such that 

¥ - 7>(ei, . . . , en) G 3 k H(T n ;4((y, y- 1 ))). 
Proof. We prove this sublemma by an induction over fc. Since 

/ii U" h 2 — hi A h 2 £ 3±H(T n ;A^({y, y- 1 ))), 

the case = 1 is a consequence that the usual cohomology ring H(T n ;Z) is gener- 
ated by e, . Suppose that Sublemma 17.161 holds for k — 1 and let 

*P-P(ei,...,e n )= ]T C(Z; J i J ...,j TO )r A 'ai 1 — 

l, 31, ■■■Jm 

mod 3 k H(T n ;A^{{y,y- 1 ))), 
where the summation is taken over . . . , j m , such that X)t=ii« + ' = & — 1 

o 

and C(l;ji, . . . ,j m ) G H(T n ; A^((y, y" 1 )))- Applying the case fc = 1, we can find 

o 

V(l; ji , • • • )jm) G Aq 5 ((y, y such that 

G(j 1; • ■ • ,im) - Ji, ■ • ■ , Jm)(ei, . . . ,e„) G 3 1 H(T n ;A l ((y,y- 1 )}). 
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If we put 

V'=V+ ]T T x 'z{ 1 ■■■7J„ T V(l;j 1 ,..., Jm ), 

l,jl,—,jm 

we have 

¥ - V'iex, . . . , e„) G ~J k H(T n ; 4((y, y- 1 ))) 
by definition. Sublemma 17.161 is proved. □ 

Hence the proof of Lemma l7.15l is completed. □ 

Now, using the identity 

6>*( hl h2 ) = ±*M {hl) yM h2 ± ^ *M (/^ (7.22) 

o 

we will prove that for each V G A^((j/, 
0^(ei.-.-,en)) G Clos d „ :i = l,...,n) H(T n ; A.q({v, y^ 1 ))) (7.23) 

by induction over the 'degree' of 'noncommutative polynomial' V . We note that 
(|7.22l) is a consequence of the filtered relation of m b,b and the fact rrio(l) and 
so m.Q' h (l) is proportional to the (exact) unit. The proof of Proposition PT7H1 is now 
complete. □ 

Therefore Propositions l7.14l and l7.13l implv Theorem l7.1l in the case when deg Q > 
2. We finally consider the case when degree of Q is 2. We put Q — YliLi Q& an d 

Q* = Qi D i e H 2n -2(D; R). 

Lemma 7.17. We have 

&b(Q)(l/) = E E ^(Q*n/?)p b (a/3)exp(b 2 n/3)T^/ 2 - 

e=0 fS£H 2 (X;L(u);Z) 

ey ,(M^r(L(u),f3;bff gh )). 
Here Q* (1 j3 is defined by the intersection pairing 

n : H 2n -2{D- C) ® H 2 {X- L(«); C) -> C. 
This is well defined since D PI L(m) = 0. 

Proof. This is a consequence of Lemma I7.4I □ 

Since [Q*] = in H 2n -2{X;C) by the hypothesis, there exists R such that 
<9i? = Q*. We have [i?] G H 2n -i(X; L(u);C), using the exactness of 

H 2 (X; C) -> H 2 (X, L{u);C) -> Hi(i(tt); C), (7.24) 

we can find di such that 

n 

Q*n^ = E d i(^ ne i)- ( 7 - 25 ) 

i=l 

By differentiating (J73J), we have 

^-f^=E E ^^(<9/3n ei )p b (a/3)ex P (b 2 n/?) 

^ fcO/36ff 2 (A-;L(«);Z) ' (7.26) 

ev ,(M- ain (L(u),/3;b^ h )). 
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Therefore 



The proof of Theorem 1 7. II is now complete. □ 



8. WELL-DEFINEDNESS OF POTENTIAL FUNCTION 

Let b, b' £ ^4(A ), which represent the same cohomology class in H(X; A ). In 
this section we prove that tyD b coincides with CpD b / after an appropriate coordinate 
change of variables. Some kinds of such statement follow from the well-definedness 
of potential function up to filtered homotopy equivalence, which we established 
in [FOOQ2] . for arbitrary symplectic manifold and its relatively spin Lagrangian 
submanifold. (See also [Aurlj for some discussion related to it.) On the other hand, 
for the purpose of this paper, we need to specify the type of coordinate change we 
use. For example, we want them to converge everywhere in the moment polytope. 
For this purpose we use the special feature of our situation. 

We start with the definition of the class of coordinate changes. 

o 

Definition 8.1. We consider n elements y[ € A p ((y.y^ 1 )) (i — l,...,n). Sec 
Definition 14.61 for this notation. 

(1) We say that y 1 = (y[, . . . ,y' n ) is a coordinate change converging on IntP 
(or a coordinate change on Int P) if 

o 

y\ = Ciyi mod yiA+((y, y^ 1 )) (8.1) 

c, € C\{0}. 

(2) We say that the coordinate change is strict if c, = 1 for all i. 

(3) We say that the coordinate change converges on P if y[ L 6 A p ((y, y^ 1 )) 
(i = 1, . . . , n) in addition. Its strictness is defined in the same way. We also 
say that y' is a coordinate change on P. 

(4) Coordinate change y' on P is said to be G-gapped if (y[ — Ciyi)lyi is G- 
gapped. (See Definition 12.41 ) 

(5) Coordinate change converging at u (or coordinate change at u) is defined as 
an element 

y(u)' t e AoUu)^^)- 1 )) 

such that 

y'i(u) = CiViiu) mod yi(u)k+ ((?/(u), y(u) -1 )). 
Its strictness is defined in the same way. 
Let y' = (y[, . . . , y' n ) be a coordinate change converging on Int P. If a series 

i 

o 

converges in A^((y, y -1 )), then 



i 



(8.2) 
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also converges. Here Vi = (uj , . . . , u| ) € Z n and 

(2/T < = (yir r) ---(^r' Cn> - 

We remark that 

/ i \ — i 00 / / \ fc 

« J -^( lt Hr) -rv-y>i><(^) 

o 

converges in t>^ norm by (|8.ip . Therefore (|8 . 2() makes sense. 

Definition 8.2. We denote (|8.2[) by V(y') and call it the coordinate change of "P 
by y'. There are the versions corresponding to (3) or (4) of Definition 18.11 which 
are defined in the same way. We can define a composition of coordinate change by 
applying (|8.2p in each factor. We write the composition of y' and y" by y' o y". 

The proof of the following lemma is easy and so omitted. 

o 

Lemma 8.3. Coordinate change induces a continuous endomorphism on A^((y, y -1 )), 
A^((y, y^ 1 )), and Ag ((y, y" 1 )) respectively. Therefore composition thereof induces a 
coordinate change again. Composition of coordinate change is associative. Compo- 
sition of G- gapped coordinate changes are G-gapped. 

Convention 8.4. Let Zi, . . . , Z m be formal variables. Let Z\, . . . , z m be the ele- 
ments in A ((y, y -1 )) defined by (|2.7[) . For each R e A [[Zi, . . . , Z m ]], we put 

R{z) = R(zi, . . .,z m ). 

o 

This is well-defined as an element of Aj^((y, y -1 )) by Lemma \2. 31 

Lemma 8.5. Coordinate change has an inverse. Namely for y' there exists y" such 
that y' o y"(y) = y" oy'(y)=y. 

Proof. It suffices to prove the lemma for the case where y' is strict. We first consider 
the case y' is a coordinate change on P. We assume that y' is G-gapped and put 
G = {A , Ai, . . . }. (A = < Ai < • • • .) For each k = 1, 2, . . . , we are going to find 
a G-gapped coordinate change on P, y" fe) = (y" fe) v y" fc)n ) such that 

(1) y" fe j is G-gapped and strict. 

(2) ((y'( k) oy') l -y l )/y l eT^AP((y,y-^). 
We prove this by induction over k. We assume 

{{V'lk) V')i ~ Vi)/Vi = ^(z)^ mod T^A^dy^- 1 )) 
where ai G R{Z\, . . . , Z m ]. We put 

y'ik+D^a-T^a.Oy'^. 

Since y[ = y'[ = y t mod j/jA^((y, y -1 )), it is easy to see that y" k+1 ) t satisfies (1),(2). 

Now limfc_>oo converges and gives a left inverse to y' . Existence of the 

right inverse can be proved in the same way. Then the right and the left inverse 
coincide by a standard argument of group theory. 

The case of coordinate change at u is the same. 

For the case of coordinate change on Int P we proceed as follows. We remark 
that if y' is a coordinate change on P, it induces an isomorphism on Aq ((y, y -1 )). 
Now let y' be a coordinate change on Int P. Then for each sufficiently small e > 0, 
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the coordinate change y' induces an isomorphism on Aq s ((y, y -1 )). Therefore by 
taking the projective limit of these isomorphisms as e — ¥ 0, which obviously exists, 

o 

the coordinate change y' induces an isomorphism on Aq((j/, y^ 1 )) by Lemma 14.41 
Now it is easy to find its inverse. □ 

Remark 8.6. The set of all coordinate changes forms a solvable group. It is re- 
lated to the group of self homotopy equivalences of filtered algebra and also 
relevant to the nilpotent group discussed in [KS2] and |GPSj . We remark how- 
ever in |KS2j and [GPS the coordinate changes that preserve the volume element 
dy\ ■ • ■ dy n /{y\ ■ ■ ■ y n ) are studied. We do not prove here that the coordinate change 
we produce (for example in Theorem 18.71 below) has this property. This point is 
related to the Poincare duality and cyclic symmetry So if we use the cyclically 
symmetric version of the filtered A x structure that we produce in Section [T51 we 
may obtain a coordinate change which preserves the volume element. 

o 

For V G A^((y, y^ 1 )), we define its Jacobian ring by 

Ao^jT 1 }} 



Jac(P) 



Clos do :< = !,. 



It follows from Lemmata 18.31 [8?5l that a coordinate change induces an isomorphism 
of Jacobian rings. 

The following is the main result of this section. 

Theorem 8.7. Let b, b' £ A{A ). We assume that [b] = [b'\ € H(X;A ). 
Then there exists a coordinate change y' on Int P, such that 

= <££)„,(<,). (8.3) 

If b — b' £ _4(A + ), then y' can be taken to be strict. 

If both b,b' € A(A + ), then y' can be taken to be a strict coordinate change on 

P. 

Example 8.8. Let X = CP 2 with P as in Section [3] We put 

Pi = {{u u u 2 )eP\ui = 0}, f i = n- 1 (P i ). 
Let c G K \ {0}. We consider b = cfi and b' = cf 2 - Then we have 

tyQ b = e c Zl +z 2 + z 3 , ¥D b < =zi + e c z 2 + z 3 . 
We put y[ — e~ c yi, y' 2 = e c y 2 . It is easy to see (|8.3[) holds. 

Proof. We first consider the case b — b' E (Bk>4 •A k (^-o)- Moreover we also consider 
b 7 b' G ($) k>i A k (A + ) since the same argument applies to the case with b, b' € 

A(A ) with Aq replaced by . 

We take a new formal variable s and put 

b(s) = sb + (1 - s)b'. 

Let R be a smooth singular chain dR = b — W . For given u £ Int P, we define 

= £ — A^)exp(b 2 n/3) 

1=0 0£H 2 (X;L{u);Z) ' ( 8 - 4 ) 



evo^M^iLiu), (i- b«/ gh ® R)), 
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X u s (s,b)=U(X u s (s,b)), (8.5) 

where II is as in (|6.14|) . Here bhi g h is degree > 4 part and b 2 is the degree 2 part. 
We remark that b 2 = b' 2 = b(s) 2 by the hypothesis. 

We define A^((y,y _1 ,s)) in the same way as A^((y, y -1 )). Then, by the same 
way as the proof of Proposition l7.10[ we can prove that (|8.4p converges in norm. 
Hence Xg(s,b) can be regarded as an element of H(L(u); A^((s, y, y -1 ))). In the 
same way as the proof of (|7.2p we have 

is b(s) (b~b') = 5 b - b (X u s ( S ,b)). (8.6) 

Therefore, in the same way as the proof of Proposition 17.141 we can find 

such that 

i 

We remark that 



dyi 



fa 6( «)(6-b / )= ^ b(s) . (8.7) 
us 

Let 

W(«) € A p ((s,y, y -1 )) 
satisfy the same properties as the coordinate change on P. Using (18.7[) , we calculate 

I (w> H .M*))) = - *) ° »(-) + E (^^^) ° 

The right hand side is zero if 

wW23 )4 + ^=0. (8.8) 

We will assume yj(s) = y$ mod j/jA£((s, y, y -1 ))- 
Motivated by and (ET5)) . we set 

yi( S )=log(j, i ( S )/j/ i )eA p «y,j / - 1 )>. 

Then (|8.8|l is equivalent to 

^(^+^ = 0. (8.9) 

This is an ordinary differential equation and i £ A p ((s, y, y -1 )). Therefore it has 
a unique solution with Yi(0) — 0, which we again denote by Yi. We now define 

y l (s) = exp(y i (s))y l . 

Then we have 

^CpD b(s) (y( S )))=0. 

Therefore 

Hence y' = y(l) is the coordinate change we are looking for. 
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We finally consider the case b' — b £ „4 2 (Ao). We use the notation of the proof 
of the corresponding case of Theorem 17.11 We put Q = b' — b and put OR = Q*. 
In the same way as (|7.25l) we can find di such that 

n 

Q*n/3 = ^d 4 (5/3n ei ). (8.10) 

We then put 

Vi = e d >y t . (8.11) 

Now we have (see (|2.10l0 

00 ™n/3/27r 
<$Q b (y>) = £ E —p— ex P( fa2 n ' ' ' V'{u)f ne " 

1=0 /3eH 2 (X;L(u);Z) 



•n/3, 
IT 



E E —or- ex p( fa ' 2 n nei • • • ^)»" ne " 



^=0 /3eH 2 (X-L(u)-I. 

ev *(M^r(L(u),l3;b®l h )) 
The proof of Theorem [S771 is complete. □ 



9. Kodaira-Spencer map is a ring homomorphism 

In this section we prove the following theorem. 

Theorem 9.1. The map tst, : (H(X; Ao), U b ) — > Jac(*}10 b ) is a ring homomor- 
phism. 

Remark 9.2. Various statements related to this theorem has been discussed in 
the previous literature sometimes in a greater generality. We explain some of them 
in Section EU 

We fix a basis J* i = 0, . . . , B' of H(X; C) as in Section [2] We define c c ab e A by 

B' 

f a U b f h = ^< fc f c . (9.1) 

c=0 

We will prove 

& b (f a )6 b (ft) - E c ab^b (fc) = mod Clo S(i (j/i^f^ : t = 1, . . . ,nV (9.2) 

(Here tS[,(f a )4Sb(ffc) denotes multiplication as the elements of A^((y, y -1 )).) 

Let .A/f™!^^) be the moduli space of stable maps from genus zero semi-stable 
curve with 1 boundary and £ + 2 interior marked points and of homology class (3. 
We denote the fibre product 

M^ 2 ((3)x xe+2 (f a xf fc xE/) 

by M¥$£ 2 (p-,f a ®f b ® b® e ). We recall from Lemma 6.5 )FOOQ5j that we have 
already made a choice of a multisection thereon that is T"-invariant and transversal. 



54 



K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO 



We consider A^"?£™ 2 (/3; f a <8> f b ® b® £ ) and focus on its components of (virtual) 
dimension n: Recall that b lies in H(X;Ao) and is a formal power series whose 
summands may have different degrees. For the simplicity of exposition, we will just 
denote union of these components by M™%+ 2 ((3; ft <8> f b <£> b® £ ) as long as there is 
no danger of confusion. 

We consider the forgetful map 

forget : M?f^ 2 (f3; f„ ® ft ® b^) M£ 2 ain . (9.3) 

This is a composition of the forgetful map Al^ n 2 (/?; ft ® ft ® b® f ) -> M^f™ 2 which 
forgets maps and then shrinks the resulting unstable components if any, followed 
by the forgetful map M™.f+ 2 ~^ M™ [n , forgetting 3rd,. . . ,(£+l)-th marked points. 

We remark that A4™f m is homeomorphic to the disc D 2 . In fact, A4™ am is a 
one point and the fiber of the forgetful map A^f 111 — > A4™i m i s a disc, which is 
parameterized by the position of the last interior marked point we forget. 

Lemma 9.3. A^f 111 has a stratification such that the interior of each stratum is 
described as follows. 

(1) Int.D 2 \{0}. 

(2) Two copies of (-1, 1). We call them (-1, l)i, (-1, 1) 2 

(3) Three points. [E ], [Ei 2 ], [S 2 i]- 

The point G D 2 becomes [So] in i/ie closure of the stratum (1). T/ie two boundary 
points ±1 m the closure of (—1,1)$ (i = 1,2) become [S12] and [E21]. T/iws ifte 
union of the four strata (— 1, l)i, (—1,1)2, [S12], [E21] is a circle, which becomes 
dD 2 in the closure of the stratum (1). 

Sac/i 0/ the above strata corresponds to the combinatorial type of the elements of 

Proof. In addition to the boundary, M™ 2 n has one singular point. That is the 
point where two interior marked points encounter. We denote this point by [So]. 
(Here So is the corresponding stable bordered curve.) 

The boundary of M™ 2 n is identified with two copies of Mf.f™. They correspond 
to the configuration S = S' U S" where [S'] G M^f n and [S"] G M%f n . The two 
components S' and S" are glued at their boundary marked points. There are two 
components depending which interior marked points of M^. 2 ln becomes the interior 
marked point of S'. 

Al™ m is one point. We see that Ai^f 111 is an interval as follows: We can 
normalize an element of it (z , zj nt , z 2 nt ) so the boundary marked point is +1 = z 
and the real part of the interior marked points z\ nt is zero. Moreover we may choose 

z int + z int = o Thus ^main ig idcntified with 

{(z\ nt , z 2 nt ) I z\ Dt = >/=la, 4 nt = -y/=la, a G [-1, 1]} - [-1, 1]. 

We write as (— 1, 1), the interior of the components such that i-th interior marked 
point becomes the interior marked point of .A4™ am . 

By the above identification, +1 of d[— 1, 1]2 corresponds to —1 of d[— 1, l]i. We 
write this point S i2 . The other point is S 2 i. □ 
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Figure 9.1 



The domain of (|9.3I) also has a stratification according to the combinatorial type 
of the source. The next lemma is obvious from construction. 

Lemma 9.4. The map §9.3$ is continuous and is a stratawise smooth submersion. 

Remark 9.5. When we use the smooth structure we put on A^™f™ 2 (/3; f a <8>fb<8>b® f ) 
in Section A1.4 |FOOQ3] . then (|9.3|) will not be smooth in the normal direction to 
the strata. See |FOQ03j pages 777-778. 

We consider the preimages 
forger 1 ([S ]) c M l ^ 2 (f3; i a ®f b ®b® i ), fotfleT^pia]) C M?$ 2 (P; f ®f 6 ®b®*)- 
Our next task is to provide appropriate multisections on some neighborhoods of 
forget~ 1 ([So]) an d forget - "^[S^]) respectively. For this purpose, we now describe 
the stratification of our space in these neighborhoods. 

We decompose b = b 2 + bhigh where b 2 is degree 2 and bhigh is degree > 4. (We 
do not need to discuss degree component since it does not affect Jacobian ring.) 
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For a £ H 2 (X;Z), let Ait (a) be the moduli space of stable maps from genus 
zero closed Riemannian surface with £ marked points and of homology class a. Let 

ev = (evi, . . . , eve) ■ Aie(a) — s- X t 

be the evaluation map. We define 

M h+3 (a; ft <8 ft <8 bg^) = Me 1+3 (a) (ovi ,..., ov<1+2 ) x x , 1+2 (ft x f b x b^ gh ). (9.4) 

ev£ 1+ 3 defines an evaluation map 

ev, 1+3 : M ei+3 (a-X <8 ft ® bggj -> X 

We next consider .M^^ (/?), that is the moduli space of bordered genus zero 
stable map with + 1 boundary and £ 2 interior marked points and of homology 
class /? € H 2 (X; L(u); Z). We consider 

•Mfc+i"£ 2 +i(A bhigh) =-'^t 1 ™< 2 +i(/5) (cv l 1 » t ,...,ov^» t ) x x«2 b^ gh 

and the evaluation map 

cv = (evj^.evi,. . . ,ev fc ) : M^ 2+ M O -> X x L( u ) fc+1 . 

Definition 9.6. Let if be a smooth singular chain of X 2 . We define 

M k +i(a; /3;{ a J b ; K) 

to be the fiber product (over X 2 ) of 

V^ 1+3 (a;ft ® ft ® bg&) x A^^ 2+1 (/3; b^ g 2 h ) (9.5) 

with if by the map (ev^+3, ev^ nt +1 ). Using the evaluation maps at the boundary 
marked points of the second factor of (|9.5I) , we have an evaluation map 

ev = (evo,...,eVfc) : M k+1 (a; /3; ft; ft; £ u £ 2 ; K) -> L(w) fc+1 . 

If if is a manifold with corner, then A4k+i( a 'i fi\ ft> ffc! £i,£-2', K) has a Kuranishi 
structure. In general, when K has a triangulation K — Uifj, we have a family of 
Kuranishi structures Aik+i{a; /3; ft, ft; £\, £2', Ki) for each of the singular simplices 
Ki which coincide on the overlapped parts. By an abuse of notation, we simply say 
that Mk+i(a; 0; ft,, ft; 1 1,^2; K) has a Kuranishi structure. 

Lemma 9.7. As a space with Kuranishi structure, the boundary of the moduli space 
.Mfc+i(a; /3; ft, ft;^i,^2; K) is the union of the spaces of one of the following three 
types: 

(1) M fe+ i(a;/3;ft,ft;4,4;9if). 

(2) M kr+1 (a;p';l a ,%;h,£' 2 ;K) eV0 x eVi M^% e , +1 {p"; bgg), 

w/iere k' + k" = k + I, £' 2 + £! 2 ' = £ 2 , /3'#[3" = 0, i e {1, . . . , k"}. 

(3) Ml)il A+1 (P';bZ%) CV0 x eVi M^ +1 (a;0"-X,%;hJ' 2 ';K), 

where k! + k" = k + 1, £' 2 + £' 2 ' = £ 2 , [3'#p" = [3, i G {1, . . . , k"}. 

Proof. Our space Mk+i(a; (3; £1, £ 2 ; K) is defined by taking fiber product. There- 
fore its boundary is described by taking the boundary of one of the factors. The 
moduli space of stable maps from a closed curve has no boundary. The boundary of 
MffifaJiP) is union of M™,% A (/?') CVo x CVi Mf^,,^") where k' + k" = k + 1, 
£' 2 + £! 2 ' = £ 2 , /3'#/3" = P, i G {1* . . . , k"}. Hence the lemma. □ 
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We now consider the case K = A which is the diagonal 
A = {(a:, a:) | x G L(u)} C L{u) 2 , 
and the moduli space Mk+i(a; (3; f a , ft; h, ^2; A). 
Lemma 9.8. There exists a surjective map 

Glue: |J |J M k+1 (a ] /3'-Xj b -J.ij2;A)^fox zr 1 ([^ Q }) (9.6) 

which defines an isomorphism outside codimension 2 strata as a space with Kuran- 
ishi structure. Here we have 

forget" 1 ([E ]) C A*^ 1+ , 2+2 (/3'#a; ft ® ft ® b®^). 

Proof. Let 

E int ; z^) G A^ 1+3 (a; ft ® ft ® bggj, 

E bdy ; z", z* nt ) G A^ 2+1 (/?'; b§&). 

We assume that evjf +3 (ix;i; E lnt ; z* nt ) = evf* +1 (w 2 ; E bd y ; z', z*> lnt ). We then glue 
E int and E bdy at z^f +3 G E int and z^ G E bdy to obtain E. 

We put w = wx on E mt and w — w 2 on E bdy . We then obtain w : E — >• X. The 
marked points on E are determined from those on E lnt and E bdy in an obvious way. 
We have thus defined 

Glue : M k+ i(a;P';l a ,%;h,£ 2 ;A) -+ forget -1 ([E ]). (9.7) 

The map Glue is an isomorphism onto its image, as a space with Kuranishi struc- 
ture. In fact, the element (w; E; z, z 111 ') in forget - ^[Eo]) is in the image of unique 
point by the map (|9.6j) if the following two conditions are satisfied. 

Condition 9.9. (1) Either the 1st or the second marked point of E lnt lies in 
the same irreducible component as the (l\ + 3)-th interior marked point. 
(2) The (£2 + l)-th interior marked point of E bdy is on a disc component, (that 
is not on the sphere bubble). 

Clearly the set of points which does not satisfy Condition 19.91 is of codimension 
2 or greater. Hence the lemma. □ 

Example 9.10. An example for which Condition 19.91 is not satisfied can be de- 
scribed as follows: Consider E which has one disc component D 2 and two sphere 
components Sf, S 2 . We assume D 2 n S 2 = {pi} = one point, D 2 n Sf = 0, 
Sf nSf — {p?} = one point. Moreover we assume the first and 2nd interior marked 
points 2™*, z 2 nt are on S 2 . Let w : (E,9E) — > (X, L{u)) be holomorphic. Then we 
have 

( W ;E;z ,zi nt ,4 nt ) G forget - 1 ([£„]) C M$*{fi). 

We put /3 (0 ) = w*([L> 2 ]), ai = w*[S 2 }, a 2 = w*{S 2 }. {fi = /3 (0) #ai#a 2 .) Then we 
have 

( (w ; S 2 #5| ; z^, z 2 nt , Pl ) , (w; D 2 ; z , Pl ) ) G M 1 (a, #a 2 ; /3 (0) ; ft ,ft ; ^ ,^ 2 ;A) 
On the other hand, 

(( W ;S 2 2 ;4 nt ,z 2 nt ,p 2 ),( w; # 2 #S 2 ;z ,p 2 )) G A^(a 2 ; ai #/3 (0) ; f a , ft; £ 1; £ 2 ; A). 
Both of them go to (w; E; z , zj 11 *, z 2 nt ) G forget - 1 ([E ]) by the map Glue. 
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Figure 9.2 



Let us describe forget - "^[Eo]) in more detail. We consider a point (tu; E) on 
it. (For simplicity we omit marked points from our notation.) We define the 
decomposition 

S = S int U E gluc U E bdy . (9.8) 

Let E int <° be the smallest union of components of S which is connected and contains 
the first and second interior marked points. Let E bdy '° be the smallest union of 
components of £ which is connected and contains all the disc components. Let 
S giue,o be the union of sphere components in E \ E int <° \ E bdy <° such that the 
following holds: 

All the path joining E lnt '° with E bdy '° should intersect this sphere component. 

The union E int >° U E gluc <° U E bdy '° is connected. The complement of this union 
consists of disjoint union of trees of sphere components. We include those trees to 
one of E lnt '°, E glue '°, E bdy '° according to which it is rooted. We have thus obtained 
E int , E gluc , E bdy and the decomposition (j9^|) . 

Example 9.11. In the case of E in Example HUHl we have E int = Sf , E gluo = Sf, 
E bdy = D 2 . 

Lemma 9.12. (w; E) satisfies Condition \9.9\ if and only if E gluc is empty. 

Suppose E gluc '° is non-empty and contains N sphere components. Then the 
cardinality of Glue -1 (u>; E) is N + 1. 

Moreover the map Glue in the neighborhood o/x 6 forget -1 ([Eo]) is described as 
follows: There is a Kuranishi neighborhood U of-x. in A / J™_^ 1 1 n £ 1+ £ 2+2 (/3; fa<S>fb£S>bhigh) 
such that 

U = U x C N+1 

where x = (o, 0) . 

JV 

x e P| Glue(Mk+i{ai;Pi-,f a ,h\ti,iJi,2\ A)) 

i=0 
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if x = Glue(xi) with g M.k+i{(Xi\ ft; fa, fb; ^i,2j A). ^4 Kuranishi neighbor- 
hood Ui of Xi is identified with 

U i = Ux(C i x {0} x C ff_i ), 

where Ui is embedded in U by the obvious inclusion. 

The space forget _1 ([Eo]) is described in our Kuranishi neighborhood by 

nu^) n ^(o)) / r x- 

Here s x is the Kuranishi map and T x is the finite group of symmetry of (w; S). 

Remark 9.13. We can summarize Lemma l9.12l as follows: Our space forget" 1 ([So]) 
is a 'normal crossing divisor' and iV+1 components intersect transversally at x. (We 
put the phrase 'normal crossing divisor' in quote since there is actually a Kuranishi 
map and obstruction bundle.) 

Proof. Let Sf (i = 1, . . . ,N) be the components of £ glue, °. We include each of the 
tree of components in £ glue \ £ glue, ° to the component Sf where this tree is rooted. 
We then have a decomposition 

N 
i=l 

We may enumerate them so that 

E gluc n ^bdy = | Zq | ; 

sf uc n sf£ = { Zl }, * = i 

E gluc n ^int = {zn} ^ 

For i = 0, . . . , iV, we put 

i 

/3 w =^([S b ^])+^u;,([I]f ]), 

N 

^ = E ^*(pf luo ])+^(p int ]). 
j=i+i 

If we cut £ at Zi, then we obtain an element of Mk+i{ai] ft; fa, (-n, A). It 
is clear that those elements are all the elements of Glue -1 (if; £). 

The factor U is the product of the Kuranishi neighborhoods of (w; £ bdy ), (w; Sf 1 " 6 ), 
(w; £ lnt ) in the moduli spaces in which they are contained. Other than U, the Ku- 
ranishi neighborhood of x in M™™ li+l2+2 {fi\ fa<S>fb ( S>bhigh) nas a parameter. That 
is the parameter to glue N + 2 components at the singular points zq, . . . , zjsr- They 
give the factor C N+1 . 

If we resolve all the singularities Zj (j = 0, . . . , N) other than Zi, we still obtain an 
element of forget -1 ([So])- Moreover it is in the image of Mk+\(av, ft; f a , h', £i,i,£i,2 m , A). 
Therefore the lemma follows. 

(We remark that our Kuranishi structure is constructed inductively over the 
strata in the way we have described above. See |FO| . |FOOQ2| .) □ 
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Remark 9.14. Actually the T™-equivariant Kuranishi structure we produced in 
[FOOQ4] Section 15 is not compatible with the fiber product description in Lemmas 
19.71 19.61 and 19.121 We will explain the way to go around this point in detail in 
Section [28] 

Lemma 9.15. There exists a system of multisections on a neighborhood of forget" 1 ([So]) 
with the following properties: 

(1) It is transversal to and is T n -invariant. 

(2) It is compatible at the boundaries described in Lemma \9.7\ (Note dA = 
so (1) in Lemma \9. 7| does not occur.) 

(3) It is compatible with the forgetful map of the 1st, . . . , k-th boundary marked 
points. 

(4) It is invariant under the arbitrary permutations of the interior marked 
points. 

(5) It is transversal to the map \9. 7[ ) in the sense we describe below: 

Let us state Condition (5) precisely. Let U' be a Kuranishi neighborhood of a 
point x in M k +i(oi; A;? , fi>;4,i>^,2; A). Let Glue(x) = y e M^^ 1+ ^ +2 (/3;f a (g) 
ft <8> Ohigh)- Let U be a Kuranishi neighborhood of y and E an obstruction bundle. 
Let Si be a branch of our multisection. We require that s~ 1 (0) is transversal to the 
map :U' —> U, which is induced by Glue. 

Proof. The proof can be done by an induction over /3 D uj and the number of bound- 
ary marked points. The description in Lemma 19.121 shows that we can perform 
this construction locally. Then general strategy of the inductive construction of 
multisection applies. □ 

We have thus constructed multisection on a neighborhood of fotget~ ([So]). 

Remark 9.16. The multisection on a neighborhood of forget -1 ([£o]) which we 
have just constructed induces a multisection on M.k+i{a; fi; f a , ii,t2', A) by pull- 
back under the map Glue. On the other hand, by definition, M.k+±(a; /3; f a , %; l\,i<x\ A) 
is the fiber product of two spaces 

M ei+3 (a; i a ® f b ® b®%), M^ t2+1 Q3; (9.9) 

over the diagonal. We already have multisections ('q' multisections) (see Defini- 
tion [5^1) on each of (|9.9I) . However, the multisection induced by Glue does not 
necessarily coincide with the fiber product multisection. In fact, it seems difficult 
to construct a system of multisections ('q' multisections) so that the fiber product 
multisection of (|9.9|) along the diagonal is transversal. This is related to Remark 
11.4 |FOQ04j . 

We next construct a multisection of a neighborhood of fotget -1 ([£i2]). Let 

[w; E] € fotflet-^pxa]) C M^ 2 {[3; f ® f 6 ® bfj gh ). 

By the definition of the forgetful map, we have the natural map E — > £12- We recall 
that E12 has three components, each of which contains one of the three marked 
points of Ex2- We call them £12, z , £i2,z int ) ^i2,2^ nt i according to the marked 
points which they contain. We decompose £ into the union of three components 
£ Zo , £ z int, £ z mt so that they are mapped to the components £i2,z , £12 z ;nt, £12 z j»t 
of £12 by the forgetful map, respectively. 
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Figure 9.3 

Remark 9.17. The decomposition S = E 2o U £ 2 mt U £ 2 mt is not unique. 
We consider the conditions 

w*(P*H) = w *([ E 4 nt ]) = ^(2)! «>♦([£*„]) = P(o)- (9.10) 

Definition 9.18. We denote by £(/3(!), /3( 2 ), /?(o)) the subset of the elements of 
fotget _1 ([£i 2 ]) that satisfy (|9.10|) . We thus have a decomposition 

forget" 1 ([E 12 ]) = |J £(/3 (1) , /3 (2) , %). (9.11) 
In other words, we have a map 

Glue : (M kl+1 , ei+1 ((3 (1 y,{ a <8> O x M fe2+1A+1 (/? (2) ; f b ® 

^ ' (9.12) 

(evo,evo) ^ (evi,eVj) 

It is actually an isomorphism to its image. 

Since the decomposition £ = £ 2o U S 2 mt U £ 2 mt is not unique as we mentioned 
in Remark 19.171 the images of the maps Glue could overlap. 

Example 9.19. Let £ be a union of 4 disks Do, . . . ,D^. We assume D\ n D3 = 
{P13}, D n D3 = {P03}, D n D 2 = {P02} and other intersections are empty. We 
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take zf* G D\, z 2 nt € D2 and zq G -Do- Let w : S — > X be a holomorphic map. 
Denote = io*([Dj]). Then 

(((w;D 1 #D 3 ;z^ it ;po3), (w; D 2 ; z 2 nt - lPo2 )) 1 (w; D ; z q , Pq3 , P0 2)) 

(9.13) 

(evo,evo) (evi,ev2) 

On the other hand, 

(((w]D 1 ;z[ nt ;p 13 )) 1 (w;D 2 ;z 2 nt ; P o 2 ))Aw;D 3 #Do;zo, Pl3 , P 02)) 

(9.14) 

G (A^i ; i(/3(i);f a ) X Ml ; l(^( 2 );fb))(ev ,ev ) x (ev 1 ,ev 2 ) M 3 - fi (P(0) + %))■ 

They both map to the same element under the map Glue. 




Figure 9.4 

Here, however, the situation is different from the one for the case of f ot$jet~ 1 ( [So] ) • 
Namely, we can choose our multisection on a neighborhood of forget -1 ([£12]) so that 
(|9.12j) preserves the multisection. (Compare Remark 19.161 ) In fact, the left hand 
side of (|9.13|) is contained in 

(■Ml;l(/3i;fa)ev X OVl X 2; o(^3)) X Mi ;1 (ft; ?&))(evo,evo) X (e Vl ,ev 2 ) M» ; o(A)), (9-15) 

and the left hand side of (|9.14[) is contained in 

I fa)) X JVl 1 ; 1 (f3 2 i fb))(ovo,cvo) X (cvi ,cv 2 ) {•^2;o{(3 3 )cv 1 X GVl 

MaAPo))- (9-16) 

These two spaces are isomorphic together with their Kuranishi structures. (This is 
because of the associativity of the fiber product.) Moreover the 'q '-multisections on 
them are compatible. We remark that 'q '-multisections are constructed inductively 
over the number of disc components (and of symplectic area). Such induction was 
possible because evo (the evaluation map at the boundary marked point) automati- 
cally becomes a submersion by T n equivariance. Since the fiber products appearing 
in both (I9.15|) and (|9.16p correspond to gluing at the boundary singular point, they 
are compatible with the 'q '-multisections. 
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We have the following lemma which corresponds to Lemma 19.121 

Lemma 9.20. Each of £(/3m, /3( 2 )j /%))) has Kuranishi structure with corners. Let 
x G forget _1 ([5]i2]). Then there exist positive integers Ni, N 2 such that the follow- 
ing holds. 

(1) A Kuranishi neighborhood U of x in Ml}_f^ e+2 ((3;~£ a ® f b <S> b®*) is U x 
[0,l) Nl+1 x [0,1) W2+1 . 

(2) TTie space forget _1 ([Ei2]) in this Kuranishi neighborhood is 

((U x 9([0, 1)^) x 9([0, 1)^)) n a-^o)) /r x . 

(3) x is contained in the union of (N\ + 1) x (N 2 + 1) different strata, that is, 
in £(P(kiM,i), P(k u k2,2)> P(k u ka,o))- ( k i = l,---,Ni, fc 2 = 1, . . -,N 2 .) 

(4) x lies on the codimension N\ + N 2 corner on each stratum in (3), that is 

£(/3(fci,fc 2) l) , P(ki ,fe 2 ,2) 7 P(ki M,o) ) • 

(5) The Kuranishi neighborhood o/x in X(/3(k 1 .k 2 ,i)i P(k x .k 2 ,2), /3(fci,fe 2 ,o)) ccm & e 
identified with 

Ux([0, l) kl x {0} x [0, l) jv i- fe i ) x ([0, l) fe2 x {0} x [0, l)^-fe 2 ). 

(6) TTie obstruction bundle of X(P^i,k 2 ,1)1 /^(fci ,fc 2 ,2) > P(ki,k 2 ,o)) * s obtained by 
restricting the obstruction bundle of A / I™^ 1 1 n ^ +2 (/3; f f& ® b® ). 

The proof of this lemma is similar to that of Lemma T9 . 1 2 1 and omitted. 

Lemma 9.21. The multisections on 3t(/3(fe l! fe 2) i), P(ki,k 2 ,2)i P(ki,k 2 ,0)) induced by 
12\ from the 'q ' multisection are compatible on the overlapped part and to the 
'q '-multisections of M^ff^iP'i £j ® £b ® t> )■ Hence it was already extended to the 
neighborhood o/forget _1 ([Si 2 ]). 

Proof. As we explained in the paragraph right after Example 19.191 this is a conse- 
quence of our construction of 'q'-multisections. □ 

Thus we have defined compatible multisections s which we need. We can then 
define integration along the fiber of the map 

ev : M^ 2 (P-X ® ft ® b®') -»■ L(«) 

restricted to 

s- x (0) n fotflet-^po]), * _1 (0) n fotflet-^pia]). 

We use this construction in the next two lemmata. Hereafter we omit s from the 
notation. Namely we will just write as forger x ( [So]) etc. in place of s _1 (0) n 
forger 1 ([S ]) etc. 

Lemma 9.22. We have 

(ev )* (forger 1 ^])) = (ev )* (forger HP12])) ■ 

Here we recall that in this section we consider the case where forget - ([So]) is n 
dimensional and so 

(ev )* (forger ^[So])) G H n {L{u)\ A ) = H°(L(u);A ) = A . 
Similarly (ev )* (fotflet _1 ([E 12 ])) G A . 
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Lemma 9.23. Ifa,b^ 0, we have: 
(ev )* (fotBrt -1 ([Ei2])) 

= E E (evo)*(M^ 1 (/3 (1) ;f a ®b^)) 

/3(i)+/?(2)=/3^i+fe=f 

x (ev ),(X^7 +1 (/3 (2) ;f fc ®b^)). 

i/ere summation in the right hand side is taken over those ■A4!j I1 f il }_ 1 (/3(i); ?i <8> b® x ) 
which are n- dimensional. (We remark fo = PDfXj.J 
If a = and 6^0, i/ten 

(ev )* (forget" 1 ([£12])) = (ev )* {MTf+M ft ® O) ■ 
TTie case when a ^ and 6 = «s similar. 
If a = b = 0, then 

(ev ), (forger 1 ([£ 12 ])) = 1. 

Remark 9.24. We remark that we have not broken T" symmetry yet. 

Proof of Lemma V9.22\ We first take [£2] € 7W™| m which is in the stratum (1) in 
Lemma |9~31 and is sufficiently close to [£12]- 

Sublemma 9.25. 

(ev )* (forget" 1 ^])) = (cv )* (forger ^[Eu])) . 

Proof. Let 3 G L(u) be a generic point. We remark that (evo)* (forger 1 ([£i 2 ])) 
may be regarded as a T"-invariant differential form, that is nothing but a con- 
stant function. This implies that the order counted with sign of the moduli space 
(cv ) _1 (3) n forger 1 ([£ 12 ]) is the right hand side of Lemma \9. 221 Namely: 

# ((cvc)' 1 ^) n forget" 1 ^])) = (ev )* (forget" '([Eia])) . 

In the same way we have 

# ((evo)- 1 ^) n forger 1 ([£ 2 ])) = (ev ), (forger L ([£ 2 ])) . 

By choosing^ generic, we may assume that any element of (evo) _1 (3)nforger 1 ([£i2]) 
satisfies analogous condition as Condition 19.91 We may also assume that any ele- 
ment of (evo) _1 (3) H forget - 1 ([£i2]) is a map from a union of three discs. Then, by 
a standard gluing argument, we have 

# ((evo) _1 (a) n forget" 1 ^])) = # ((evo)"^) n forger 1 ([£ 2 ])) . 
Sublemma 19.251 follows . □ 

Let [£3] <E -Mi?! 1 "- We assume that it is sufficiently close to [£o] and is in the 
stratum (1) in Lemma 19.31 In the same way as Sublemma 19.251 we have 

(evo), (forger 1 ^])) = (cv )* (forget" 1 ^])) . (9.17) 

We next take generic smooth path 7 : [0, 1] — > ./Vf™f m joining [£2] and [£3] and 
contained in the stratum (1) in Lemma 19.31 By Lemma 19.41 

[0, 1] 7 x forflCt M$£ 2 {P\ fa ® ft ® b® e ) 

has a Kuranishi structure and we may choose s and 7 so that we can use Stokes' 
theorem (Lemma 12.18 F0005J) on [0, 1] 7 Xf 0tflct s -1 (0) to obtain 

(ev ), (forget" 1 ([£3])) = (ev )* (forger 1 ([£ 2 ])) . (9.18) 
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([STf]) . (f9TT8]> and Sublemma [97251 immediately imply Lemma [97221 □ 

Proof of Lemma \9.23\ Using the decomposition (|9.11|) , we study the contributions 
of various components of , j3(2) , /3(o) ) to the left hand side of Lemma r9.23l We 

first consider the case /3(o) = 0. Using Lemma 19.211 it is easy to see that 

(evo)*(£(/? (1) ,/? (2) ,0)) 

= £ (ev )* (M?^ +1 (j3 (1 yX ® b^ 1 )) x (ev )* (MTf 2 \i(P(2);% ® b^ 2 )) , 
if a, 6^0. 

If a = 0, then only the case /3m = = l\ can contribute and 
(evoMA^f n (/3(i);foxb^ )) = l. 

In case a = b = 0, only the case — f3( 2 ) — = l\ = £-2 contributes and it gives 
1. 

We next study the case /3(o) ^ 0. We observe that the differential form 

(ev )* (A^ a j+iO%);fi ® (9-19) 
is degree and constant, (if it is nonzero). This is a consequence of the fact that 
evo:^!^! (/?(!) ; fa ®b* e *)->L(u) 

is a submersion. (We remark again that we did not break T™ symmetry yet.) We 
write (19.19[) as Ci^^.j. 1l(u)- We define C2,£ 2 ,^ (2) in a similar way. Now by Lemma 
12.20 [F0005J we have 

(evo)*(X(^(i),/3(2),/3(o))) 

= ci/ 1 , 1 g (1) C2 A , / 3 (2) (ev )*(evi,ev 2 )*(l L(u ) x l L(u) ). 

Here 

(evi,ev a ) : M^tfw b®* ) ^ L(uf. (9.20) 

Since is the strict unit, this is zero unless ftrm = 0. (In other words, (I9.20P 

factors through M%J o D ((3 {0) ; b®* ) -+ M^ n (/3 (0) ; 6®* D ). So this is zero unless 

/3(0) = 0.) The proof of Lemma 19.231 is complete. □ 

It is easy to see that an appropriate weighted sum of the right hand side of 
Lemma T9.23I becomes the first product term in the left hand side of equality (|9.2[) . 
See (|2.10p . In the rest of this section we will check that the left hand side of Lemma 
l9.22l becom.es the second term of ([9.2j) modulo an element of the defining ideal of the 
Jacobian ring, after taking appropriate weighted sum. The proof is a combination 
of the proofs of associativity of the quantum cup product and of commutativity of 
the diagram in Theorem 1 7. II 

We already defined the moduli space M.k+i{ct] /3; f a , f&; £1, £2', K) for a smooth 
singular chain K c X 2 . So far we considered the case K = A, which is T"-invariant. 
In the next step, we need to use K which is not T n -invariant. It prevents us from 
taking a T"-invariant multisection on M. k+i {a; /3;f a ,ff, \l\,ti;K) any more. So by 
taking a single multisection, there is no way to make evo to be a submersion. On the 
other hand, since we are working on de Rham theory, we need to take integration 
along the fiber by the map evg . For this purpose we use the technique of continuous 
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family of multisections. We discussed it in detail in Section 12 [F0005 . See also 
Section [30] ol the present paper. 

Condition 9.26. We consider a system of continuous family of multisections s on 
various M k +i(a; /3; f a , f 6 ; l\, £ 2 ; K) and M k+ i(a; (3; f a , fb\ h, ii\ dK) with the fol- 
lowing properties. 

w 

ev : M k +i(a; /3;{ a ,{ b ;£i,e 2 ;K) s -> L(u) 

and 

ev : M k +i(a; 0; f a ,~f b ;h, 4; dKf -> L(u) 
are submersions. Here A4 k +i(ot; (3;f a ,fb; (i, £2', K) s denotes the zero set of 
the multisection s of the Kuranishi structure of the moduli space 

Mk+i(a;f3;f a ,f b ;h,t2;K). 

(2) They are compatible at the boundaries described in Lemma 19.71 

(3) They are compatible with the forgetful maps of the boundary marked 
points. 

We remark that since ddK — we do not have (1) in Lemma l9~7l for the case of 
dK. 

Lemma 9.27. If we have a system of continuous families of multisections satisfying 
Condition \9.26\ for (dK,0) 7 then we can find a system of continuous families of 
multisections for (K,dK) satisfying Condition \9.26\ which extends the given one on 
dK. 

Proof. By an induction over j3 PI ui, £1, £2, and k, the lemma follows easily from 
Lemma 12.14 |FOQ05j . □ 

Now we go back to the proof of Theorem 19.11 Let A = {(x, x) E X 2 | x 6 X} 
be the diagonal. Since % (i — 0, . . . ,B') form a basis of H(X;C), there exists a 
smooth singular chain R on X 2 such that 

B' 

OR = A - (-l) dcg ~ fldog V J (f* x fj), (9.21) 

where gij = (fj,f/)pD x with < i, j < B' , and (g 1 -*) is the inverse of the matrix 
(g l3 ). (See Lemma 126771 for the sign in (|9~2"T|) .) 

Remark 9.28. We remark that R can not be taken to be T™-invariant. 

We consider M k +i(a; /?; f a , ^1,^2! OR). We remark that we have already fixed 
a multisection on A4 k +i(a; f3; f a , %; £\, £2; A) such that evo is a submersion. (This 
is a single multisection and is not a continuous family. But it can be regarded as a 
special case of family of multisections.) By Definition 19.61 we have 

M k+ i(a;(3;{ a ,h;£i,£2;i l X i 3 ) 

(9 22) 

= Mi 1+3 (a;{ a ® f b ® ft bg^) x M fc+M2+1 03;f,- ® 

Here the product is the direct product. On the second factor of (|9.22[) . the (sin- 
gle) multisection (that is the 'q '-multisection) was already chosen in Lemma 6.5 
[FOOQ5] so that evo is a submersion. We take a (single) multisection on the first 
factor, such that it becomes transversal to 0. 
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Therefore we apply Lemma l9.27l to obtain a system of continuous family of mul- 
tisections s on M.k+i{ot\ P\ fo, ?b; i\, f-2', R) compatible with other choices we made 
and such that evo is a submersion on its zero set. 

Therefore we can take an integration along the fiber for Mk+i (a; (3; f a , ft; t\, I2', R)- 
(We omit s from notation here.) (See Definition 12.11 |FOOQ5] .) 

Definition 9.29. We put 

„ 7^("#/3)nw/27r 

X(f a ,f b ;R; b)(b) = J2 E ( , m P b (^)ex P (b 2 n («#/?)) 

ti,t a a,p y ll+l2 >- (9.23) 
(ev ) * (M 1 {a; /?; f Q , f b ; t x , l 2 ; i?) ) , 

and 

X(f Q ,f b ;i?;b)(&) =n(X(f a ,f b ;i?;b)). (9.24) 
Here II is the harmonic projection in (|6.14p . 

We put b = J2i=i x i e i an< ^ Vi = T~ Ui e Xi . We then regard X(f a , f&; R; b), 
X(f a , f b ; i?; b) as differential form valued formal functions of yi. More precisely, 
we have: 

o 

Lemma 9.30. 3£(f a , f&; R; b), £(f , h', R] b) are contained in Aq ® fl(L(«)), 

o 

H(L(u)\ Aq((u^ y -1 ))), respectively. They are contained in Aq {{y,y~ l J) 
H(L( U y,AP((y,y-^)) ifb€A(A + ). 

The proof is the same as the proof of Proposition 17. 101 and is omitted. 

Lemma 9.31. 

«8b&)bbfo) " E c a^" (?c) = - ^ b n (X(f a , f b ; i?; b)). (9.25) 

c 

Proof. Using Lemma [9~71 we study the boundary of M.i(a; f3; f a , f b ; £i, £2; -R), when 
its virtual dimension is n. We then use Stokes' theorem (Lemma 12.13 [FOOQ5] ) 
to show that the sum vanishes. Then we put a weighted sum as in (|9.23j) . which 
will give rise to the equality (I9.25[) . The details are in order. 

There are three types of components, (1), (2) and (3) in Lemma [9.71 The case 
(1) that is the space M±{a; /?; f a , f b ; £1,(2', dR) becomes the left hand side of Lemma 
I9.31l after taking integration along the fiber and the weighted sum as in (|9.23j) . This 
follows from fljgg) , Lemmata |9~5I l9~22l and the formula 



f Q U fa f b = 9 ij exp(b 2 n a) # (M e+3 (a; i a <g> f b ® f, ® bg£ h )) £ 



a 



Note those terms appearing for (1) are already harmonic because of its T™-invariance. 
So the projection IE 1 ^ does not change it. 

We next study the other cases, (2), (3) of Lemma 19.71 

For the case K = R, the boundary of type (2) becomes 

2}(a,/3',/3",^,4,4') :=Mi(a;p';~f a ~f b ;ZiJ' 2 ;R)e Vo x evi M 2 (j3"; (9.26) 
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We put a (single) multisection on M.i(fi"\ &hi g h) which is T n -invariant. (Namely 
the 'q' multisection.) By definition, Theorem 16.181 and Formula (|6.9p . we have 

T (a#/}'#P")nu/toT 

E E — TWW\ — pW*?')) ex p( & 2 n 

a,P',P" ti,i' 2 ,t% 1 ' 2 ' 2 ' 

x (ev )*(2)(a,/3 / ,^ / ! 4,4,4 / )) 

= 5 M (i(f Q ,f 6 ;ii;b)) 

= ^(X(f a ,f fc ;i?;b)). 

Thus this gives the right hand side of (|9.25j) . 

We finally study the boundary of type (3). In the present case this becomes 

^mI+iO^O-o xcv, M 2 (a;p"-X,f b ;ii,i'i;R). 

We remark that Mf.^+^P'; b^igl) * s ^"-invariant and we have chosen a T"-invariant 
multisection ('q' multisection) on it. Therefore 

(evoMM^C/^jj) 

is a T"-invariant differential 0-form on L(u), which is nothing but a constant func- 
tion. Using Condition 19.261 (3), this implies that the contribution of the boundary 
of type (3) vanishes. 

The proof of Lemma |93T] is now complete. □ 

Now, Lemma T9.31I and Proposition 17. 141 imply 

Sb(f«)tob(ft)-5^cEi&6(fc) 

c 

GClo Sdj , (vi^r :i = l,...,n) C H(T n ;Af{{y,y~ 1 }}). 
This implies Theorem 19. II □ 

10. SURJECTIVITY OF KODAIRA-SPENCER MAP 

In this section, we will prove the following theorem. 

Theorem 10.1. The Kodaira- Spencer map teb : H(X;Aq) —> Jac(?pj0 6 ) is surjec- 
tive. 

We begin with the corresponding result for the C-reduction of £st,, which is 
Proposition 110.21 below. 
We have the isomorphism 

H(X;C) = H{X:A )/H(X;A+). 

We denote 

Jac(q3£> b ) 



Jac(q3£> 6 ) 



A + Jac(q3£> 6 )' 
Then tst, induces a map 

lib : H(X;C) -> lac(^D b ), (10.1) 

which is a ring homomorphism by Theorem 19.11 (Here H(X;C) is a ring by the 
classical cup product without quantum corrections.) 
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Proposition 10.2. (1) The map tst, is surjective. 
(2) If b £ «4(A+), then it is an isomorphism. 

Remark 10.3. Actually (2) holds without the assumption b <E _4(A + ). The proof 
of this will be completed in Section [TJ] 

Definition 10.4. We denote by Go the discrete submonoid generated by 

{an u/2tt I M(a) ^ 0}. 

For b <E A(Aq), we denote by G(b) the smallest discrete monoid containing Go such 
that b is G(b)-gapped in the sense of Definition 11.71 

Proof of Provosition \10.2[ By Lemma 3.9 [FOOQ5] . the elements Zj (j = 1, . . . , m) 
mod A + generate Jac(^3D b ). 

Let b = J2a=i & a f «' b a = -Vo mod A + with b Qi0 £ C. 
Lemma 10.5. There exists Ai > such that 

m ^ 

= E eh -° z i + E 7T b ai,o • • • U , ^ (evo)*(Xi^(/3a; fj)) mod T Xl . 

■ i V i 

3=1 3 

Notations appearing in the second term is as follows. 

ij = f a? ® ■ • • ® i a{ , 

and 

f j = f U • • • Uf j, ■ , 
wrei/i (j) € {1, . . . , m}, 2dij — degf a j . We put dj = dij + • • • + dt.j and 

Pj = + ■ ■ ■ + PcjWj) ^ = z c (i) ■ ■ ■ z C] ( dj )- 

Also 

a\ = ■ ■ ■ = a\. £ {1, . . . , m} 
never occurs. (This case corresponds to the first term.) 

Proof. Let Ai be the smallest nonzero element of G(b). We consider /3 £ H2(X; L(u); Z), 
/3^0 with Mi-AP) ^ 0. By Theorem 10.1 [FOOQ4| . we find 

m 

/3 = E fe i^i + a 

3=1 

fc,- > 0, Yl kj > and a is realized by a sum of holomorphic spheres. The term 
induced by Mi-/((3) is 



cT^^y(u)f ■ ■ ■ y(u)%> = c T anu /^z^ ■~z. 



m ' 



where c £ C. Therefore it suffices to consider the case a = 0. (In fact otherwise 
a n cj/27t > Ai.) In this case the Maslov index of (3 is 2^™ =1 kj. By dimension 
counting we have d a = Y^JLi kj- Therefore it suffices to consider the case j3 = 
Pa(\) H 1- /8 (<i) • In case P = ft. we have 

(ev )*(M 1;1 (/3 i ;f i )) = l 

by Theorem 11.1 [FOOQ4) . The lemma follows from f2T0]l , □ 
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We now prove Proposition 110.21 (2). In case b £ ,4(A+), Lemma \1 . 51 implies 
*pD b ee zi + ■■■ + z m mod A^y" 1 )). 

Therefore we have 



y> 



modA^jT 1 )}. (10.2) 



Here vj^ £ Z is defined by d£j = («j,i, ■ • ■ , Vj,n)- 

On the other hand, it is easy to see that Zj satisfies the Stanley-Reisner relation 
modulo A5_((y, y^ 1 )). Furthermore 

te b (fj) = Zj mod A* {fay- 1 )). 

Now it is a consequence of classical result of Stanley that is b is an isomorphism. 
(See |Ful] pl06 Proposition, for example.) 

Next we prove Proposition 110.21 (1). Actually, we will prove a slightly sharper 
result. We first recall the following: 

Convention 10.6. For R £ Ao[[Zi, . . . , Z m }], we substitute Zj into Zj and denote 

R(z) = R(zi, . . .,z m ). 
This is well-defined by Lemma [ 



Proposition 10.7. Let R £ A^((y,y Then there exist p £ H(X;A ) and 

o 

U £ Av((y, y -1 )) such that 

R-T Xl U = ts b (p) 

in Jac(^pD fa ). 

Proof. By Lemma 110. 51 we have 

haft) ee cjZj + Pj(z) mod T^A^y" 1 }) (10.3) 

for j = l,...,m, Cj £ C \ {0} and Pj are formal power series of Zj with Ao 
coefficient, such that each term of it has degree > 2. (In fact, the second term of 
Lemma 110.51 has degree > 2 in Zi.) 

Using the fact that fist, is a ring homomorphism and that deg f, = 2 and Yl ^~j = 
(where Y[ is the ordinary cup product) whenever X) r j — dimX/2 + 1, we can 
inductively apply ([HO)) to find p £ H(X; A ), R' £ A [[Zi, . . . , Z m ]] such that 

R(z) -ts b (p) = R'(z) +T Xl U! (10.4) 

o 

in Jac(*pD [l ), U\ £ Ag((y, y -1 )) and the degree of each term of R' is greater than 
dimX/2. 

Lemma 10.8. If the degree of each monomial in R' £ Aq[[Zi, . . . , Z m \\ is greater 

o 

than dimX/2, then there exists Ui £ Ag((y, y -1 )) such that the following equality 
holds in Jac(^D fa ). 

R'(z) = T Xl U 2 - 
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Proof. We put 

_ r 2N 

CN - [dunX + 1 

where [a] is the greatest integer less than equal to a. We note that cn — > oo as 
N -> oo. 

Sublemma 10.9. Let N be a positive integer with N > dim X/2. If the degree of 
each term of R(N) € Ao[[Zi, . . . , Z m ]] is greater than N, then there exist R(N+1) G 

o 

Ao[[Zi, . . . , Z m ]} and U(N) £ Aq((u, y^ 1 )) such that the degree of each term of 
R(N + 1) is greater than N + 1 and that the equality 

R(N + \){z) - R{N){z) = T XlCN U{N) 

holds in Jac(^iO b ). 

Proof. We may assume that R(N) is a monomial Rq of degree N. We can then 
write 

Ro = R1R2 ■ ■ ■ Rc N 
so that each of R4 is a monomial of degree > dim X/2. 

Then applying (|10.3[) for each £ = 1, . . . , civ, we obtain a polynomial TZ-i(z) such 
that each monomial appearing in IZi(z) is of degree greater than that of Ri(z) and 
satisfies 

t0 b (J2i(fi/ci, • • • , fm/c m )) - Ri[z) = TZi{z) + T Xl Vi 
in Jac(^3D b ). Since the ordinary cup product of 1 + (dim X/2) elements vanishes 
on H(X;C), there exists a polynomial Qi(z) such that 

b b (i2i(fi/ci, . . . , f m /c m )) = T Xl Qi(z). 

We now set 

C N 

R(N + l)(z) = - Y[(Ri{z) + K t (z)) + R(N)(z). 

i=l 

Then we find that the degree of each monomial in R(N + l)(z) is bigger than that 
of R(N)(z) and that 

cn cat 

R(N + l)(z) - R(N)(z) = - H(Ri{z) + U t (z)) = -T c « Al \[(V t {z) + Q^z)). 

i=i i=i 

By setting U(N) = - n^iO^C*) + Q*( z )), we have finished the proof. □ 

We apply Sublemma mTT^l inductively by putting R' = R(N ). (N = dimX/2 + 
1.) We have 

JV-l 

R(N)(z) = R(N )(z) - Y, T^ Ck U(k). 

k=N 

Furthermore 

N 

lim V T XlCk U(k) 

k=N 

converges. Moreover R(N)(z) converges to since R(N) converges to zero in the 
formal power series ring. Therefore R'(z) = R(Nq)(z) can be divided by T Al in 
JacCPD b ). This finishes the proof of Lemma Il0.8l □ 
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We have finished the proof of Proposition ll0.7l bv applying Lemma flO-Sl to (|10.4|) . 

□ 

Proposition 110.21 (1) is an immediate consequence of Proposition 110.71 □ 

Now we are ready to complete the proof of Theorem 110.11 

Proof. Let R e A^dy^y- 1 )). We use Proposition M3\ to find Pl G H(X;A„) and 
Ri such that R - ts b (pi) = T Xl R 1 . We find inductively p k e H(X;A ) and R k 
such that i? fe -i - ts b (p k ) = T Xl R k . Clearly p = J^T^i T Xl{k ^ 1) p k converges and 
R = ts b (p). ^ □ 

11. Versality of the potential function with bulk 
Let Zj (j — 1, . . . , 77i ) be as in Definition 12.21 

Theorem 11.1. Let *p G A^((y, y -1 )) . We assume that *J3 is G-gapped for a 
discrete monoid G containing Gq . 

o 

(1) Ifty = zi + - ■ - + z m mod A?_({y, y' 1 )) , then there exists a G-gapped element 
b G A(A + ) and a G-gapped strict coordinate change y' on Int P such that 

o 

(2) If = c\Z\ + • • ■ + c m z m mod A+{(y, y -1 )) with c, G C \ {0}, then there 
exist a G-gapped element b € *A(Ao) and a G-gapped coordinate change y' 
on Int P such that 

y(y')=yO b {y). 

G Aq((j/, y -1 )), then y' can be taken to be a strict G-gapped coordinate change 
on P. 

o o 

(Note A;^((y, y -1 )) is the ideal of A^((y, y -1 )) which is defined in Definition 12.41 
(3)0 

o 

Proof. We first prove (1). We focus on the case of *P G A^((y, y -1 )) since the 
case of *P G Ag((y, y -1 )) is similar. We enumerate the elements of G and write 
G = {Ao, Ai, . . . } so that Ao = 0, Aj < Aj+i. We note that A, — > oo as i — > oo. 

We will construct a cycle b(fc) G ^4(Ao) and a coordinate change y'(k) inductively 
over k with the following properties: 

(1) They are G-gapped. 

(2) y'(fc) is a G-gapped and strict coordinate change on Int P. 

(3) y'(fc) satisfies 

W(k))-yO Hk) (3j) = mod T x ^A^{{y,y- 1 )). 

(4) {y 1 (k\ - y 1 (k - I),) /y'(k -!), = () mod T X *+*A%{{ V , y- 1 )). 

When k = 0, we set b(0) = and y'(0) = y. Then the hypothesis <B = zH h 

o 

z m mod A+((y, y -1 )) implies the above properties for k — 0. 
Now suppose we have constructed b(fc) and y'(k) so that 

W(*0) - VO b(k) (y) = T X ^V mod T x *+*Ai{(y,y- 1 )) 
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holds. By Proposition fTCHl we may take ^ k +i e H(X; C), W(k, i) e C[[Zi, . . . , Z m ]] 
(i = 1, . . . , n) so that they satisfy 

V - ts Hk) (i k+1 ) = Y,W(k,i)(z)y t * b[k) mod T 1 A^((y, y ))■ 

i=i 

(Here we use the fact that everything is G-gapped.) We define 

b(k + l) = b(k) + T x "+^ k+1 , 

and 

y'(k + 1), = y'(k)i - T x ^W{k, i)(z)y t , i = l,...,n. 
It is easy to check Conditions (1) - (4) above for these choices. By construction, the 
limits b = limfc_ s . 00 b(k), y' = limfc->.oo y' {k) exist and satisfy the properties required 
in the statement (1). 

We next prove (2). After applying an explicit coordinate change b(0) = 5Z(log c,)fj, 
we have 

58(^(0)) =yD m (y) mod T Al Af {(y.y- 1 )). 

Once we have arranged this, we can adapt the same inductive argument as for the 
case (1). □ 

Remark 11.2. We do not attempt to remove the gapped-ness from the hypotheses 

of Theorem 1 1 1 . 1 1 since non-gapped elements of A^ do not seem to appear 

in geometry. 

12. Algebraization of Jacobian ring 

In this section we prove that there exists a coordinate change transforming the 
potential function to a Laurent polynomial. 

Definition 12.1. We denote 

A£[y, y- 1 ] = A[y, y" 1 ] n Ag{(y, y' 1 )) = {w e A[y, y- 1 ] \ rf(w) > 0}. 

We note that A^[y,?/ _1 ] coincides with 

A.\},,y- 1 ]n4{(y,v~ 1 h 

In other words, A$[y, y -1 ] is the image of Ao[Zi, . . . , Z m ] by the homomorphism in 
Lemma 12.31 

We also emphasize that A$[y, y^ 1 ] 7^ Ao[y, y^ 1 ]- For e > we put 
P e = {ueM. n \ij(u)>e, j = l,...,m}. 
See SectionSl (Note P = {u E R" | £j(u) > 0, j = 1, . . . , m}.) 

Theorem 12.2. (1) If b 6 A(Aq), then for each e > 0, there exists a strict 
coordinate change y' on P e such that 

yD b (y') e AS'fay- 1 ]. (12.1) 

(2) If b E A(A+), then y' can be taken to be a strict coordinate change on P 
and 

^O b (y')eA^[y,y- 1 ]. 
If b is G-gapped, so is y' . 
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Proof. We first prove (2). Let b € A(A+) which is G-gapped for a discrete sub- 
monoid G 3 Go- We put G = {Ao, Ai, . . . } as before. We first consider a polynomial 

*Po = zi H h z m . 

This satisfies ^D b = % mod T Al A£((y, y- 1 )) for b e A(A+). We put 



A+JacOPo) ' 

Since the property ^iO b = *Po m od T Xl Aq ((y , y^ 1 )) implies the equality of ideals 
inA^tT 1 )) 



A^«»,l/- 1 )) + (»i^^;i = l,...,nj =A$((y,y- 1 ))+{y i ^;i = l,..., 
we find 

Jac(qj£) 6 ) ^ Jac(«p ). 
(However, there is no canonical map between Jac(CpD b ) and Jac(^Po)-) Through 
this isomorphism, we have a ring isomorphism which we also denote by is: 

Is : H(X;C) -> Jac(q3£> 6 ) ^ Jac(q3 ) 

which sends fi to Zj. Then we have 

Lemma 12.3. T7ie polynomials of degree < dim AT/2 o/^i, . . . , z m generate Jac(CPo). 

We now inductively construct a coordinate change y'{k) and a polynomial -B^ G 
Ao[^i, . . . , for = 0, . . . with the following properties: 

(1) B k is a polynomial of degree < dim X/2. It is G-gapped. 

(2) y'{k) is a G-gapped strict coordinate change on P. 
(3) 

<$Q b (y'(k)) - OPo + B k (z)) = mod T^&gfay- 1 )). 

(4) 

y'ik + Vi-y'Wi ^ Q ^ T A fc+lA P ((y;2/ -i^ 

(5) 

B fe+1 - B fc = mod T^+iAo^, . . . , Z m \. 

Theorem 111.11 enables us to choose Bq = 0. Now suppose we have constructed 
B e and y'{€) ioxl = k. Then 

yD b (y'(k)) - (<$ + B k (z)) = T x ^V k (z) mod T x ^A^((y, j/" 1 )) 

for some 'Pfc 6 C[Z\, . . . , Z m ]. (Here Lemmas l2.6l and l2.3l show that we can take V k 
as a polynomial.) By Lemma 112.31 there exist polynomials ABfc+i 6 C[Z\, . . . , Z m ] 
of degree < dim AT/2 and W k +i,i <E <C[Zi, . . . , Z m ] such that 

P fc = AB fc+1 (z) + V Wfc (^^o m od T^A^i/.iT 1 )). 

We put 

+ = y'(fc) l -T Afc +W fe+ i, 4 (z) 2/l , B fc+1 = J B fe +T Afe + 1 AS fe+1 . 

It is easy to see that they have the required properties and hence we finish the 
construction of B k and y'(k) for k € Z>q. 
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Now we consider the limits B = lim^oo Bk(z) and y^ — lim^-yoo y'(k) which 
converge by construction. We also find that y'^ £ A p ((y,y -1 )). 

If we put 03 = B(z) £ A p [y, y~\ the equality qj£) 6 (y^) = % + *B follows. We 
have thus proved (2). 

We next prove (1). By Lemma llO. 51 we may put 

*P£> b = C\Z\ H h c m z m + R(z\, . . . , z m ) mod A+^y -1 ] (12.2) 

where R £ Ao[[Zi, . . . , Z m ]] each summand of which has degree > 2, and Cj £ C\{0}. 
We put 

z\ = T-* Zl . 

Note that 

t#(zf)= inf t>£(zf) =0. 

In fact, z\ plays a role of Zi for our polytope P e . There exists a surjective homo- 
morphism 

A ((Zi,...,Z m )) -> A^j/.jT 1 )) 
which sends Zj to zf. We consider T~ e( }XO b G A Pe ((y, y -1 )). From (|12.2I) it is easy 
to see that 

T~ £ VpO b = c x z\ + --- + c m z e m mod A p < ((y, y" 1 )). (12.3) 
Then we can repeat the proof of (2) and obtained the conclusion. □ 



Remark 12.4. Theorem 112.21 should be related to the classical results in the de- 
formation theory of isolated singularity. See |Arj , [El] . 

We next discuss the relationships between several variations of the Jacobian 
rings. 

Condition 12.5. Let $ £ A^[y,y -1 ]. We assume that *p — 53i=i °i z i 1S contained 
in the ideal A p [y, y -1 ]. 

Remark 12.6. For b £ A(A+), ^D b satisfies this condition. For b £ A(A ), 
Formula ()12.3|) implies that the condition is satisfied for T _£ <pD b if we replace P 
and Zi by P e and z\ respectively. 

Definition 12.7. Suppose that *P satisfies Condition 112.51 We put 

PJacoCP) = ^^1, PJac ^) = A ° iy fl v 



jaco p p(q3)= - . Jac ^(^) 



Jaco («P) = PJac(^)- A ^' y " ] 



Here we recall that Clos^p means the closure with respect to the norm t> p and 



CloSdo means the closure with respect to the metric do . (See Definition I4.2H We 

p p 
also note that we already defined 



Jac(*P) 



Clos d „ 
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before in Definition 12.81 

In the above notations of various Jacobian rings, the letter 'P' in front of 'Jac' 
stands for 'polynomial', the letter 'o' after 'Jac' stands for 'taking the quotient not 
by the closure' and the subscript 0^ stands for 'using the topology with respect to 
the norm t>^'. 

There are natural homomorphisms described in the following diagram. 

PJaco(qj) (12.4) 




PJac„p(q3) > Jac B p(<£) 



Lemma 12.8. Suppose 03 satisfies C'ondition \12.5[ Then we have the following: 

(1) The homomorphism PJac D p(03) — » Jac D p(03) is an isomorphism. 

(2) The homomorphism PJac(03) — > Jac(03) is an isomorphism. 

(3) The homomorphism Jaco„p(03) — > Jac„p(03) is an isomorphism if Jaco„p (03) 
is torsion free. 

(4) The homomorphism Jac„p(03) — > Jac(03) is an isomorphism if Jac D p(03) is 
torsion free. 

Remark 12.9. (1) Theorem 12.321 implies that Jac(03) is always torsion free. 
However, while we are proving Theorem l2.32l we need to check the assump- 
tion to use Lemma T12.8I (4). 
(2) Finally (at the end of Section H4"]) we have 

PJac(03) = JacCP) = PJac D p(<}3) = Jac D p(03) = Jaco e P(03). 

On the other hand, PJaco(03) ^ PJac(03) in general. (See Example 8.2 
[FOOQ4] .) We will not further study the relationship between Jaco(03) 
and Jac(03), since such a study will not be needed in this paper. 

Proof of Lemma \12. 8\ We choose G D Go such that 03 is G-gapped and set G = 
{A ,Ai,...}. 

We first prove (2). We remark that Lemma Tl 2 . 31 holds for Jac(03) also. (We use 
Theorem 1 11. II to prove it.) Moreover Sublemma ll0.9l also holds for Jac(O^). 

Injectivity of the map (2) is clear and so we now prove its surjectivity. Let 
03 € Jac(03). By an induction over k, we will find B k £ Ao[Zi, . . . , Z n ] such that 

(1) degBfc < dimX/2. 

(2) 03 - B k {z) E T Afc Jac(03). 

(3) B k+1 -B k eT x "A [[Z 1 ,...,Z n }}. 

Suppose we have constructed B k and put 

<B-B k (z)=T x *F k (z) 



FLOER THEORY AND MIRROR SYMMETRY ON TORIC MANIFOLDS 



77 



with Fk E C[[Zi, . . . , Z n ]\. Let Fi be the sum of the terms of Fk of degree < 
dimX/2. Then 

F fc (z)-^(z)eT A Uac(<P) 
by Sublemma 110.91 It is easy to see that 

B k +i =B k + T x *F k - 

has the required properties. 

Since deg-Bfc < dim AT/2 is bounded and A& — > oo, Bk converges to a polynomial 
in Ao[Zi, . . . , Z m ] which we denote by B. Since Bk{z) converges to *B in Jac(*P) by 
Condition (2), we have proved B(z) = <8. By varying <8 in Jac(^P), the surjectivity 
of PJac(<P) ->■ Jac(*P) follows. 

The proof of (1) is easier and left for the reader. 

We next prove (3). This time the surjectivity is obvious and so it suffices to show 
the injectivity. Let x E Aq ((z/,?/ -1 )) be an element which projects down to zero in 

Jac„p(?P), i.e., x E C1os d p fj/ifp)- By definition of C1os d p fj/ifp')) there exists a 

sequence X(_ E (vi^f) such that x — xg converges to zero in t>^ topology. Take a 
monoid G 3 Go such that *}3 and x are G-gapped and put G = {Ao, Ax, • • • }• 

We will inductively construct 3fc,i € A-o ((Hi U^ 1 )) which is G-gapped and satisfies 

x - S3mw?t = mod r^A^y- 1 )), 

i=l "* 

3*+i,< - 3/m = mod T x «A?{{y,y- x )). 
Suppose we have 3fc,»< We put 

for some 3(&) € Aq ((y, y^ 1 )). We take a sufficiently large I so that 

t)£(a^ - x) > Afc+i. 
Then there exists il^+i € Aq((u, y~ x )) such that 

(ay-z) =T Afc + 1 il fc+ i. 

Then 

a* -VX*? = ^ Afc (3(fc) + T Afc+1 ~ Afc itfe+i). 



Since xt E (l/iff), this implies that T Afe (3(fc) + T^+^ilfc+i) lies in ( yi §| 
and hence is zero in Jaco„p(?P). By the hypothesis that Jaco D pCP) is torsion free, 
we find that 3(&) + T Xk+1 ~ Xk ilk+i is zero in Jaco D p( s P). Therefore there exists 
Z(k, i) E A ((Zi, . . . , Z m )) such that 

3 (fc) +T Afc +^ Afc il fc+1 eVz(M)(%5 mod T^-^A^^y- 1 )}. 
Hence 3fe+i,i := 3fe,< + T Xk Z(k 7 i)(z), has the required properties for fc + 1. 
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If we put limfc_>oo 3fc,« = 3i, then we have 



dyi v 1 % 



i=l 

and hence x — in Jaco D p (*$) as required. 

Finally we prove (4). Surjectivity of the map immediately follows from (2) and 
so the injectivity is the only non-obvious part of the proof. By the torsion-freeness 
assumption of J&c p(?fi), it suffices to show the injectivity after taking the tensor 
product <8>a A. Then by the versality given in Theorem lll.li it is enough to consider 
the case of the potential function *}3 = ^iO b . For this case, we use the decomposition 
given Proposition 12.151 for ^iO b : it is easy to see that Jac CP p(^pD b ) has the same 
kind of decomposition such as the one for JacCPDf,). Recall if t) <E Crit(CpD b ) and 
if we set u := Dt(*)) u ues m lot P. Therefore 

Jac o PppO 1 ,;0) = Jac(^D 1 ,;n). (12.5) 

Once we have this, we can obtain the factorization 

A p ((y,y- 1 » 



Clos 



A= J[ Jac(q3£) b ;t)) 



(jSCritppO,,) 



as for Jac(CpD fa ) in Proposition 12.151 in the same way. (Note we take the closure 
with respect to the norm 0^ in the left hand side of the factorization.) Therefore the 
injectivity of (4) follows because the last product is isomorphic to Jac(*pD(,) ®a A 
itself. Now the proof of Lemma 112.81 is complete. □ 



13. Seidel homomorphism and a result by McDuff-Tolman 

In this section, we use the results by Seidel [Sel] and McDuff-Tolman [MT] to 
prove TheoremQ]Lll To describe the results of [MT] . [Sel] . we need some notations. 
Let fj (i = 1, . . . , m) be the divisors which generate A 2 . We put 

Di=PD(fi) £ H 2 (X;Z). 

Let V C {l,...,m} be a primitive collection. (See for example Definition 2.4 
|FU004j .) We have f| i£ -p A = and we have V' C {1, . . . , m} \ V and h (i £ V) 
such that 

iev i'ev i'ev 
(h £ Z> .) We define 

iev i'ev 

Note this is independent of the choice of u by Lemma 6.2 [FOOQ4] . We take m 
formal variables Z\. 

Definition 13.1. The quantum Stanley- Reisner relation associated with V is 

n % - t u(v) n Zv = °- ( i3j ) 

iev i'ev 
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We denote the left hand side of (|13.1j) by 3(V). The quantum Stanley- Reisner ideal 
is an ideal of Aq[Z\, . . . , Z m ] generated by 3(V) for various V . We denote it by 
SRuj. 

Theorem 13.2 (McDuff-Tohnan [MT] ). There exists an element z[ of H(X;A ) 
with the following properties: 

(1) z[-Di = Q mo&H{X;A+). 

(2) z[ satisfies the quantum Stanley- Reisner relation in the (small) quantum 
cohomology ring. 

This theorem is proved in Section 5.1 |MT) . There our z[ is written as yi. 

Remark 13.3. We take the quantum cup product without bulk deformation in 
(2) above. We can prove a similar result for the quantum cup product with bulk 
by using Seidel homomorphism with bulk. We do not prove this here since we do 
not use it. 

Let d£j — (% i, • • ■ , Vj n ) <E Z" for j = 1, . . . , m. We put 

=I>i,i-Zj e A [Z 1 ,...,Z m ], i = l,...,n. (13.2) 

i=i 

Theorem 13.4. There exist ^ g Aq[Zi, . . . , Z m ] (i = 1, . . . ,n) such that 

(1) ^^(zx, ■ ■ ■ , z' m ) = in H(X;A Q ). Here we use the quantum cup product 
with b — in the left hand side. 

(2) The ring homomorphism 

A [Zi,...,Z m ] ynufv a \ 

Glos,,p (SRuj U {vPi | i = 1, ... , n\) 

which sends Zj to z'j is an isomorphism. 

(3) «Pi = $ 0) mod A+[Zi,...,Z m ]. 

Remark 13.5. There is a similar discussion in Section 5.1 [MT . We give the 
detail of its proof below for completeness' sake since in |MT) the process of taking 
the closure of the ideal is not explicitly discussed. 

Proof. We begin with the following proposition. 

Proposition 13.6. There exists an isomorphism 

i Aq (\Zi j . • . ) Z m )) .p,, -xw 

**' Clos B g(^) ^ A ° {{y > y » 

such that ip2(Zj) = Zj. 

Proof. By Lemma 12.31 we have a surjective and continuous homomorphism 

^ 2 : A ((Z 1 ,...,Z m )) -^AP((y,y- 1 )) 

such that tp2(Zj) = Zj. Since Zj satisfies the quantum Stanley- Reisner relation, 
ip2 induces a continuous and surjective homomorphism ip^. It suffices to show the 
injectivity of ifa. Let Z w = Z™ 1 ■ ■ ■ Z^ m be a monomial with w = (wi, . . . , w m ) £ 
Z> . We say Z w is in minimal expression if Vj,(z w ) = 0. 

Lemma 13.7. For any Z w there exists a minimal expression Z w and A € K such 
that 



80 K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO 

(1) Z w =T X Z W ' mod SR U . 

(2) A > and the equality holds only when w' = w. 

Proof. See the proof of Proposition 6.9 |FOQ04j . □ 

Now let P £ A «Zi, . . . , Z m )). Then by the definition of A Q ((Z ll . . . , Z m )) which 
is the completion with respect to the norm Vt, we can write P as the sum P = 
Y^jLi ajZ W( j> with wq} — (u)(fi t i, . . . ,?Dy) )m ) and limOr(aj) = oo. 

Lemma 13.8. Suppose P = J^ J=1 ajZ w ui is in the kernel of ' ip2- Choose wt^ and 

\j as in Lemma \l3.7\ so that P = . ajT x i Z w ^) mod SR^ and that Z w Vl are in 
minimal expression. Then we have 

J2ajT x 'jZ w 'u) = 0. 

3 

Proof. Suppose to the contrary that we have £V aft 3 Z w ^ ^ 0. 

We can rewrite the sum £\ ajT^Z™^ as J2j bjT^ Z W W so that w'L ^ w'/ jt) 

A' 



if j =^ /. We put c = o T (Z^&j? 7 tZ w V)j . (Note that we use the norm T in 
A [[Zi, . . . , Z m ]] here.) Take J — {j \ Vr(bj) + X'j = c}. Then J is nonempty by 

the condition (2) in Lemma Tl 3. 71 For j £ J, we write Z W W = ]JT=i Z i ■ We P ut 
■ ■ ■ iH(j),j\ = {i I ki.j 7^ 0}. By definition of the minimal expression, we find 
that Pi(j) = rio=i j IS nonempty. Let ly = Dj? [z w M ) be an interior point of 
Pry) . We recall 0^ (z w "» ) = since Uj £ P J(i) C <9P. 

We choose j so that Pry) is minimal in that Pry) 2 ^z(j') does not hold for any 
j' j. Then, we have 0j? (2"^') > for any j' ^ j. In fact there is i such that 
feijv > and k itj = 0. Since 0^0;) > 0, it follows that D^(z"V>) > 0. 

Therefore i u ip2(Y,j bjT^Z^) = b jZ w '^ modulo T C K^> ' {{y, y- 1 )). Here 

lu :A^((y, y - 1 ))^A u Q my, y - 1 )) 

is the obvious inclusion. This contradicts to the hypothesis P <E Keri/) 2 - D 

The proof of Proposition 113.61 is now complete. □ 

Construction of required in Theorem 113.41 will be finished by the following 
lemma. 

Lemma 13.9. Let G D Go such that Zj are G gapped. Then there exist Vftl £ 
Aq[Zi, . . . , Z m \ with the following properties: 

(1) degqjf 5 < dimX/2 andvtfp is G-gapped. 

(2) yf +l) = Vi" ) mod T x ^Ao[Z u . . . , Z m \. 

(3) is as in (TXP1) . 

(4) qjW (4,...,^) = modT A '=+ 1 p(X;Ao). 
Proo/. Let <$ 0) be as in (fLT2|) . Theorem implies 

^ (0) (zi, . . .,0 = E = mod TAl A o)- 
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Hence we can start the induction. We put 

rt k) (z[, ...,z'J = T x ^ Ci mod T X ^H(X; A ) 

with Ci £ H(X; C). Since Di generate H(X; C) as a ring, we have Pi.k £ C[Zi, . . . , Z m ] 
such that 

a = Pi,k{D\, . . . ,D m ). 

We put p( k+1) = pj- k) - T Afc + 1 P l , fc . It is easy to check that this has the required 
properties. □ 

We put — linifc^oo y$[ k \ Properties (1) and (3) are satisfied by Lemma [13.91 
The proof that ipi is an isomorphism is the same as the proof of Lemma 112.81 (2) 
and (3). (We remark that H(X; Aq) is a free Ao module. Therefore the assumption 
of Lemma 112.81 (3) is satisfied in our case.) Thus the next lemma complete the 
proof of Theorem IBH □ 

Lemma 13.10. We have 

Aq \Z\ , . . . , Z m ] ^ A [[Zi, . . . , Z m ]] 

C1os p (SRu, U {«p< | i = 1, . . . , n}) ~ C1os d p (SR^ U {5ft | i = 1, . . . , n}) ' 

Proof. We remark that ipi(Zi) = z[. Since z\ = PD([Di]) mod T Al and quantum 
cohomology is the same as singular cohomology ring modulo T Xl we have 

^(Zf 1 • • • = mod T x ^ + - +km - n V n H(X;A ). (13.3) 

Using ()13.3|) in place of Sublemma 110.91 we can repeat the proof of Lemma Tl 2. 81 (2) 
to prove Lemma Tl 3. 101 □ 



14. Injectivity of Kodaira-Spencer MAP 

14.1. The case b G A{A+). In this subsection, we prove the injectivity for the 
case b G A(A + ). We discuss the case b G A{Aq) in the next subsection. 

Theorem 14.1. If b £ A(A + ), then 

ts b : H(X;A ) -> Jac(qj£ 6 ) 

is injective. 

The main part of the proof is the following proposition. We put 
Jac 8 p(q3£) 6 )A = Jac^pJJjDj) ® Ao A, 
Jac(q3£) b ) A = Jac(q3£) 6 ) ® Ao A. 

Proposition 14.2. 

dim c C) < dim A Jac„p {^SO b ) A - 

Proposition \14-2\ => Theorem \IJJ\ Let f % (i = 1, . . . , £?') be the basis of H(X; Ao). 
By Theorem 110.11 6sb(fj) generates Jac„p (*pD b ). Therefore by Proposition 114.21 
they are linearly independent in Jac„p (*pD(,) A . Thus 

tef ://(X;A )^Jac D p(^D [l ) 

is injective. We can also prove that ts b is surjective in the same way as Theo- 
rem rrOTj It follows that Jac CP p(5pD b ) is torsion free. Therefore Jac D p P)3£) 6 ) = 
Jac(<p£> 6 ) by Lemma MM (4). Hence Theorem EH □ 
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The proof of Proposition 114.21 occupies the rest of this section. Let y' be as in 
Theorem[122](2). We put 

Since y' is strict and b € A(A+), we have 

V = z\ -\ h z m mod A+[y, y" 1 ]. 

Let <Pi € A [Z U ...,Z m ]be as in Theorem[TO] We have € A^[y, y" 1 ]. 

Definition 14.3. 



93* = S ^(z) + (1 - s) yi — G A£>, y.y- 1 ]. 
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Hs,y,y x ] 



(14.1) 
(14.2) 



(<8 i :i = l,...,n)' — C1os d p(93; : i = 1, . . . ,n) 

There are morphisms of schemes over A: 

Spec® — ► Spec(7e) S P ec(A[s}) = A. 

We denote / = (Q3i, . . . , *B„) and by J the closure of / with respect to 0^ . We take 
irredundant primary decompositions of the ideals / and /: 

/= f| m, T=fl^- ( 14 - 3 ) 

Here an irredundant primary decomposition represents the given ideal as the in- 
tersection of primary ideals such that any (resp. Q.j) cannot be eliminated and 
the set of associated primes {*Jq~i} (resp. {y/Qj}) consists of mutually distinct 
prime ideals. Note that, for an irredundant primary decomposition, primary ideals 
belonging to minimal associated primes are uniquely determined. We decompose 
Spec(lZ) (resp. Spec(lZ) ) to irreducible components. Namely 

\S P ec(K)\ = U Spec ( *&M3) , \ 3pe c(®\ = (J Spec ( *&%*± 

Here and hereafter in this section, we put \Spec A\ for the set of A- valued points of 
a A-scheme Spec A. We put 

A[s,y,y _1 



j = <i e J 



and 



Xi = Spec 



Spec 

A[s,y,y _1 



%)j = Spec 



n \Spec{n)\ ^ 



(14.4) 



Let (3£j) re d (resp. (2)j)rcd) be the associated reduced schemes to Xi (resp. 2)j 
Namely 

(£i)red = Spec 
We also put 



A\s,y,y x l\ _ , / A\s,y,y x l 

1 ^ J , 2)i red = Spec 1 ^= J 

Jo = P| q t 



(14.5) 
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X = spec [ MElM^l) , = spec I 



and 



Then we have 

\A = \]\H, l2JI = Ul^il- 

Lemma 14.4. We have 

n ^ K p {{y,y- l ))[s] 

Clos„p(*Bi : i = 1, . . . , n) ' 

Proof. We use the following: 

Sublemma 14.5. Let z,- t be as in \2.7\ . Then we have 



' £l • • • z%r = mod TA 1 (fe 1 +...+k m -n)/n 



Clos„p(Si : i = 1, ...,n) 



Proof. We remark that zi satisfies the Stanley-Reisner relation and linear relation 
(that is £J1 1 VijZj = 0, i = l,...,n see (fTX2jn modulo T X ^H{X;A ). The coho- 
mology ring H(X; Q) is a quotient of the polynomial ring over Zi by the Stanley- 
Reisner relation and linear relation. (See Proposition in p. 106 of [Ful], for example.) 
On H(X; Q) the product of (n + 1) of z,j's are zero. Therefore we have 

zX 1 ■ ■ ■ z%" = mod T Xl{kl+ - +k ^- n ^ n H{X- A ) 

if k\ + • • • + k m > n. The sublemma follows easily. □ 

Once we have Sublemma 114.51 the rest of the proof is the same as the proof of 
Lemma ELK)] □ 

Lemma 14.6. // (tji, . . . , t)„,s) £ \Spec(jV)\, then 

(o T (ni),...,o T (i)n)) eP. (14.6) 

If(t)i, ... ,t) n ,s) £ \Spec(lZ)\ and \14-6\ is satisfied, then (t)i, ...,t) n ,s) £ \Spec(]Z)\. 

Proof. The first half is a consequence of Lemmas 12.131 (B) and 114.41 The second 
half follows from the fact that yi n- X)i induces continuous map from (A[y, t>^ ) 

to A if (t) T (t)l),...,t)T(t)n)) SP. □ 



Corollary 14.7. We have 



Io=L 



where Io is the closure of Iq . 

Proof. Let i ^ 3. We will prove q { = A[s, y, y -1 ]. 
In fact, since « ^ 3, we have 

'A^y,?/" 1 



Spec 



n |5pec(£)| c 



Spec 



A[s,y,y x ] 



n |5pec(S)| 



On the other hand, since qi D 7, it follows from Lemma 114.61 that 

'A[s,y, y -1 ] 



Spec 



C |Spec(ft)|. 
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Therefore 



Spec 

Namely = A[s, y, y" 1 ] as claimed. 

Therefore 1 € q j for i ^ 3. The corollary follows easily. □ 

Proposition 14.8. For each i € 3 i/iere exisis j G J smc/i that \Xi\ C |2)j|. 

Proof. Let 3 be one of the irreducible components of fl Spec{TZ). We will prove 
the coincidence of geometric points in Xi and 3- The proposition then will follow. 

Lemma 14.9. Let 3, Xi &e as above, and |3| ^ |3E»|. Then, there exists a commu- 
tative diagram of A-schemes: 

red ^ ~~ 3rcd 

> (14.7) 

Spec{B) < Spec(A) 

with the following properties. Let fj € |5pec(B)| 6e i/ie geometric point correspond- 
ing to the lower horizontal arrow. 

(1) Spec(B) is smooth at fj. 

(2) f is an embedding. 

(3) \Spec(B) \ n \Spec(]Z)\ is zero dimensional. In particular, f cannot be lifted 
to a morphism Spec(B) — > 3rcd- 

Proof. We may take a 1-dimensional irreducible and reduced scheme € — Spec(A) C 
(Xi) re d, which is a subscheme of Spec(lZ) with dim(£ n 3rcd) = 0. Let rj be the 
intersection point. Then we normalize € at rj. We pick a point fj in the inverse 
image of rj under the normalization map. Its appropriate open subscheme is the 
required Spec(B). □ 

Let rrifj be a maximal ideal of B corresponding to fj. The localization B m ~ is a 
one dimensional regular local ring. Let 5* be a generator of the ideal trig in B m - . 
The inclusion A[S] — > B can be regarded as a map Spec(B) — > Spec(A[S]). Its 
differential at fj is nonzero. We next want to apply 'inverse mapping theorem' for 
this map at fj. Of course, in algebraic geometry we do not have one. In other words, 
the inverse does not exist on a Zariski open subset. However, if we consider the 
infinitesimal neighborhood of S = in Spec(A[S]), we have an inverse. The detail 
will be as follows. 

We regard y i7 s e B as A- valued functions on \Spec(B)\. We write s = y and 
define rj; = f/i(fj) (i = 0, . . . ,n). Here rjj ^ for i ^ 0. 

Now we take generators zi,...,Zh of B as a A-algebra such that z,(fj) = 
(i = 1, . . . , h). Since zi € trig C B mi) , we have 

Zi = gk Pi(z 1 ,...,z h ) 
Qi{z\, ...,Zh) 

with Pi(0, ... ,0) ^ 0, Qi(0, . . . ,0) ^ 0, k e Z >0 . We put 

Fi { Zu ...,z h , S )= Zi - s k ^f 7 u -' z ;\ 

Qi(Zi,...,Zh) (14.9) 
= Zi — S Ui{Z\, . . . , Zh). 
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Lemma 14.10. Under the situation above, we have K, C > such that if 

V T (a t )>K (i = l,...,h), (14.10) 
then Qi(ai, . . . , a^) ^ and the following inequalities hold 

The proof is easy and is left to the reader. We remark that if both of {a\ , . . . , a/,.) 
and (ai,...,a' h ) satisfy (|14.10p . then (|14.12[) yields 

dZ, i J (14.13) 

> inf t>T(a t — a'j) — C. 

i—l....,h 

We choose K > 2C. Now we consider © with V>t{&) > K. Then we have 

dFi , fl mod T K - C if i = j 

— ^0,...,0,6e 7 (14.14) 

aZj I mod 1 ° if i ^ j. 

This is a consequence of (| 14. lip . We also have 

F i (0,...,0,6) = Q modT K - c . 
Now we iteratively define a\ [i = 1, . . . , h) by induction on I = 0, 1, . . . such that 



(A,+i,0ti = 



— ( ai ,...,a h ,6) 



(^ i (af ! ...,al,6))t 1 



i=l, J=l , 



where a° = 0, a\ = Ai^ + ■ • • + A^j. 
We can prove by induction on £ that 

Fj (a\ , . . . , 4, 6) = mod j , (^+ 1 )(- R "- c ') 

and 

A/+!,, = mod T (*+i)(K-c^ 

We define 

Oi(S) = lim of. (14.15) 

£-nx 

Then they satisfy the equations 

F i {a 1 (e),...,a h (&),6) = 0, i = l,...,h. 

On the other hand, we can write 

yi= Ri(zi,...,z h ), i = 0,...,n (14.16) 

for Ri e A[Zi, . . . , Z h \. We define 

i/<(6) =R i {a 1 (&),...,a h (&)). 

Lemma 14.11. For any & with sufficiently large Vt{&), 2/(6) is a geometric point 
of Spec(B). 
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We will prove it later. 

We consider & with sufficiently large 0t(&) as in LemmaQATTJ Note t)T[yi{&)) = 
VT(yi{0)) — Or(t)i) holds if 0t(<5) is sufficiently large. 

On the other hand, since rj is in \Spec(7V)\, Lemma fl4. 61 implies 

Or(t)i),...,t) T (t)„)) € P. 

Therefore y(&) is also a geometric point of |5pec(^)|. Moreover, from {7,(0, . . . , 0) ^ 
0, we have 2j(6) 7^ for at least one i. Since Spec(B) is a normalization of 
£ = S'pec(A), i? is a finite A- module and so the mapping 

(ai, . . .ah) H> (i?o(ai, • ■ • , ah), ■ ■ ■ , Rn(a>i, ■ ■ ■ , ah)) 

is finite to one. Thus not only z(&) but also y(&) are non-constant. 

Hence Spec(B) has infinitely many geometric points in \Spec(lZ)\. This is a 
contradiction. The proof of Proposition IT4~8l is completed assuming Lemma Tl4. Ill 

□ 

Proof of Lemma \14-11\ We may identify B with 

A[Z 1 ,...,Z h ,S\ 
P 

where Z% corresponds to in B. We denote by B m - the localization of B by 
the maximal ideal corresponding to the point fj. We next take the completion 
£?^ r of B mfi by the ideal rrifj. It is a complete discrete valuation ring over the 
field A (with respect to the rrifj topology), hence isomorphic to the formal power 
series ring A[[f]]. (See for example, [M] Proposition 10.16, [Mat] Theorem 37 in 
(17.H).) (Here we used the fact that A is algebraically closed in order to show 
A = B/m 5 ^ B^./m^B^. (See [FOOQ4j Lemma A.l.)) Note that we may take 
S e A[[i]] as the generator S of mjj we took before. Thus we may take t = S. 
We have the following diagram. 

B = A[Z ll ...,Z h ,S]/p ► A[Z 1 ,...,Z h ,S]/p' 



B m , >■ B/rrn, (14.17) 

I l> 
b; = a[[5]] — > b;mb;=a 

The element Zi E B induces [zi] € B^„ = A[[5]]. We denote this element by 
fi(S). For anyWepC A[Zi, ...,Z h ,S] we have 

W(h(S),...,f h (S),S) = 0eA[[S}}. (14.18) 

We remark that 

Q i (Z 1 ,...,Z h )F i (Z 1 ,...,Z h ,S)ep. 
Therefore by (|14.18|) we have 

Q t (h(T K S), fh{T K S))F l (fi(T K S), . . .,f h (T K S),T k S) = 0. 
Since Q. l (f 1 (T K S), f h {T K S)) ^ for sufficiently large K, we obtain 
Fi(h{T K S),...,f h (T K S),T k S) = 0. 
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In other words, by (|14.9[) we have 
U(T K S)=T kK S 



Q i (f 1 (T K S),...,f h (Ti<S)) (14.19) 

= T kK S k Ui(h(T K S), . . . ,h{T K S)). 

We observe that Qi is nonzero at Z\ = ■ ■ ■ = Zh = 0, therefore we may regard 

U i eA[[Z 1 ,...,Z h ]]. 

Note fi(S) G SA[[S*]]. Therefore the substitution 

U i (h(T K S),...,h(T K S)) 

makes sense using S'-adic topology. (Namely as a formal power series of S.) Now 
we observe that the equation 

fi{T K S) =T kK S k Ui{h(T K S),...,f h {T K S)) (14.20) 

with fj(0) = 0, uniquely characterizes fi{S) G A[[S]]. 

In fact, we define Xi_ k (i = 1, • • • , h) inductively by X^o = and 

X hk+1 = T kK S k U t {X 1M , . . . , X Kk ). (14.21) 

Then {Xi t k}k=o,i,.., converges to fi(T K S) in 5-adic topology and is necessary the 
unique solution of (|14.20l) . 

Now we consider the same inductive construction of the solution of (114.201) . but 
this time with T-adic topology. Namely we use X>t with Vt(S) — 0. Then for 
sufficient large K, we have a solution of (|14.21|) in the way we described during the 
iterative argument of the proof of Proposition 114.81 It gives a, (T K S). Namely, if 
we substitute S with element c of Ao, we obtain a,i(cT K ) which we defined before 
in (|14.15P with 6 = cT K satisfying T (6) > K. 

Now by the uniqueness of the solution of the recursive equation (|14.21|) we have 

ai {T K S) =U(T K S). 

In particular, 

W( ai {T K S),...,a h (T K S),T k S) =0 
for all W <E p. This proves the lemma. □ 

Remark 14.12. Suppose that f 4 (5) G T^ C A Q [[S}} for some C. (We do not know 
whether this is true or not.) In that case we can discuss as follows. We put 
Bi = Ri(fi(S),. . . ,fh(S)), where R t G k[Z x ,...,Z h ] as in (]14.16j) . We then can 
write 

oo 

Here Qi,j(S) G C[[S]] \ {0} and Aj,j G M. We may assume Ajj < 
We put 

j°=mt{j 1^(0)^0}. 
It is easy to see that X)i = fi(0). Therefore we have 

frft) = (A ljfl ..,y = »ef. (14.22) 

Now we write 

fi,j(S) = dijS Pi ' j + higher order terms 
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with dij G C \ and pij > 0. For k > we define 

Ai(«;) = inf{A i;j + p itj K | j = 0, . . . , 
We take a complex number c G C which satisfies 

i=o,...,jJi 

We note that we can choose c independent of k, because it is enough to take c so 
that ''■ j' 1 ' ^ for a11 ^ C {0, . . . , j?}. Then we have 

o T (f(cT K )) = (Ai(/s),...,A„(*))> 
which we denote by A(k). The function A(k) is piecewise afhne. In particular, it is 
continuous. ()I4.22[) implies that A(k) G P for sufhciently large K. Indeed, X(k) is 
constant for sufficiently large n. It actually imlies X(k) G P for all /c > 0. In fact if 
A(k) ^ P for some k then there exists ko such that A(ck ) G 9P. This implies that 
(*)[,..., \)' n ) = f(cT K °) is a solution of <8i = and its valuation lies on the boundary 
of moment polytope. This is impossible since the leading order equation of 03^ is 
the same as the leading order equation of Vi ^j^p* ■ 

In a similar situation, |FOOQ5] Section 5 provides an example where k 
(Ai(k), . . . , A„(re)) is a non-constant affine map. We can also find an example where 
it is piecewise affine in a similar way. 

The following is a consequence of Proposition 114.81 

Corollary 14.13. If i G 3, then for any s G A we have: 

rank A A[S ; y,?/ " 1] < oo. (14.23) 
qi(s-s) 

We also have 

dimX<l. (14.24) 

Proof. Theorems 110.11 and 111.11 imply that the fiber 7r _1 (s) n 2) is dimensional. 
Then Proposition ! 1 4 . 81 implies that 7r _1 (s)nX is dimensional. This implies (|14.23p . 
(|14.24|) is its immediate consequence. □ 

Proposition 14.14. it : X — >• Spec(A[s]) is projective. 

Proof. (The argument below is of similar flavor to the valuative criterion of proper- 
ness (See Theorem 4.7 Chapter II [Ha]).) 

We denote by Pj. the projective line Proj(A[yo, yj). We have nlLi^ x 
Spec(A[s]) D X. (Here the product is a fiber product over Spec(A).) Let X be 
the Zariski closure of X in n"=i ^y; x Spec(A[s]). It suffices to show X = X. We 
will prove this by contradiction. 

(|14.24p implies that 

#(|X| \ |X|) < oo. (14.25) 

Let (rj,s) G X \ X. We may replace the coordinate y,i by y~ x and may assume 
that t) G Spec(A[yi, . . . , y n ]). (The map yi i-> y~ x is an automorphism of P^.) 

We put rj = (t)i, . . . , rj„). Since rj <^ X, there exists i such that rji = 0. We take 
one dimensional scheme £ C X such that t) G £ and £\ {rj} C X. Replacing £ by its 
normalization Spec(B) we may assume that rj is a smooth point of Spec(B). (In 
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the proof of Proposition 114.81 we denote it by fj.) Let rrit, be the maximal ideal of 
B corresponding to rj and let S be a generator of m^Bm^ . 

In the same way as the proof of Proposition ll4.8l we can find K such that if n > K 
then there exists a geometric point t)(T K ) = (t)i(T K ), . . . ,\) n (T K )) of B such that 
tj - t)(T K ) = mod T K . If t)i ^ 0, then Q T (t)i(T K )) = T (t)i) for sufficiently large 
k. If tjj = 0, then 0T(l)i(r K )) > n. Since t>; = for at least one i, it implies that 
Qt(1){T k )) ^ P for sufficiently large k. Therefore B has infinitely many geometric 
points outside X. This contradicts toBel and (|14.25[) . □ 

Proposition 14.15. We have 

(1) dimX = 1. 

(2) 7T : X ->• 5pec(A[s]) is /Zai 

(3) Lei tn(g jB ) &e i/ie maximal ideal corresponding to (rj,s) € |X|. TTien QSi , . . . , Q5 r 
is a regular sequence in A[s, y, y _1 ]m (1 , s) ■ 

Proof. (3) Let y = (t),s) € |X| and p f or my the ideals of 1Z or A[s, y, y" 1 ] corre- 
sponding to y, respectively. By Corollarv ll4.13l we have 

n ,. ftp r A^y" 1 ]^ 
I) = dim -. ^ = dim ■ 



(s-s) (<Bi,..., B ni a-*)' 

It follows that (Si, . . . , Q5„, s — s) is a system of parameter of a Cohen-Macaulay 
ring A[y,y _1 , s] m> .. (See 12. J [Mat .) Therefore it is a regular sequence. (See 
Theorem 31 [Mat] .) (3) follows. 

(2) Note that the flatness of ir is equivalent to the flatness for all localizations 
at all maximal ideals of Spec(A[s]). Since the fibers of n : X — ¥ Spec(A[s]) are 
zero dimensional, it suffices to show that s — s is not a zero divisor in !Z Vt for any 
y = (t),s) G |X|. This follows from the fact that 95i, . . . , 95 n , s — s is a regular 
sequence in A[s, y, y ]tn, • 

(1) By (3) Q5i,...,95 n is a regular seqence in A[s, y, y _1 ]m } - , where m f is any 
maximal ieal of X. Therefore dimX = dim A[s, y, y^ 1 ] — n = 1. (See Theorem 29 
pat] .) 1 □ 

Proposition 14.16. For any i £ 3 we have the following. 

(1) dim Xi = 1. 

(2) 7r : Xi — ¥ Spec(A[s]) is fiat. 

Proof. (1) : By Proposition ll4.15l (1). dimXi is either 1 or 0. Suppose dimX; = 0. 
Let y € |Xj|. By Proposition 114.151 (3), 55 1, . . . , Q5 n , s — s is a regular sequence 
in A[y,y~ , s] m . By Lemma 1 1 4 . 1 71 below . c)iA[s, y, y ]m, appears in the irredun- 
dant primaly decomposition of (Q5i, . . . , Q5 n )A[s, y, y~ ] m . Then by Theorem ll4.19l 
below, the height of in A[s, y, y _1 ]m t is n. Namely 

,. A[s,j/,y _1 ] ro 

dim — j-= ' = 1 . 

HiA[s,y,y L \ mf 

This contradicts to dimXi = 0. Thus we obtain (1). 

To prove (2) we prepare some elementary lemmas and a basic fact. 

Lemma 14.17. Let R be an integral domain and q, £] primaly ideals of R. Suppose 
that p is a prime ideal containing both q and 0. If qR p C £}i?p, then q C 0. 
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Proof. Let x € q. Then by assumption we have a £ R, b G R\p and c € 13 such 
that cc = ca/6 in i? p . It follows that xb = ca in i?. (We use the fact that R is an 
integral domain here.) Therefore xb € 0. Since b £ R\p and p 3 O is a prime 
ideal, it follows that xefl. We thus prove q C Q. □ 

Lemma 14.18. Let R be a commutative ring with unit, A a commutative R-algebra 
and Jq an ideal in A. Suppose that Jq = n^yqi is an irredundant primary decompo- 
sition without embedding primes. Then the following two conditions are equivalent: 

(1) A/ Jq is torsion-free as an R-module. 

(2) For any i, A/c\i is torsion-free as an R-module. 

Proof. Suppose that A/qi has a torsion, i.e., there exist a € R \ {0} and / € A \ q$ 
such that / • o € q,. Since the decomposition Jo = Hjqi has no embedded primes, 
we can pick gj € q., \ y/qT for each j ^ i. Set h = fYij^i 9j- Then we find that 
h (fi qi, hence h ^ Jo, and ah — (af) Yij0 9j Jo- Namely, h is a torsion element 
in A/ Jq. The converse implication is clear. □ 

Theorem 14.19. (Macauley's unmixedness theorem, cf. Corollary 18.14 jEi]) Let 
R be a Cohen- Macauley ring and L an ideal generated by an R-regular sequence 
(x\, . . . , Xk), then I has no embedded primes and the height of I is k. 

Proof of Proposition \14-16\ (2): Let y = (rj,s) € |Xj|. By definition (|14.4j) we have 

A[s, y, j/ _1 ] mj A[s,y,y _1 ] m 



(©i,..., ®„) w , n ie j + (qi)» 

A[s,y,y _1 ]m r A[s,2/,y -1 ] m 



because for i e 3 + \ 3 we have (qj)m r = (1), i-e., q^ C m f . By Proposition 114.151 
(3), 2$i,...,53 n is a regular sequence in A[s, y, y _1 ] mt . Therefore, Proposition 
114.151 (2) , Theorem 114.191 and Lemma 114.181 above imply the flatness of ir : Xi — >• 
Spec(A[s]). ' □ 

During the proof of Proposition ll4.lBl we have showed that irredundant primary 
decompositions (|14.5p has no embedded primes. 

Lemma 14.20. Ln the situation of Proposition [7^.£| we have |Xj| = |2)j|. 

Proof. By Corollary 1 1 4 . 71 we have 

\Spec(K)\ C |X|. (14.26) 

Therefore dim 2) j < 1 . On the other hand, dim X, = 1 by Proposition 114.161 
Therefore the lemma follows from Proposition 114.81 □ 

For each i £ 3 we take such that Xi and are as in Proposition 114.81 

Proposition 14.21. We ftave X, = i-e., c{i = Q-jU)- 

Proof. By Corollary 1 14. 71 we have Jo C J. It follows from Lemma ri4.20l that 

|X| = \Spec(n)\. 

Therefore by Lemma 114.201 again we have dim^- = 0, i.e., the associated prime of 
Qj is an embedded prime, if j ^ {j(i) | i G 3}. 
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We put 

Bl= |J TTd^l). 

B\ c A is a finite set. We put 

b 2 = (J TTdx.J n ix^l). 

B 2 C A is also a finite set. Let B = B\ U £? 2 - We take c € A \ n(B). Let p be 
the prime ideal ^/qj = ^/0j(i). Pick a maximal ideal m containing p and s — c. In 
other words, the maximal ideal m = m r defines a point 

r=(c,tj) e \3ti\nn-\c) = \% J{i) \mr- l (c). 

We denote by m n the maximal ideal in A[y,j/ _1 ], which defines rj G (A x ) rl . 

Now we compare the rings {11/ (s — c)1Z} mri and {R/(s — c)1Z} mt) . By Lemma 
114.61 and Proposition [TL8l we have Or(t)) G P. In the same way as in Section 7 in 
[FOOQ4] . these rings are characterized as the common generalized eigenspaces of 
the multiplication by yi with eigenvalues rji. Then by the same way in the proof 
of Proposition 8.6 in |FOOQ4] we can show that the natural projection 1Z — > TZ 
induces an isomorphism 

(1Z/(s - c)1Z) mn S (1Z/(s - c)K) mn . 

We first consider the kernel of the projection 1Z mf —> 7£ mj which is I mf / I mf . We 
have the following: 

Lemma 14.22. We have 
In particular, 

Imjlm s — K&j(i))m s /(l«)m r ■ 

Proof. Recall from (114.3)) that I = f] ie ^ + qi and / = Pl^ei We note that qfc for 
k G 3+ \ 3 cannot contain m r , because |Xfe | H \Spec(JV)\ = 0. Therefore we have 

(io)m, = / m r = P| fe)m r - 

We also have 

T mt = p| (Qfc)m r . 

By the choice of c, we find that Xi, resp. , is the only irreducible component 
of |X|, resp. |2)| containing the A-point y, and q^, resp. Q-jU), is the unique primary 
ideal in the irredundant primary decompositions (|14.3p of /, resp. /, which is 
contained in m r . Hence we obtain 

4, = (<1t)m, C / m , = (Oj(i))m f ■ 

□ 

The rings 1Z/(s — c)1Z and 7£/ ( s — C )!S are A[s, y, ?/ _1 ]-algebras. By substituting 
c to s, we can also regard them as A[y, y _1 ]-algebras. Then we have 

(11/ (s - c)1Z) mv S 7e mr /(s - c)^ mt 
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and 

(U/(S ~ c)S)m, = Sm,/(* ~ c)^ mv . 

By utilizing Lemma ll4.221 we have the following commutative diagram such that 
the horizontal and vertical lines are exact sequences. 

> > 



► Ker q > (Qj(i)/(\i)m f > > 



> {s-c)K m > TZ mt ► (K/(s-c)K) mi > 

1 •! I I ' I 

► (s-c)K mf > S», ► (S/(*-c)S)«, ► 




► > 



Note that 

Ker q = {s - c)K m! H (&/(*) /qi) TO( (q s ; + (s-#,!/,f Infl^)^ /(q»)m,- 
Since 0j(j) is a primary ideal and s — c ^ -^Qj'O) , we have 

(s - c)A[s, y, y _1 ] n i(l) = (s - c)0 i(i) . 

Therefore we have 

Ker q=(s- c)(0j W /qj) mr . 
It follows from the above diagram that 

- c)(Q(j(i)/<ii)m, - (0(j(i)/qi)m f ■ 

Now we set M = 0j(j)/q,. What we have showed is 

M mr /(,s - c)M m; = {M/ {a - c)M) OTf = 0. 

Then we obtain 

M m J(s - c)M m „ = (M/( s - c)M) W)j S (M/( S - c)M) mt = 0. (14.27) 

When we localize M/(s — c)M at the maximal ideal m r in A[s,y,j/ _1 ], we regard 
it as a A[s, i/, j/ _1 ]-module such that s acts on it by the multiplication by c. When 
we localize M/(s — c)M at the maximal ideal tTln in A[y,j/ _1 ], we regard it as a 
A[y, j/ ]-module. Therefore we obtain the isomorphism of the second equality in 

To apply Nakayama's lemma, we show the following lemma whose proof is given 
at the end of the proof of Porposition 1 14.211 

Lemma 14.23. M m is a finitiely generated module over A[s]. 
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We localize A[s] and M 1Tll) at the maximal ideal (s — c) C A[s] to obtain 
(AfmJ(s-c) = (« - c)(M m J (s _ c ) 

by (|14.27j) . Then Nakayama's lemma implies that (M mi) )( s - c ) = 0. 

We can regard (M mn )( s _ c ) as a A[s, y, y _1 ]-module and localize it at the maximal 
ideal m r in A[s, ?/, y -1 ]. Then by noticing the fact that m,, = m f n A^,?/^ 1 ] and 
(s — c)A[s] = my n A[s], we find that 

M w , = ((Af m J (s _ c) ) mf . 

Therefore we have M OTj = 0, i.e., (t|i)m f = (£7(1) )m r ■ Then Lemma [1 4. 171 implies 
that c\i = Qj(i)- Hence we obtain = SQjU) as schemes. This finishes the proof of 
Proposition 114.211 assuming Lemma 114.231 

Proof of Lemma \14-23\ By Lemma T14.131 dirriA ^pprjzW is finite. Since t/j acts on 
this ring by the multiplication by rj^, we have 



v qi + (s-s)y m() qi + (s-s) 

Hence the Krull dimension of this ring is 0. Since . . . , Q3„, s — c} is a regular 
sequence, the Krull dimension of — is 1. Since s is transcendental over 

A, we find that ( A ^ s ' v ' v — - J is a finitely generated A[s]-module. From the exact 
sequence 

•-few. -r^^ -o, 



Qi(i) 

we find that M TOrj = (£lj(i)/<iU) m is a finitely generated A[s]-module. □ 

□ 

Corollary 14.24. 7 = 7 = 7. £ = Spec(R). 

Proof. By Proposition 114.211 In = C\j(i)-ieo Aj'W- *-* n * ne °^ ier hand we have 
n i(l ): ie a %0 2 7 = 7 D 7 . Hence 7 = rij(i):ie3 %i) = J °' as required. □ 

We are now in the position to complete the proof of Proposition ll4.2l By Propo- 
sition [14T41 the coordinate ring TZ of X is a finitely generated A[s] module. On 
the other hand, since A[s] is a principal ideal domain, Proposition 114.151 implies 
that TZ is a finitely generated free module over A[s). In particular, we find that 
dim A S/(s - 0) = dim A 7£/(s - 1). Therefore 

dimA H(X; A) = dim A £/(s- 1) = dim£/(s - 0) 

= dimAPJac p(«p£) t ,) A = dim A Jac p p (<pD b ) A . 
Here we use Lemma 112. 81 to prove the last equality. □ 
In geometric terms, we may also put it as follows. We have (Theorems 9.9 III 
and 12.8 III [Ha]) 

dim A H{X- A) - dim A H ^ 1 ^); O v - Hl) ) = dim^^O); O n -i (0) ) 
= dim A PJac„p(«pD 6 ) A = dim A Jac D p(<pD b ) A . 



94 K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO 

14.2. The case b E A(Aq). In this subsection, we generalize Theorem 114.11 to 
the case b £ -4(Ao) and complete the proof of Theorem 12.321 (1). We choose 
any £ Aq^j/, such that ^P' is transformed to an element ^iO b , for some 
b'eA(A+). (Theorem[TU](2).) We have 

dirriA Jac(<P')A = dim A H k {X; A) 

k 

by Theorem ll4.ll Hence the next proposition completes the proof of Theorem l2.32l 
(1). □ 

Proposition 14.25. 

dimA Jac(^pD(,)A = dimA Jac(<P')A- 

Remark 14.26. Before we start the proof of this proposition, we explain the idea 
of the argument. The idea is to reduce the problem for the Jacobian rings associated 
to the polytope P c , which is defined by 

P £ = {u£ E" | £j(u) > e} 

as in Section [121 We explain the restriction of the potential function ty0 b from the 

o 

interior of the polytope P to the polytope P e . 
Consider the following diagram: 

A [[Z 1: ...,Z m }} Af^y- 1 )) 

A 4 

where cf> and 4>^ are the homomorphisms we have used: 

j is the inclusion, i.e., j(yi) — yi, and j(Zi) = T e z!> e ' . It is straightforward to check 
the commutativity of the above diagram. We write Zj — 4>{Zj) and zj e ' = 4>^ (Zj ). 
Then we have 

j(P(z u ...,z m ))=V(T<4'\...,T e z$) i 
which belongs to T e A^ e ({y, y^ 1 )). 

Proof of Proposition \14-25\ By Lemma 110.51 we may put 

y}O b = c 1 z 1 + ---+c m z. m + R(z 1 ,...,z m ) mod A^j/.j/ -1 ] (14.28) 

where R £ A [[Zi, . . . , Z m ]] each summand of which has degree > 2, and Cj £ 
C \ {0}. We firstly take e > so that there is no critical point 1) of *PD b such that 
Dr(f)) € IntP\P e . By Theorem 1 1 2 . 21 we have a strict coordinate change y'(y) which 
converge on P e such that 

¥Q b (y')=¥(y)eA^{y,y- 1 }. 
(Namely it is a Laurent polynomial.) Then by Proposition 12 . 1 51 we have 
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(Note we already proved Lemma 15.11 when we proved the surjectivity of Kodaira- 
Spencer map. Therefore the proof of Proposition ^. 15l is already completed by now.) 
Moreover 

Jac(V)A B A^fa,,-» 

CK ; . (mZ :•=!,■■■, ") 

Thus it suffices to show that 

dmiA -. r- = dmiA 



C1 °V : i = 1, • • • , n) Clos D? ( yi ff : i = 1, . . . , n) ' 

We define 

^paxa = asq?+ (1 - s)«p' e A^s^y" 1 ]. 
(Here q£C \ {ci, . . . , c m , 0} is a constant.) In fact, we have 

From now on we choose and take e > so small so that the following holds: For 
each s£C with asci + (1 — s) ^= 0, (i = 1, . . . , m) there is no solution of leading 
term equation of *P P ara on IntP\P e . (See [F0005 Definitin 4.3 for the definition of 
leading term equation.) We also assume that the leading term equation of aCp — 
also has no solution on IntP \ P e . (We use the assumption a £ C \ {ci, . . . , c m , 0} 
here.) 
We put 



i = l,...,nj clos D ^ (^^p : « = 1, •••,») 



V^ 1 dy 

We have natural morphisms 

S P ec(m) — > Spec{m) Spec{K[s\) = A. 

If we put 

A = T- € z u 

we derive from p4.28|) that 

m 

T" e <p para = ^(asc, + (1 - s))zt mod A^y" 1 ]. (14.29) 

Denote 

B = {&!, . . . , 6 A } = {s | 3s sac* + (1 - s) = 0} C C, 
B + = {b e A | 3i b = hi, mod A + , i = 1, . . . , m}, B+=A\B + . 

Let 

para . 

y,— :t = l,...,n 

and let J be its closure with respect to the D^-norm. We take their irredundant 
primary decompositions: 

/= n m, i= n Qj. (14.30) 

ie3+ J63+ 
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We define 

3 = [i G 3^ 

3 G Z- 
We also put 



Spec 



Spec 



n | Spec(9Q j n 7T _ * (-6^. ) ^ 

n 7 r- 1 ( J B;)^0| . 



(14.31) 



Xi = Spec 



and 



X = Spec 



Jo 



%)j = Spec 



(14.32) 



3 £3 



2) = Spec 



A[s,y,?/ r 
Jo 



Xi and 2) j are irreducible components of X and 2) , respectively. 

Lemma 14.27. If (t)i, . . . , rj„,s) G |2J| and s G fften 

(t> T (tJl),-.-,tiT(tJn))eP e . (14.33) 

On the contrary if (t)i, . . . , t) n ,s) G S € .B+ and <\14-.33\ is satisfied, then 
(t)i,...,t)n,-9) G 

Proof. Let s € Then we can show 

S „ A Pc ((y, j/ -1 )) 



(»-*) 



Clos 



»? ( 



y% q v . .t — i,.. 



(14.34) 



in the same way as the proof of Lemma 114.41 

In fact, fp pa ra|s=s = XX as — c i) z i mod A + and as — Cj (f. A + if s G B c + . (In 
case s G A \ A we have q3 para | s=s = T~P^(a - d) z i mod T- p A+' ((y, y- 1 )) and 
a ^ Cj.) 

The rest of the proof of the first half is the same as the proof of Lemma 114.61 
using Lemma [T2~8l f2l in place of Lemma H4~4l (See (|14.29l) .) 

Let (t)i, . . . , t)„,s) G |X|, s G B^_. Then j/j i-> and s h-> s define a continuous 
homomorphism from (A[y, y~l, s], 0^ £ ). Therefore (tji, . . . , t) n ,s) G \Spec(9i)\. Let 
5pec(A[s, y, y _1 ]/0j) be an irreducible component containing (t)i, . . . , t) n ,s). Since 
s G B+, j G 3. Therefore (tji, . . . , t) n ,s) G |2)| as required. □ 

We define a finite set B\ c £>+ as follows. Let i G J\ Jo- Then, 
|5p eC (A[ S ,y,y- 1 ]/q l )l n tt" 1 ^) n (Or) -1 ^) = 0. 
Therefore, by Lemma 114.331 

\Spec(A[s,y,y- 1 ]/q i )\cz7r- 1 (B + ). 

Since 

ndSpeciA&y^- 1 }/^) (14.35) 
is a constructible set contained in B + by Chevalley's theorem (See page 42 |Mat j ) . 
it is easy to see that (|14.35p is a finite set. 

In the same way we find that if j G -3+ \ -3 then ir [\Spec(A[s,y,y~ 1 ]/Qj)\) is a 
finite subset of B+. 
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We define 

B 1= |J ndSpeciAis^y-iyqJDu (J rr (|5pec(A[ S , y, t/" 1 ]/^)!) • 

(14.36) 

Hereafter we denote by the localization of A by the multiplicative set generated 
by {s-s | s € Si}. 

Corollary 14.28. We have 

(7o)Bi = (7)Bi = (Jo)Bi, 

where Io is the closure of Iq . 

Proof. The proof is similar to the proof of Corollary 114.71 If j € 3+ \ 3, then 
l€ (£1j)bi- (This is because |S'pec(A[s,2/,y- 1 ]/l3 :) )|n7r- 1 (A\Bi) =0.) This implies 
(^)Bi = (JoW If i G 3+ \ 3, then 1 e (qj^i- This implies (Jo)*?! = (7)bi- □ 

Proposition 14.29. For each i £ 3 there exists j € 3 sucft i/iaf |jfj| C |2)j|- 

Proof. Let 3 be one of the irreducible components of 3Ej fl 2). We may assume 

|3|n(o T )- 1 (P e )n7r- 1 ( J B;)^0. 

In fact, 

n (ot)- 1 ^) n rr- 1 ^) ^ 0, (14.37) 

by definition. The point on (|14.37[) is also contained in 2} by Lemma 114.271 Thus 
we take 3 which contains it. 

We will prove the coincidence of geometric points in Xi and 3- To prove this 
we prove an analogue of Lemma 114.91 with an additional condition that the point 
corresponding to f is contained in tt~ 1 (B^_). We can prove it in the following way. 
Assume |3| 7^ We consider the set of points rj € |3| such that there exists a 

1-dimcnsional irreducible and reduced scheme £ C (X;) rc d, which is a subscheme of 
Spec(9\), with dim(Cn 3red) = and rj € |<£n 3red|- We can easily see that this set 
is Zariski open in |3|- Therefore there exists such rj in 7r~ 1 (_B^). The rest of the 
proof is the same as the proof of Lemma 114.91 

Now we observe that for s = 7r(rj) where rj corresponds to f we have 

m 

T~^ a = ^(asc, ; + (1 -b))z\ mod [y, y" 1 ] 

and asci + (1 — s) ^ A+. We can use this fact and proceed in the same way as the 
proof of Proposition 114.81 to prove Proposition 114.291 □ 

Lemma 14.30. If i G 3$, then for any 5 € we have: 

rankA ; — < 00. 

qi(s-s) 

Proof. By Proposition ll4.29"l it suffices to show that 2)n7r~ 1 (s) is zero dimensional. 
For this purpose it suffices to show that 

dim A Jac(T~ £( P 5 ) < 00. 

This follows from f|14.29[) , Theorem fTCUl and Theorem [TO (2) . □ 

Corollary 14.31. If i G Jq, then dimXi < 1. 
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This is immediate from Lemma 114.301 
Proposition 14.32. There exists a finite subset B2 D B\ of B + such that 

ln^ 1 (A\B 2 ) -> A\B 2 

is projective. 

Proof. We consider the scheme n"=i ^li x Spec(A[s)). Let X be the closure of X 
in nr=i p a» x Spec(A[s}). We put 



d = < (yi,--- : y n ,s) e 



fll* xSpec(A[s}) 



3i yi € {0,oo} ^ . 



By Corollary |14.31l the intersection |X| n D is a finite set. We put 

B 2 = tt(|X| n D) U Bi c A. 
We can show that #2 C £?+ in the same way as the proof of Proposition 114. 14l □ 

Proposition 14.33. There exists a finite subset B3 D B2 of B+ such that the 
following holds. We denote B% = A \ B3 . 

(1) dimX= 1. 

(2) 7T : X n 7T- 1 (£§) -> B| zs 

(3) Lei Tn(,, s ) &e f/ie maximal ideal corresponding to (rj,s) € |X| PI ^"-'-(/Sg). 
T/ien J/i^f 2 -, • ■ ■ » Vn 9 g^" «s a regular sequence in A[s, y, y _1 ]m ( „ , s) ■ 

Proof. We put 



|X'| = |J 

i£3+\ji 



Spec 



q; 

Since dimX < 1, the intersection |X'| n |X| is a finite set. We put 

£ 3 = £ 2 U7r(|X'|n|X|). 

Then we can prove (3) in the same way as the proof of Proposition 114.151 (3) as 
follows. Let (rj,s) € |X|n7r _1 (S3), and ni(t, iS ) the corresponding ideal of A [s, y, y~ x ]. 
We find that IA[s, y, y _1 ]m t = ^oA[s, y, 2/ _1 ] OTj • Therefore Lemma ["14.301 implies 
that yi 9 g^° ra , ■ • ■ , y n a< 3y ara 1 5 — s is a regular sequence of ni( 9rS ). (3) follows. 

We can then prove (2) and (1) in the same way as Proposition 1 14. 1 51 □ 

Proposition 14.34. For any i € 3 we have the following. 

(1) dimXi = 1. 

(2) 7T : X, n tt-^BI) -> B% is flat. 

Proof. Proposition 114.341 follows from Proposition 114.331 Lemmas 114.171 [T4. 181 and 
Theorem 114. 191 in the same way as the proof of Proposition 1 14. 1 51 □ 

Lemma 14.35. In the situation of Proposition \l^.2^ we have |Xj| = |2)j|. 

The proof is by the same argument as in Lemma 114.201 For each i £ 3 we take 
such that Xj and SQjU) are as in Proposition 114.291 

Proposition 14.36. We have Xj = 2)j(i), i.e., q; = Q-jU)- 



FLOER THEORY AND MIRROR SYMMETRY ON TORIC MANIFOLDS 



09 



Proof. The proof is similar to the proof of Proposition 114.211 
We put 

Bi= |J 412), |) 

jeor+\{j(i)|i£J} 

and 

B 2 = |J 7r(|%|n|^|). 

They are finite sets. We take c € A \ ?r(Si U P 2 ) \ B+. 

We take y = (c, rj) € fl 7r _1 (c). Let m,j be the maximal ideal of A[y, jp 1 ] 
corresponding to rj. By the same argument as in Proposition 114. 2"T1 we can show 

(fR/(s-c)) my ^m/(s-c)) my . 

We can now apply the proof of Proposition 114.211 to obtain 

<H m} . =m mf . (14.38) 

Here m r is the maximal ideal of A[s, y, y -1 ] corresponding to y. 

In fact we remark that (|14.38[) is an equality of the ideals which are localized at 
y. Also the argument of this equality in the proof of Proposition 114.211 works only 
on those local rings and their quotients. Therefore the proof goes without change, 
using Propositions 114.331 and 114.341 

Once (|14.38[) is proved, we have = QjU) by Lemma Tl4. 171 Proposition 114.361 
follows. □ 

Corollary 14.37. X = 2). 

The proof is the same as one of Corollary 114.241 using Proposition 114.361 Now 
we obtain 

dim A PJac(*P')A = dim A Jac(<P') A = dim A fT ^ -1 ^);^-^!)) 

= dimiJ A (7r _1 (Q); fl.-i^) = dim A PJac(«p) A = dim A Jac(«p) A . 
Hence the proof of Proposition 114.251 □ 

Remark 14.38. Comparing with the argument for the case of b G A(A + ), we 
replace P by P e in the above argument. In fact, in our situation, there may be a 

solution of yk ^y™* = whose valuation lies on dP. Moreover *pD b = z±-\ \-z m 

mod T Ai A ((s,j/,?/(m) _1 )) may not be true. (See Example 114.391 ) By this reason 
we prove algebraization of ?fiD b by a coordiante transformaion converging on P e 
only. We can easily prove that there exists a neighborhood U of dP such that there 
exists no solution of 2/fc-^j^p- — whose valuation lies on U n IntP. In fact, if 

u G U n IntP, then ^para = zi H h z m mod T Xl A [s, y(u), 2/(m) -1 ]. We used 

this fact to find P e . 

Example 14.39. Let X = CP 2 and D = {(0,0)} C C 2 C CP 2 . We put b = 
cPD[D], c G C \ {0}. Then we have 

*P^b = 2/1 + 2/2 + cy x y 2 + Ty^y^ 1 . 

Because of the third term VjiO b = Z\ + z 2 + 23 mod T Al Ay[y, y^ 1 ] is not true. 
In this example, there is a critical point (rji, IJ2) = (— c, — c) whose valuation is 

(0,0) edP. 
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We remark that yi t—¥ X)i defines a homomorphism 



C1os b p [y t 



— -> A. 

dyi ' » 2 dy 2 



It follows that 



rank A -. ^ y,y " = 4 > 3 = rank Q #(CP 2 

On the other hand, 

A^y- 1 )} 



rankA 



Clos d „( yi ^,, 2 ^) 



In fact, 53fcLi J/i converges in G? p -topology. Therefore yt t)^ does not define a 
homomorphism 

A^y" 1 )) 



Clos rfj , ( 



yi d Vl >y* d V2 



A. 



15. The Chern class c\ and critical values of tyD b 
In this section we prove Theorem ll.4l We regard ty£) b as an element in Ao((y, y^ 1 ) 
Proposition 15.1. If we assume b £ H 2 (X;Aq), then we have 

U b ( Cl (X)) = q3D b mod (yj?^ : % 



dyi 

Proof. We decompose b = b Q + x € H 1 (L(u);A ) where Dt(&o) = and Vt(x) > 0. 
Then, by definition, we have 

¥£> b ( yi ,...,y n )PD[L(u)} 

OO 

fe=0 
oo 

fc=0 p 

Here we use the assumption fa € H 2 (X; Ao). It is well known (see the Lemma in p. 
109 of |Fulj ) that the first Chern class c\(X) can be expressed as 

m 

cx{X)=Y J PD[D p% ]. 

i=l 

By a dimension counting argument using the choice fa € iJ 2 (A;Ao), we derive 
that only the classes /3 € H2(X, L(u); Z) in (| 15 . 1 1) satisfying /x(/3) = 2 nontrivially 
contribute in the sum of the right hand side. Therefore, by the Maslov index 
formula and the classification theorem of holomorphic discs stated in p. 781 of [COL 
we obtain c\(X) fl = 1. 
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Regard c\(X) as a constant vector field on H(X; An). Then, by the definition of 
iSb given in Definition 12.301 we have 

t 5b (c 1 (X))=c 1 (X)l¥Q b ] mod (vi^ 1 :*=1,...,») (15-2) 

where Ci(X)[^3D 6 ] denotes the directional derivative of the potential function tyD b 
with respect to the vector field c\{X). Noting that only the term exp(bn/3) depends 
on the variable b and 

m / rn \ 

Cl (X)[exp(bn/3)] =^PD[D Pt ][exp(bnl3)] = I £)Pr>[£> Pi ][bn /?] exp(bn/3). 

i=l \i=l I 

A straightforward computation, or the formula 

[v[xi], . . . ,v[x n ]) = (vi,...,u„) for v = (vi,...,v n ), 

gives rise to 

PD[D Pi ][bn0\ = [D Pt ]np 

and hence 

a(X)[exp(b n p)] = (ci(X)n/3)exp(bn/3) = exp(b n (3). 
Substituting this into (|15.2|) and (jl5.ll) . the proposition follows. □ 

Theorem 11.41 follows from Proposition 115.11 and Theorem 11.11 (1) by standard 
commutative algebra. □ 



16. HlRZEBRUCH SURFACE F 2 \ AN EXAMPLE 

In this section, we study an example using Theorem ll.4l Consider the Hirzebruch 
surface F 2 (a) whose moment polytope is given by 

Pa = {(ui,U2) | < 7X1,1*2, TXl + 2tti < 2, u 2 < 1 — a}. (16-1) 

We put 

dxP = {(TXi, 7X 2 ) € P | 7X1 = 0}, d 2 P = {(7X1, 7X 2 ) € P I 7X 2 = 0}, 

d 3 P = {(txi,7X 2 ) G P I Txi + 2tx 2 = 2}, <9 4 P = {(tti.ua) G P | u 2 = 1 - a}, 
and A = tt-^P), i = 1,2,3,4. We put 

4 

b =J2 w i PD ([ D i]) e ^ 2 (P 2 (a);A ). (16.2) 

i=l 

Theorem 16.1. The potential function of F 2 (a) is given by 

y D u = T u le w lyi + T U2 e w 2y2 + T 2- Ux -2v,z eW3y -l y -2 

")V2 



rpl — a — U2^W4/-^ | rpl0L\ n , — 1 



(16.3) 



Remark 16.2. For b = 0, the leading order potential function, which is defined 
and denoted by <PD in |FOQ04j (4.9) is given by 

We note that this is different from the full potential function ^iD b with b = for 
the case of F 2 (a). 
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Remark 16.3. Theorem 1 1 6 . 1 1 was previously proved by D. Auroux |Aur2j Propo- 
sition 3.1 by a different method. 

Theorem 116.11 is }FOOQ7] Theorem 2.2. We reproduce the proof below for 
reader's convenience. 

Proof. We first prove the following lemma. 
Lemma 16.4. There exists c € A + such that 

y D U = T ux e w lyi + T U2 e W2 y2 + T 2- U1 -2u 2eW3y ~l y -2 

+ T 1 - a - U2 e Wi (l + c)y^ 1 . 



(16.4) 



Proof. Since deg b = 2, only the moduli spaces Mk+i{(3) with /j,(f3) = 2 contribute 
to q3D£. (See (6.9) [FOOQ5| .') We remark t hat ci(A ) > for i = 1,2,3 and 
ci(L> 4 ) = 0. Suppose Mk+i{/3) 7^ 0- Then by |FOOQ4] Theorem 11.1 there exist 
ki > and lj > with ^ fc^ > such that 

4 4 

i=i j=i 

Here f3 t E H 2 (X, L(u);Z) with f3 t n Dj = 1 (i = j), f3 t DDj = (i ^ j). We remark 
£t(/3i) = 2. Therefore, using = 2, we find that fcj = 1 and ^ = for j 7^ 4. 
Since (3 must be represented by a connected genus zero bordered curve, it is easy 
to see that fc 4 = 1 if £4 ^ 0. Thus only the classes $ (i = 1, 2, 3, 4) and /3 4 + ^Z? 4 
contribute. The lemma follows easily. □ 

Thus it suffices to show c = T 2a . (We remark that 2a = D A n w/2tt. See [CO] 
Theorem 8.1 or rather its proof.) 

Let S 2 (A) be a symplectic 2 sphere with area A. 

Lemma 16.5. ^2(0:) is symplectomorphic to S 2 (l — a) x 5 2 (1 + a). 

This is proved as Proposition 4.1 in |FOOQ7j . 
The moment polytope of 5' 2 (1 — a) x 5 2 (1 + a) is 

p '( a ) = {(ui,u 2 ) I < ui < 1 - a, < u 2 < 1 + a}. 

There is a unique balanced fiber u = ((1 — a)/2, (l + a)/2), whose potential function 
is 

T^/\ yi + yr 1 ) + T^/\y 2 + y^). (16.5) 
It has 4 critical points yi,y 2 = ±1 with the corresponding critical values given by 

± 2^(1-00/2(4 ± T a ) (16.6) 

respectively. 

On the other hand, the balanced fiber of F 2 (a) is located at ((l+a)/2, (1 — a)/2), 
which has the potential function 

y D u = T (l-«)/2 (y2 + + c)y -l) + T (l+a)/2 (l/1 + (16J) 

The critical point equation for ?fiQ u is 

= i-vi 2 y 2 2 - (16.8) 

= l-2T>- 1 2/2 - 3 -(l + C )y 2 - 2 . (16.9) 
The equation (|16.8|) implies yiy 2 = ±1. We consider the two cases separately. 
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Case 1: yiy 2 = -1. Equation ([TO) implies y\ = 1 + c - 2T a . Then the 
corresponding critical values are 

±2T (1 ~ Q)/ Vl + c-2T Q . (16.10) 

Case 2: y\y 2 = 1. (| 16 .9[) implies y| = 1 + c + 2T a . Then the critical values are 

±2T (1 - Q)/ Vl + c + 2T Q . (16.11) 

Thus we must have 

1 ± T a = Vl + c±2T Q 
from which c = T 2q immediately follows. The proof of Theorem 116.11 is complete. 

□ 



We have thus calculated the potential function of F 2 (a) using Theorem ll.4l (We 
use Theorem 11.11 (1) but not (2) in the proof of Theorem 11.41 ) Below we check 
Theorem ll.il (2) for the case of i*2(a). For simplicity we consider the case b = 0. 
We remark that F 2 (a) and iS 2 (l -a)xS 2 (l + a) are both nef. Therefore it follows 
from Theorem 12.241 (3) that the residue pairing is given by the reciprocal of the 
determinant of the Hessian matrix. 

We hrst calculate the Hessian determinant of the potential function (|16.5j) of 
S 2 (l — a) x S 2 (l + a) at the critical points yi — ±1, y 2 — ±1. (We take = logy, 
as the coordinate.) It is easy to sec that the Hessian matrix is diagonal with entries 

yi ^-) 2 WD) = TWfa + yr 1 ), ^) 2 (P) = T^l\y 2 + y^). 
Therefore its determinant is: 

±4T. (16.12) 
We next consider the case of F 2 {a). The Hessian matrix of (|16.3[) is 

,(1+Q)/2 (yi + y^v 2 2 ) 2T^/ 2 y ^ 2 1 

2T( 1+Q )/ V 1 y 2 ~ 2 T( 1 - Q )/ 2 (y 2 + (1 + T 2a )y^) + AT^+^'^y^ 2 
For the case yiy 2 = — 1, y 2 = ±(1 — T a ), the determinant of this matrix is 
2y(i+a)/2 2T' 1 ~ q )/ 2 (1 — 3T a + T 2a ) 47 ll + Q 

yi yi vl t4T ' 

For the case y\y 2 = 1, y 2 — ±(1 + T a ), the determinant of this matrix is 
2y(i+a)/2 22 n ( 1 ~ Q )/ 2 (l -|- 37 1 " -|- T 2a ) 47 ll + Q 



2/2 y 2 y 2 



= ±4T. 



Thus they coincide with (|16.12l) . 

In other words, the Poincare duality pairing between the units of the factors 
of the decomposition of QH(F 2 (a);A) A 4 gives rise to 1/4T, 1/4T, -1/4T and 
— 1 / AT respectively. 

We have thus illustrated Theorem ll.il (2) in this case. 
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Part 2. Coincidence of pairings 

17. Operator p and Poincare duality 

Sections [17] - [21] are devoted to the proof of Theorem 12.321 (2). In Sections [T"7l 
[19] we construct a homomorphism 

*#, qm ,(b,M) : HF((L(u), b, b); (L(u), b, b); A ) -> H(X; A ). (17.1) 
We now explain how the iSb is related to a homomorphism 

C(b,M) : ff A °) HF((L{u), b, b); (£(«), b, 6); A ). (17.2) 
In case is a Morse function, we have a splitting 

Jac(q&O b )®AoAS J] Al„. 

oeCrit(qjo,,) 

See Proposition 12.151 and Definition 12.161 We remark that the proof of Proposi- 
tion 12.151 is completed at this stage since the proof of Theorem 12.321 (1) is com- 
pleted in Section Q3J Each critical point rj corresponds to a pair (u, b) such that 
HF((L(u),b,b);(L(u),b,b);A ) H(T";A ). (Theorem 3.12 [FQ005] .1 So we 
identify rj to such (u, b) and regard Crit(*pD b ) as the set of such (u, b)'s. We write 
l( u ,b) m place of lq. We now decompose tSb(Q) G A by 

es b (Q)= E feb;K6)(Q)lK6)- (17.3) 

(u,6)eCrit(?p£) 6 ) 

Lemma 17.1. 

= eSb;(«,i>)(Q) • ^([^(«)])- (17-4) 

This lemma actually is a direct consequence of the definition. We do not give its 
proof here since we do not need it. The reader may regard the right hand side of 
(|17.4[) as the definition of , bbu y We are going to construct the adjoint operator 

«#,qm,(b,M) of Vn,(b,&,«)' Le '' the °P erator satisfying 

( i qm,(b,fc : «)( ( 9)' P )PDi.(„) = (Q ; i#,qm,(fa,fc : «)(P))pD x . (17.5) 

Here (•, •)pd l(u) and (•, -)pd x are Poincare duality pairings on L(u) and X respec- 
tively and Q E H(X; A ) and P e H(L(u);A ) HF((L(u),b,b); (L(u),b,b);A ). 

For the proof of Theorem 12.321 (2) we need to realize the operator i#. qm .(b.b,u) 
geometrically. We use the operator p, which was introduced in Sections 3.8 and 7.4 
|FOQ03j . for this purpose. We review it in this section. Let C be a graded free 
Ao,nov module. Here Ao, n ov is the universal Novikov ring: 



A ,„ov = < ^aiT A *e ni E A„ 

1 1=0 



A; > 0, lira A; = oo, a* E R 



(dege = 2.) We define its degree shift C[l] by C[l] k = C k+1 . We define B k (C[l\), 
B{C[1\) as in Section [6] We also consider a map A*" 1 : BC -> {BC)® k as in 
Section [6] and use the expression: 



A fc 1 (x) = ^x c t;1 ®'"«x; 
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We define eye : B k {C[l}) -> B k (C[l]) by 

cyc(xi <g> • • • ® x k ) = (-l) dcg ' ^(Efci 1 dc s' ^ <g, Xl g, . . . ® Xk _ x , (i 7 . 6 ) 
Here and hereafter we put deg' x = degx — 1. We also put deg'(xi ® ■ ■ ■ ® x k ) = 
£*=ideg' x i- 

Definition 17.2. B^ yc (C[l]) is the quotient of Bk(C[l]) by the submodule gener- 
ated by cyc(x) — x for x g Bk(C[l}). We put: 

oo 

Bcyc (c[1])= B cyc (c[1]) 
fc=0 

the completed direct sum of them. 

For a filtered A x algebra (C, {m fe }£L ) we define d : B{C[l\) B(C[1]) by 

d(x) = ^(-l) d ^ x3!l xf®m |x 3 ;2| (xf)®xf, (17.7) 

C 

where xp g £ |x 3 ;2| (C[l]). 

The equation d o d = holds by definition of filtered algebra. 
We also define 

^(x) =^(-i) de s' x3il x 3; 1 ! g)m |x 3 i2| (x3; 2 )®x^ 3 



(17.8a) 



(17.8b) 



+ ^_ 1 > ) (dcg'x 3a +dcg'x 3;2 )dcg'x 3;3 
c:x3iVl 

"l|x^| + |x^|( X c 3 ®^ 1 )®xf 

- m (l) ® x. 

In other word^ 

<5 cyc (xi<g)---<8>2;fc) 

= ^ (— l)*asi ® •• • ® x&j-i+i{xi, .. . ,Xj) ® • •• ® a^fe 

l<i<j'</c 

+ 2J (-i)**Wi+H+i (ij, • • • , ^ih a^ir • • i ^) ® %i ® • • • ® ij-i 

l<i<j<fe 

- m (l) ® (xi ® ■ ■ ■ ® arfc) 
where 

* = dcg'a;iH hdeg'xj-i, ** = (deg'a^H h deg' x fe )(deg' xi H hdeg'xi). 

Lemma 17.3. S cyc o ^ = 0. 

The proof is a straightforward calculation which we omit. 

We can prove easily that 5 cyc induces an operator on B cyc (C[l]), which we denote 
by the same symbol. Therefore (B cyc (C[l}), 5 cyc ) is a chain complex. 

Remark 17.4. We do not need any kind of cyclic symmetry of m in order to prove 
the well-defined-ness of B c y c (C[l}) by S cyc . 



3 The authors thank to Dr.Ganatra who explained that one needs to subtract the term mo(l)<8> 
x in the differential <5 cyc during the conference on Cyclic symmetry in symplectic geometry at 
American Institute of Math. 2009 October. 
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Remark 17.5. In [FOOQ3] Lemma & Definition 3.8.4, the differential on i? cyc (C[l]) 
is defined by restricting d. In this article we defined B cyc (C[l]) as a quotient of 
B(C[V\). So we need to define differential in a different way. (See Remark 16.80 

We remark that on the submodulc of eye invariant elements d is proportional to 
(5 cyc . More precisely, the Diagram below commutes. 

{B k C[l]f* — — * B k C[l] ► B^C[1] 

xl/k 

pro<5 cyc 

(B i C[l}f ► B e C[l] > B c / c C[l] 

xl/i 

where the 1st column is the invariant part of the action of symmetric group. The 
first horizontal map is the 1/fc times the inclusion homomorphism (or 1 /£ times the 
inclusion homomorphism), respectively. The second horizontal map is the projec- 
tion. 

The left vertical map is a coderivation induced by xrik-i and the right vertical 
map is the composition of S cyc and the projection. 

We can generalize the construction of d as follows. Let H be a graded free Ao jn ov 
module. We define E k (H[2\), E(H[2\) as in Section© 
Using a sequence of operators 

q e , k : E e (H[2}) ® B k (H*(L;R)[l}) ^ H*(L;R)[1] (17.9) 

k,£ = 0, 1, 2, . . . introduced in Section© we obtain q : E(H[2])®B(C[l\) -> B(C[1]) 
by 

q,(y; x) = £(-l) dc s' * 3; W y+D^l g, q ^ 2{ (y; x ^) g, x 3;3. (mo) 

c 

We also define c| by 

deg' x 3;1 (dcg' y+l) Y 3;l ^ „ _ (v , Y 3;2^ ^ x 3;3 



|(y;x)=^(-l)^ x3;1 < dc ^ +1 )xf® q , ;|xf| ( y ;x! 



_|_ ^•_ 1 -j(deg'x 3il +dcg'x 3!2 )dog'x 3;3 (17-11) 

c:x3;i^l 

qix 3 ^i+ix 3 ^ 3 |(y; x c ;3 ® x c ;1 )®^ 2 . 

It induces q cyc : E{H[2\) ® B cyc (C[l]) ->■ B cyc (C[l]). (We need to subtract a term 
similar to the last term of (|17.8al) .) 

Now we consider C = H(L; Ao, nov ), H = H(X; A 0ynov ). Here L is a relatively 
spin Lagrangian submanifold of a symplectic manifold X. (We do not assume that 
X is a toric manifold or L is a torus in this section.) In this case, the operator q is 
defined in Sections 3.8 and 7.4 of [FOOQ31 . It was explained in Section 2 [F0005) . 
In fact, we have 

oo oo 
£=0 k=0 

and 

oo oo 

i# . - <o\ = r_iv>«*« v 

a 



C(b,5) = (- 1 ) dCSQ E E 7^*([Q ® b®*]; 6®*). 



f =0 fc=0 
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We define the operator GW ,e+i ■ E e+1 (H(X; A )) -> H(X;A Q ) by 

(a ,GW^ + i(ai <E> ■ ■ ■ <g> a e+1 ))p Dx = GW l+2 {a Q ® Oi ® • • • ® de+i) 

where the right hand side is explained in Section [2] Let [xi <8> • ■ • <8> x k ] be the 
equivalence class of Xi ® ■ • • ® x fc G B fc (C[l]) in B^ yc (C[l]). Let (SLXT; A ), 5) be 
an appropriate cochain complex whose cohomology group is the cohomology group 
of X. (In [F0003 we used a countably generated subcomplex of singular chain 
complex. In the next section we will use de Rham complex.) 

Theorem 17.6. (Theorem 3.8.9 [FOOQ3] ) There exists a family of the operators 
p e , k : E e (H(X;A , nov )[2]) ® C (H(L; A , nov )[l]) -> S(X; A 0>nov ) 

/or = 0, 1, . . . im£/i £/ie following properties. 

(1) Let k > and y G A , nov )[2]) and x € B C * C {H{L- A , nov )[l]). 
Then, we have 

<5(p(y;x)) + ^p(yi 2;1) ; (q cyc (y< 2;2) ; x))) = 0. 

C 

(2) Lei 1 G B C J C {H{L; A ,„ O v)[l]) a™d y € E(H(X; A , nov )[2]). Then we have 

S(p(y; 1)) + $>l) dCSyi2;1 W 2;1) ; (q(y< 2 ' 2 >; 1))) 

C 

+ GWV+iW(y;P J D[ J L]) =0. 

-ffere Glfoi+i is a homomorphism to S(X; Aq^ ov ) which realize CTFo.i+i 
in the cohomology level. 

(3) Let e^ = PD[L] be the unit, that is the Poincare dual to the fundamental 
class of L. Then we have 

Pe-,k(y; [ex, <8> x\ ® ■ ■ ■ ® Xk-i]) = 0. 

(4) Let ex = PD[X] be the Poincare dual to the fundamental class of X . Then 
we have the following: 

• Ifk>2,or£>l, then 

pe+i-,k{[ex ® yi ® • • • <8> ye]; x) = 0. 

• For£=l,k = 0, 

Pi-,o(ex; 1) = ii(ez). 

• Forf = 1, fc = 1, 

Pi ; i(e x ;x) = i\{x). 

(5) For I > 1 we have pk-.e = mod Aq ntw . (Here A^ ncTO is i/ie set o/ aZZ 
elements of Ao tnov such that all the exponents of T is positive.) 

Remark 17.7. (1) Theorems 3.8.9 and Proposition 3.8.78 of lFOOQ3j are the 
chain level versions of Theorem 117.61 It is reduced to the cohomology ver- 
sion in Theorem 7.4.192 |FOQ03j . from which Theo rem 117.61 immediately 
follows. 
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(2) In Proposition 3.8.78 |FOOQ3] it is claimed that, in case I = and k = 2, 

p 2; o(l; [e L ® x]) = m 2 ([e L ® a;]). (17.12) 

This may look inconsistent with (3) above. In fact, since we take the 
quotient to define B C ^ C (C[1\) in this paper (in [FOOQ3] the invariant 
part is taken), so (|17.12|) should be changed. Namely the right hand side 
becomes 

5^ c ([e L ®x\) = m 2 (e L ®x) + {-l) A ^' x m 2 (x®e L ) = 0. 

Here we use deg' = 1 for the first equality, and the defining relation of 
a unit eL 

m 2 {e L ® x) = (-l) dcgx m 2 (x ®e L )=x 

for the second equality (see Condition 3.2.18 |FOOQ3| ). 

(3) In jFOOQ3j Theorem 3.8.9, there is a factor l/t\ in front of the term 
GWq £ + \(X)(y; PD[L]). We do not have one here since we take the quotient 
of BC by the action of symmetric group for the definition of EC, instead 
of taking the invariant subset of BC. See Remark 16.81 

(4) We mention some of the related works in Section [3T] 

Let x € C[l] be an element of an even (shifted) degree. We consider the element 
e x = J2T=o x ® k e ^(CI 1 ])- For w G C, we consider 

e x we x e B(C[1]), [we x ] £ B cyc C. 

Let b e H 2 (X;A+ nov ) and b e H l (L; A+ nov ). We recall e b = ^b&ffl. We 
assume that (b,b) is a weak bounding cochain. Namely we assume q(e b ;e & ) = 
tyD b (b) eL, where *pD b (6) € Aj nov . For x € H(L; Ao, n0 v) we define an operator 
S b J n : H(L; A , nov ) -> H(L; A , nO v) of degree 1 b y 5 b J n (w) = q(e b ; [we b ]). Th e basic 
properties of q (see Theorem 3.8.32 |FOQ03j or Theorem 2.1 |FOOQ5j ) imply 

S b,b §b,b Q 

u can u can w 

Definition 17.8. We define a homomorphism 

**,qm,(6,6) : H [L; Ao, n ov) ~ ^ <5(Jf; Ao jnov ) 

of degree by 

**,qm,(b,6)(x) =p(e b ; [xe 6 ]). (17.13) 
Lemma 17.9. 2* !qm .(b.b) is a chain map. Namely we have 

$ ° **,qm,(E>,&) + **,qm,(b,6) ° 4n = 0- 

Note the boundary operator on H(X; Ao, n ov) is 0. 
Proof. We remark that 

A(e 6 ) = e b ® e b . 

It follows that 

q cyc (e b ;[xe b }) 

= [q(e b ;e b xe b )e b } + (-l) dc z' x [xe b q cyc (e h ;e b )e b } 
= [S b J n (x)e b ] + (-l) d °s'^D(b,&) [xe b e L e\ 
Therefore Theorem 117.61 (1) and (3) imply 

-(6 o p)(e b ; [xe b ]) = p(e b ; [8 b k b n (x)e b ]) = {u tVJlt[h , b) ° 6 b J n )(x), 
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as required. □ 
We recall 

Ker<5 b ' h 

HF((L(u), b, b); (L(u), b, b); A ) = —§f. 

Imdcan 

Therefore i*, qm ,(6,b) induces a map (|17.ip . We will discuss (|17.5I) in Section [TO1 

Remark 17.10. In this section, where we review general story from |FOOQ3] . 
we use the universal Novikov ring Ao ; nov which contains two formal parameters T 
and e. In other sections of this current paper we use Ao which contains only T. 
The parameter e is used so that all the operators have the well defined degree (for 
example m& has degree 1). Stories over Ao, n0 v coefficients and over Ao are basically 
the same if we take enough care of the degree. Since the ring Ao behaves better 
than Ao,nov from the point of view of commutative algebra, we use Ao in our toric 
case. 



18. Cyclic symmetry in the toric case 

The discussion on the operator p in Section [T7] shows that it is essential to use 
a system of perturbations of the moduli spaces A4™+™ e ((3) that is invariant under 
the cyclic permutation of the boundary marked points. The cyclic symmetry is also 
important when we study the moduli spaces of holomorphic annuli in Section 1201 
(In doing so we need to consider the fiber product of moduli spaces of holomorphic 
discs, which appear at the boundary of the moduli space of holomorphic annuli, 
and to perturb it in a way invariant under the cyclic permutation of the boundary 
marked points. See the proof of Lemma [20.201 ) 

Such a perturbation is constructed in |Fu2j . In this section we adapt this con- 
struction to the present situation and explain how we can apply a similar scheme 
to construct the cyclically symmetric analog q c to the operator q. We also study 
the relationship between the operators q and q c . 

The review of the perturbation to construct the operator q is in Section [6] We 
next discuss the cyclically symmetric perturbation of A4™_p^ e (f3; p). Let 

eye : Mtti-M P) P) i™- 1 ) 

be the map induced by the cyclic permutation of marked points that sends (0, 1, . . . , k) 
to (1, . . . , k, 0). It generates the action of Zk+i- We can construct the Kuranishi 
structure of M^S-vt^' p) to which the Z^ + i action extends. 

Proposition 18.1. There exists a system of continuous family of multi- sections 
satisfying the properties (l)-(5) stated in Condition \6.SX In addition, it also satis- 
fies: 

(6) It is invariant under the above T^k+i-action. 

Remark 18.2. The notion of continuous family of multisections and its application 
to the smooth correspondence in de Rham theory is discussed in |FOOQ5j Section 
12. In our case where there is a T™ action, we can perform the construction there 
so that the family of multisections is T"-invariant. We need to include the case 
where the parameter space of the family of multisections admits a T" action. We 
will describe it in Sections 12911301 for completeness' sake. 
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Actually we can work out the whole argument without requiring T n invariance 
of the family of multisections in Proposition 118.11 If we perform the construction 
in a T"-invariant way, construction of the canonical model becomes much simpler. 
This is the reason why we use the T n invariance in Proposition 118.11 On the 
contrary, in the construction of the operator q where we use a single multisection, 
T n invariance is used to assure surjectivity of the evaluation map. This surjectivity 
is used in |FOOQ5j Proposition 6.6 and to construct the embedding A ) C 

M-vieak{L(u)] Kq) . In this regard, the latter usage is more serious than that of the 
case of Proposition ll8.ll 

Proof of Proposition \18.1l Except the statement on T n invariance, Proposition ! 18 . ll 
follows from Fu2 Corollary 3.1. We can perform the construction in a T"-equivariant 
way. See Sections l29l - l30l for detail. □ 

Remark 18.3. Here is an important remark to be made. In |Fu2j one of the 

key idea to construct a cyclically symmetric (family of) perturbations is to in- 
clude Mo-,e(P',p) also. In |F0004] the construction of the q-perturbation on 
Mk+i;t(0;p) uses the fact that the T n action there is free. This does not hold 
for the case k + 1 = 0. Therefore the argument of [F0004 is not enough to 
construct cyclically symmetric perturbation. It seems that it is necessary to use a 
continuous family of multisections for the proof of Proposition 118. ll 

Definition 18.4. We call the system of continuous family of perturbations in 
Proposition 118. ll the c perturbation and write the corresponding perturbed moduli 
space as Mo-i(f3; p) c . 

As we show later in this section, we can use a c-perturbation in place of the q- 
perturbation to define an operator that is not only cyclically symmetric but shares 
most of the properties of q. 

However there is one property of the q-perturbation which is not shared by the 
c-perturbation. The next lemma is related to this point. Let p = (p(l), • • • >p(£)) 
be T"-invariant cycles as in Section [6] 

Condition 18.5. X is nef and degp(i) = 2 for all i. (Note dimp(i) = In — 
degp(i).) 

Lemma 18.6. Assume Condition \18.5{ We may take a c-perturbation so that the 
following holds. Aik+i-i (Pi p) c is empty if one of the following is satisfied for k > 0: 

(1) M (/?)-E;(2n-dimp(i)-2) < 0. 

(2) n(j3) - £,(2/1 - dimp(i) - 2) = and f3 f 0. 

Proof. Suppose the case (2) holds. Since degp(i) > 2, we have 

dimMueW; p) < dim Mi- fi (p) = n(fi) + n-2<n-2. (18.2) 

Here dim is the (virtual) dimension as a space with Kuranishi structure. 

We assume that Aii-o(P) is nonempty. By F0004 Theorem 11.1 we have 

P = Pi 1 +---+Pi l +a 

where i\, . . . , i; 6 {1, . . . , m}, a G 7?2(A; Z) and a is realized by a sum of holomor- 
phic spheres. This is impossible since c\(a) > by Condition 118.51 and fi(/3) < 
(by (fl8T2f and f3 ^ 0) for the case (2). Thus Mi ;t (P; p) = 0. 
We can prove it also in case (1) similarly. 
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Thus we do not need to perturb it. Hence it is empty set after perturbation 
also. □ 

Remark 18.7. Lemma 118.61 is similar to |FOOQ5] Corollary 6.6. However in 
|FOQ05j Corollary 6.6 we did not need Condition 118.51 In case we can use (a 
single) multisection, the moduli space with negative (virtual) dimension can be 
perturbed and becomes an empty set. This is not necessary the case when we use 
a continuous family of multisections. 

Definition 18.8. We use the perturbed moduli space Aik+i-,e(/3; p) c to define 
qliJM-ii/J : E t {A[2]) ® B k (H(L(u);R)[l}) -> H(L(u);R) [1] 

by 

qW([p];fci ® ••• ® h k ) = evo*(ev*(ft! x ••• x h k ); M^(/3; p) c ) (18.3) 
where 

(ev ,ev) : M^AfcPY L(u) x L( U ) fe 
and hi are T™-equivariant forms. (Here we use Convention 16.121 ) The right hand 
side of (|18.3p is independent of the choice of the representative p but depends only 
on the equivalence class [p]. This is a consequence of Condition 16.31 (5). 
Next we define 

q$([p];Jn®-"® J*) 

oo 

t=0 0£H 2 (X;L(u);Z) 

Theorem 18.9. The operators <\\. k .p have the following properties: 

(1) (|6.11a[) holds. (We replace q by q c .) 

(2) (|6.11b|) and (|6"TTTc|) ZioW. ('We repZace q by q c .) 

(3) J7ie operator <\\. k .a is cyclic, i.e., satisfies 

(q| ; fe;/3(y; hi,..., h k ), h ) cyc 

= { _ l)dcS ' fto(deg' W-W ^)( q |. fe .^(y; ft , ^, . . . , h h -i), h k ) cyc . 

Here (•, -) C y C is defined by (|2.22p . see oZso Subsection \26. 11 



(18.4) 



Proof. (1) and (2) follows from (1) — (5) Condition 16. 31 in the same way as the case 
of q. (3) is a consequence of (6) Proposition 1 18. II □ 

Remark 18.10. Actually we need to fix an energy level Eq and restrict the con- 
struction of the family of multisections for the moduli space of maps of homology 
class /? with j3 n u < Eq, by the reason explained in [FOOQ3] Subsection 7.2.3. 
(After then we can use homological algebra to extend construction of the operators 
to all /3's.) 

This process is discussed in |Fu2j Section 14, following [F0003 Section 7.2. 
(See also |Fu2) Section 14.) In the current T™-equivariant case, we can perform the 
same construction in a T"-equivariant way. We will not repeat this kind of remarks 
in other similar situations in the rest of this paper. 

The sign of (|18.4[) looks different from the one in [F0003 at glance but is 
mathematically consistent. We here use the sign convention of |Fu2j . See |Fu2] 
Lemma 6.1 about the relationship between two conventions. 
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Definition 18.11. Let b G H even (X; A ) and p : i?i (£(«); Z) -> C* a local system. 
We write 

b = b + b 2 + bhigh 

where b G ff°(X;A ), b 2 G ff 2 (AT;A ), b hi gh G H 2m {X;A ) (m > 1). We define 

.c.6,/1 



m^. b / : B fc (JT(L;R)[l]) -> ff(L;R)[l] by 



m£ 6 ''(/ii,...,/i fc ) 

= E E TM^pm exp(b 2 n /9)qi,^(f>Lghi • • • > ' ' " " ' 

Let 6 G H odd (L(u); A ). We define 

6 = 6 + 6+ 

where 6 G H l (L{u);C) and 6+ G H x {L{u)- A+) ©„ l>0 H 2m+1 (L(u); A ). We 
define p : Hx(L(u);Z) -> C* by 7 h-> e T nb °. We define 



m 



f'fyi,. •■>&*) = £ m^^C&^/ii^^,...,^- 1 ,^^^)- (18-6) 

In the rest of this paper we only consider T n -invariant differential forms and 
hence we always work with the canonical model. 

Remark 18.12. Convergence of the series in the right hand side of (|18.6[) is proved 
in the same way as in the proof of Lemma 17.111 

We handle degree 2 classes b 2 in a different way from higher degree classes bhigh- 
We do so for the proof of convergence of (|18.6[) and similar other series. 

Proposition 18.13. (H(L(u); A ), {m^'"}^) and (H (L(u); A ), {m£ M }£ ) are 
unital and cyclically symmetric filtered Aoo algebras. 

Proof. This follows from Proposition [HOB D 

Lemma 18.14. If X is nef and b G H 2 (X;Aq), then 

H\L(u);A + ) C M we&k ((H(L(u); A ), {mf < p }? =0 ); A+). 

Proof. This follows from Lemma ll8.6l in the same way as Proposition 3.1 |FOOQ5] 
follows from Corollary 6.6 |FOQ05j . □ 

We remark that without the assumption that X is nef and b € H 2 (X; Ao) it is not 
yet clear at this stage whether (H(L(u); Ao), {rot ' P }fcLo) is weakly unobstructed. 
We will prove this below by comparing q c with q. We use the bifurcation method 
for this purpose. (See [FOOQ3] Subsection 7.2.14 about the cobordism method and 
the bifurcation method.) 

Let H = H(L(u); Ao) and H = H(L(v); R). We consider the set of formal sums 

a(t)+dtAb{t) (18.7) 

where a(t) € C°°([0, 1], H k ), b(t) _e C°°([0, 1], if* -1 ). We denote the set of such 
expressions (|18.7|) by C°°([0, 1] x H) k . We will consider filtered structure on it. 
More precisely, we proceed as follows. 

We assume that, for each t G [0, 1], we have operations: 

q| fe>/3 : E e (AM) ® B k {H[l\) -+ H[l] (18.8) 
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of degree —^(f3) + 1 and 

: E e (A[2}) ® B k (H[l}) -> H[l] (18.9) 

of degree — /i(/3). 

Definition 18.15. We say q^. fc ^ is smooth if for each yi,... ,yi,x\, . . . ,x k 

t ^ lU,/3(yi 5 • ■ • iVt,x\, . . . , x k ) 

is an element of C*°°([0, 1],F). 

The smoothness of Q\. k p is defined in the same way. 

Definition 18.16. We say (H, {q^. fe ^j, {Q\. k p}) is a pseudo-isotopy of unital G- 
gapped filtered algebras with bulk if the following holds: 

(1) c\\. k ^ and Q\. k « are smooth. 

(2) For each (but fixed) t, the triple (ff, {q^a}) satisfies the conclusion of 
Proposition 118.91 

(3) Let x e B k (H[l]), y G ^(^[2]). We put 

A 2 x= x Ci; i (g)x Ci;2 (8)x Ci;3 , Ay= y C2;1 ® y C2 . 2 . 
cieCi c 2 ec 2 

Then we have 

+ Yj Y Y (- 1 )*^k(yc 2 ;i;Xc i; l,q| 2 (y c2 ;2;X Ci;2 ),X Cl ;3) 

ciGCi c 2 £C 2 /3i +/3 2 =0 (18.10) 

~ H H (- 1 )**4i(yc 2 ;i; x ci;l>n| 2 (y C2;2 ;X ci; 2),X Ci;3 ) 

ciGCi c 2 eC 2 ,8i+/3 2 =/3 

= 0. 

Here the sign is given by * = dcg'y C2; i + deg'x Ci; i + deg' x Ci; i deg' y C2;2 
and ** = deg' x ci; i deg' y C2;2 . 

(4) q\. k ^ is independent of t. O. kt/3o — 0. (Here /3 = in H 2 {X; L(u))).) 

(5) q°. fe a satisfies (|6.11a[) . 

Proposition 18.17. There exists a pseudo-isotopy (H, {q k {0^. ^}) of unital 
G-gapped filtered algebras with bulk such that: 

Proof. The proof is based on the following lemma. 

Lemma 18.18. There exists a system of continuous family of multisections par on 
■M^fe+i-flCS; p) x [0, 1] with the following properties. We use s to parametrize [0, 1]. 

(1) The [0,1] parametrized version of Condition 1 6. 3\ holds. 

(2) At s — our family of multisections par coincides with q perturbation. 

(3) s = 1 our family of multisections par coincides with c perturbation. 

Proof. This is a straightforward analogue of the construction of q perturbation. □ 
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We use the perturbed moduli space (Mk+i-i(f3; p) x [0, l]) par to define 
qQ e . k . p :E e (A[2})^B k (H(L(u);R)[l})^C x ([0,l},A*([0,l})^H(L(uy,R)) 
(where A*([0, 1]) is the vector bundle of differential forms on [0, 1]) by 
q&4 fc;(8 ([p];/ii®---<8>/ife) 

= (ev ,ev a )*(ev*(fci x ••• x h k );M^M^Y az )- ' '' S '' " 

Here 

(ev ,ev) : (M^(/3;p) x [0,1])"" -> L{u) x L{u) k 
are the evaluation maps at boundary marked points and 

ev s :(X^(/3;p)x[0,l]r r ^[0,l] 

is the projection. 
We next define 

q0? ;fc ([p];/H®---®/Ufc) 

oo 

= E E T^'^p(dp)q£l tM ^]-M®---®h k ). 

We restrict it to T™-equivariant forms and obtain q0^ an . By decomposing it to 
the part which contains ds and to the part which does not contain ds, we obtain 
£2* and q* which has the required properties. □ 

Lemma 18.19. Suppose Condition \18.5\ holds. Then 
if 



t; k -A\p]\hi,...,h k ) = 0, Q. t l . k . (\p];hi,...,h k ) = 



(1) A*(/3)-E i (2n-dimp( l )-2) < 0, 

(2) fi{0) - £,(2™ - dimp(i) - 2) = and (3 ^ 0. 

The proof is similar to Lemma 118.61 (The dimension counting argument there 
works up to one parameter family since all are even integers.) 

Definition 18.20. Let fa E H even (X; A ) and p : Hi(L(u); Z) -> C*. We write 
fa = b + b 2 + fahigh where fa e H°(X;A ), fa 2 e H 2 (X;A ), fa high g iJ 2m (X; A ) 
(to > 1). We define 

ml b ' p (hi,...,h k ) 

00 rp/3r\Ul/2TT 

= E E £| ^( 9/3 ) eXp ( &2 / 3 )qU;/3( b high; fc l> • • • ' h h)> 

13 £=Q 

t b ( 18 - 12 ) 

= E E 7j ^) ex P( &2 n P)&%k-A*hlfrl fcl, • • • , h h ). 

13 e=a 

Let b £ H odd (L(u);A ). We define b = b Q + b+ where b a € H\L{u);C) and 6+ € 
H 1 (L(u);A + )®0 m>o i/ 2m+1 (L(u); A ). We define a local system p : Hi(L(u);Z) -> 
C* by 

p : 7 ^e 7nbo 
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(18.13) 



and define 

m t k b (h 1 ,...,h k )= J2 m t k b + ^ h .^,h 1 ,b 1 + ,...,b l j;-\h k ,b^) 7 
c t k b (h 1 ,...,h k ) = ^f+^ k ,^h u b\ t ...^-\h k ^). 

l ,...,l k 

We consider x l (t) + dt A y l {t) = x 4 e C°°([0, 1],C). We define 

(x x , . . . ,x fc ) = x{t) + dtA y(t), 

where 

x(t)=m t l ' b J p {x 1 (t),...,x k (t)) (18.14a) 



y(t) =e k y{x l {t),...,x h {t)) 

k 

- ^2(-l)*'m t ,: p p (x 1 (t), . . .,Xi-!(t), y t (t), x t+1 (t), . . .,x k (t)) 



(18.14b) 



i=i 



if (k,P) (l,/? ) (A) = € H 2 (X;L(u))) and 



y(i) = ^iW+tn^ P (2/iW) (18.14c) 

if (fc, /3) = (l,/3 )- Here *; in (|18.14b|) is *j = deg' xi H h deg'x.^1. We define 

nijj.'^' in a similar way. 
We put 

(Eval t=0 )i(a;(t) + dt A = x(0), (Bvalt=i)i(x(t) + dt A y(t)) = ic(l), 
(Eval t=0 ) fe = (Eval t=1 ) fc = 0, for k ? 1. 

Lemma 18.21. (C°°([0, 1] x iJ), {tvi^' p }) is a G gapped unital filtered A^ algebra. 

Eva^ = o is a strict unital filtered Aoo homomorphism from (C°°([0, l]xH), {m^.'^' p }) 
to(H,{m b k: p }). 

Evah=i is a strict unital filtered Aoo homomorphism from (C°°([0, l]x_ff), {tn^' p }) 
to(ff,{mg-0). 

The proof is a straightforward calculation from Proposition 118.171 
Corollary 18.22. (H, {m k h p P }) is unital isomorphic to (H, {m^})- 

Since Eval induces an isomorphism on m^o-cohomology, this follows from Lemma 
118.211 and }FOOQ3j Theorem 4.2.45. (Note in the our case mi,o = so homotopy 
equivalence has an inverse. See jFOQ03j Proposition 5.4.5.) See also [Fu2] Propo- 
sition 4.1. The isomorphism constructed there from the pseudo-isotopy in Lemma 
118.211 turns out to be the isomorphism obtained by the cobordism method as in 
[FOOQ3] Subsection 4.6.1 using the time-ordered-product moduli space. 

Hereafter we fix an isomorphism 

ff:(^,{m^})-^(ff,{m^"})- (18.15) 

We note that 

£ = identity mod A+. (18.16) 

Lemma 118.141 implies 

Z4H 1 (L{u);A+)) c M we3k ((H,{m c k ^ p }); A+) (18.17) 
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and twisting the boundary map by non-unitary local systems p enables us to extend 
the domain of $ to Ao). 

Remark 18.23. Since the isomorphism $ may increase the degree, the image 
S r *(7? 1 (L(u); A+)) may not necessarily be contained in iJ 1 (iy(u); A+) again. The 
authors do not know whether wc can take so that its image be contained in 
A+). As a matter of fact, it is in general very hard to calculate the map 

m c ' b ' p 

However, there are two particular cases for which J*(iJ 1 (L(u); A + )) is contained 
in the degree one cohomology i? 1 (L(u); A ). We discuss these two cases in detail 
now. 

Lemma 18.24. If dimension of L(u) is 2, then 
.ff 1 (L(u);A + ) c M weak 

((if,{mf'"});A + ). 

Proof. We remark that 3* preserves the parity of the degree of the elements. For 
the case of dimension 2, the elements of odd degree are necessarily of degree 1. The 
lemma then follows from p8.17[) . □ 

Lemma 18.25. If X is nef and b £ H 2 (X;Ao), then 

C°°([0,1] xH 1 (L(u);A+)) C M wcak ((C°°([0, 1] X H),{m$"});A + ). 

Proof. This follows from Lemma [18.19l in the same way as Proposition 3.1 |FOOQ5] 
follows from Corollary 6.6 [F0005J. □ 

Corollary 18.26. If X is nef and b £ H 2 {X\Aq), then 3* is an identity map on 
A_|_). In particular, 

JT 1 (L(u);A + ) c M weak 

This is immediate from Lemma 118.251 

Definition 18.27. Let b = b + b+ £ ff 1 (i(«);A ), where b £ J ff 1 (L(u); C) and 
b + £ H 1 (L(u);A + ). The term bo induces the representation p = pb as before. We 
put b c + — 3*(b+) and b c = b + b c + . 

We next consider the homomorphism 
in (j!7.1|) . It is defined as: 



# 



qm.(b,fa,ii) ' 

= E E E —^pm^m+i-MQ 9 bi igh ; b + ,...,b + ). ( ' 

I k 

We replace q by q c above and b + by b c + and obtain: 



qm. (b.b c ,u) 



u :H(X;A )^H(L(u);A ). 



Remark 18.28. In case deg& + = 1, we can rewrite (|18.18[) to 

rpfSr]Ul/2lT 

E E —^P b me b ^q e+U0 -AQ ® b£ igh ; 1). (18.19) 

P 1 
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See Section [27] In the current circumstance, 61 may not have degree one. Because 
of this we can not replace (|18.18l) by (j!8.19[) in our definition of i^* ^ fec 

Lemma 18.29. = b c + , then 



$*oi* ... , = i c * ,., c ,. (18.20) 

Proof . We take b + which goes to b + and b c + by Eval t= o and Eval t= i respectively. We 
use qQ e , k . p : E t (A[2]) <g> B k (H(L(u);M)[l}) -> C°°([0, l],£T(L(u); A ))[l] to define 



#pato 

qm,(b,6,u) 



ff(JC;A ) -» C°°([0, 1] x H(L(u);A )) in the same way. Then we have 



a commutative diagram: 



H(X;A ) ' q ""'"-'' C '" ) > H(L(u);A ) 

|| |KVBlt=l 

ff(X;A ) qm '" a - ) > C°°([0,l]xi/(L( M );Ao)) (18 ' 21) 

j Eval t=0 

H(X;A ) '*""'"-'"" ) ) ff(L(u);A ) 

By taking the cohomology of C°°([0, 1] x H(L(u); Ao)), the right hand side becomes 
an isomorphism which is nothing but J*. The lemma follows. □ 

In the rest of this section, we describe the morphism $ for the case in which 
n = 2 but X is not nef, and explain how q c could be different from q. Namely we 
compare and <pD c = o g^ 1 . 

Note 

<£D C (0; = KS/V^W 1 ! 6 +> ■ • • . M- (18.22) 

Here 6 = 6 + 6+ e H\L(u); A ), 6 e H 1 (L(u);C),b+ e H l (L(u); A+), and p is 
induced by &o as before. 

We consider the moduli space [0, 1] x A^™^?i(j8) and its family of multisections 
par as in Lemma ri8.18l 

We remark that in (|18.22p we take the sum over /3 with /j,(J3) = 2. On the other 
hand, 

dim([0, 1] x M^r(/3)) = « + KP) + 1 - 3 + 1 = n(fi) + 1. (18.23) 

(Here we use n — 2.) Therefore, in case (J<(j3) = 0, 2, this moduli space can be 
nonempty and 

ev , (([0,1] xM^rm^) 

G C°°([0, 1], H 2 -"(«(L(u);K)) © di A C°°([0, 1], i/ 1- ^) (L(u); M)). 
We put the left hand side as 

c(p)(t)+dthe(p)(t). 
Now let b + e ff 1 (i(u);A+) and put 

6+ = 2 T^l^b . 

/9:/i(/9)=2 
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We solve the ordinary differential equation 
db p (t) , 



dt 

01,02 

01+0- l =0,H(fil)=O 



e(f3 1 )(t)Ab P2 (t) = 



with initial value 6/3(0) = bp. 
We can prove that 



£*(&+) = T^'^b p {l). 

(There is a related argument in Auroux [Aurlj .) 

19. Operator p in the toric case 

We now start the definition of p. Consider the moduli space M^Y+iW) an d the 
evaluation map 

cv = (ev int ,ev,ev+) : M^f+iiP) -> X 1 x L(w) fe x A. 

We remark that the 0-th marked point is an interior marked point in this case. So 
the target of evj is X. Let p = (p(l), . . . , p(£)) be T n invariant cycles as in Section 
IH We put 

M^+M P) = MZfUP) cv- x (p(l) x ... x p(£)). 

Lemma 19.1. The moduli spaces ■A / l™|^ 1 1 (/0; p) have T n -equivariant Kuranishi 
structures with boundaries and corners. There exists a system of families of multi- 
sections p on them such that: 

(1) It is T n -equivariant. 

(2) It is invariant under the cyclic permutation of boundary marked points. 

(3) It is invariant under the forgetful map of boundary marked points. 

(4) It is transversal to zero. 

(5) ev^ : .M™£+i(/3; p) p X is a submersion. 

(6) If k + 1 > 1, then its boundary is described by the following product: 

^j&W&;Pi) e «vo xcv, AC 2 t+i(&;p 2 ) p 

ifere Pi + fa = p, h + k 2 = k, (p 1( p 2 ) = Split (p, (Li,L 2 )), |p 4 | = 4 
i = 1, . . . , k 2 . 

(7) If k + 1 = 1, i/iere is another type of boundary component 

The lemma can be proved in the same way as |Fu2] Theorem 3.1 and Corollary 
3.1. (The statement on T n invariance is proved in the same way as in Sections |2"51 
-[30] of this paper.) We remark that on the 'bubble' components in (6) we always 
use the c-perturbation. 

To eliminate the boundary of type (7) we proceed as follows. (We remark that 
in the present toric case the homology class of [£(u)] is zero so the Gromov-Witten 
term in Theorem 117.61 (2) drops.) We take a T"-invariant submanifold L that 
bounds L{u) as follows. Take a path C joining u to a point v! lying in the interior 
of a codimension one boundary of P. We put L = 7r _1 (C). We now consider 

M^\((3; p)" U M$?M P ® L f. (19.1) 
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The second term cancels the boundary of type (7) in Lemma 119.11 Moreover the 
T ra -symmetry is not broken. From now on we change the notation and denote the 
space (|19.ip by Atg?|S(/3; p) p . (Note the case k + 1 = never appears in the 
boundary of the other moduli spaces. So changing the notation does not affect the 
other moduli spaces.) Thus we can forget the boundary of type (7) from now on. 

To study Poincare duality (117. 5[) , it is convenient to use de Rham complex of X 
as the target of the operator p. This leads us to use a continuous family of multi- 
sections. We remark that we have already chosen multisections on M-^f^(f3; P) c - 

Definition 19.2. We define p tk - : E e (A(A )[2}) ® B c k y c (H(L(u); A )[l]) -> Cl(X) 
by 

Pi-,k-A[p]; [hi ® ••• ® h k }) = ev+ (ev*(fti x • ■ ■ x hJiMffi^ftp)*). (19.2) 

(We use Convention ^. 120 The right hand side is invariant under the choice of repre- 
sentative hi®- ■ -®hk but depends only on its equivalence class in Bl yc (H(L(u); A )[l]) 
by Lemma [191] (2). 
We put 

oo 

P?f = E E T^y[u)l^ ■ ■ ■ y{u)f^p,, k ,,. 

t=0 PeH 2 (X;L{u);1) 

This defines a map E e A(A )[2] <g> B cyc {H{L{u); A )[l]) 0(A) | A((y(u), y(w)^ 1 )). 

When p contains fo = PZ)[A] = ex, we use (4) of Theorem ll7.6l as the definition 
of p. 

Here we fix u. (In Sections I19H21I it is unnecessary to move u and regard the 

o 

operations as the ones over Ag((y, y^ 1 )).) 

Theorem 19.3. The map p defined above satisfies Theorem \17.6\ (1) — (5), where 
we take q c instead of q. Moreover in (2) we may take GWo,£+i(A) = 0. 

Proof. (1) & (2): These follow from Lemma 119.11 and the definition. (We use 
Lemmata 12.18 and 12.20 |FOOQ4] also.) 

(3) Note ei = 1 6 H°(L(u); Aq). On the other hand, (3) of Lemma 119. II implies 
that the following diagram commutes: 

>*mTi(/3;p) p x 

|fot B ei || (19.3) 

(3) follows easily. 

(4) is a consequence of the definition. 

(5) follows from the fact that the moduli space for f3 = contributes only to p2.o 
which gives the usual wedge product. □ 

Now we use p("> & ) to define 

:H(L(u);A )^n(X). 
Write b = &2 + bhigh where b2 has degree 2 and bhigh has degree higher than 2. 
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Definition 19.4. We define 

«*, q m,(b,M)(/i) = J2J2 J\ ex P 03 n b2)p{dP)Pi;iAb®ih, h )- 

£ 

Here p is the representation of 7Ti(L(m)) obtained from bo as before. 

Remark 19.5. If b = bo + b + where bo is of degree 1 and the degree of 6+ is > 1, 
then we have 

rpPnuj/2-rr 

**,qm,(b,&,u) CO =J2J2 J\ ex P 08 n M exp(& n dp)p e . k+1:Ji (bff gh ; [h® b® k }). 

This expression is closer to (|17.13l) than the above definition. See Section [27] 
Lemma 19.6. i* iqm ,(b,b,u) is a chain map. 

The proof is the same as the proof of Lemma 117.91 Thus we have defined 

*#, qm ,(M,u) : HF((L(u); (b, &)), (L(u); (b, 6)); A ) H(X; A ). (19.4) 

We now consider the pairing (•, •)pD i(u) by 



(h',h) PD = h'Ah (19.5) 

JL(u) 

and (•, -)p Dx by 

(Q,v) PBx = f v= [ PD x {Q)Av. (19.6) 

JQ JX 



We also recall the map 

fc qm,(b,b,u) 



introduced in Section! 



■■H(X;Ao)^H(L(u);A ) 



Lemma 19.7. For any Q £ A(X), the element , b bu ^{Q) is contained in Ao • 
{e L }. " * 

Proof. By definition, ^ b U ^(Q) is proportional to the unit which is a degree-zero 
form. (See Lemma 117.11 ) Since 5 is unital filtered homomorphism J* sends 
the unit to the unit. Lemma 119.71 then follows from Lemma 118.291 □ 

The following theorem describes the relationship between the maps i^j (b bu) 
and «#,qm,(b,&,M)- 

Theorem 19.8. Let Q £ A{X) and h £ H*(L(u); A ). Then we have 

(*qt,(b,b,u)( ( 3)' /l )PDi. M = ( < 3'*#,qm,(b,6,«)0 l ))PDx- ( 19 - 7 ) 

Corollary 19.9. // the degree n component of h is zero, then the right hand side 
of <\19. 7p is zero. 

Proof. This follows from Theorem 119.81 and Lemma Tl 9. 71 □ 
Proof of Theorem[WE Let p £ E e (A[2}). We put 

c 

where p i c £ £^ c . i ( w 4.[2]). The following is the key geometric result on which the 
proof of (|19.7p is based. 
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Lemma 19.10. [0, 1] x A / J™_j iI 1 n £ +1 (/3; p) has a Kuranishi structure and its boundary 
is the union of following 4 types of fiber products: 

(1) {0}xX^ +1 (/3; P ). 

(2) {1}xM^ +1 (Ap). 

(3) X fel+1; , c;1 (/3 i; p 1;c ) CVo x CVj ([0,l] x Mf 2 % er , 2+1 ((3 2 ;p 2 j). Herek 1+ k 2 = 
k, /3 1 +/3 2 =/3, j = l,...,k 2 + l. 

(4) ([0,1] xM fcl+Mcil+1 (/3 i; p 1;c )) ev x eVj 7W^ cil (/3 2 ;p 2 . c ). Herek 1+ k 2 = 
k, p 1 +fr = p, j = l,...,k 2 . 

And there exists a system patctp of a continuous family of multisections on [0, 1] x 
■Mfe+w(/3iP) with the following properties: 

(a) It is transversal to zero and T n -invariant. 

(b) It is invariant under the cyclic permutation of the boundary marked points 
and under the permutations of interior marked points. 

(c) It is compatible with the forgetful map of the boundary marked points. 

(d) On the boundary component of type (1) above it coincides with c perturbation 
and one of type (2) above it coincides with p perturbation. 

(e) On the boundary component of type (3) above it is compatible. Here we put 
the c perturbation for the first factor. 

(f) On the boundary component of type (4) above it is compatible. Here we put 
the c perturbation for the second factor. 

Proof. We remark that the 0-th marked point is the interior marked point when 
we define p and patap. So when we consider the codimension one boundary of 
■M^T+xi^' P) the P or parap-perturbation is applied to the factor containing the 
0-th marked point. Once this point is understood, the proof is the same as other 
similar statements we discussed many times before. □ 

Going back to the proof of the theorem, we apply Stokes' formula and obtain 

(ev,ev n(b c + f k xh) 
"|.",1]XA1EJS^ +I (j9 5 p))»««i> ^ ^ 



(ev,ev r(d((&;)® fc xh))=0. 

Remark 19.11. In the proofs of the identity (|19.8|) and of similar others, we use 
the integration of a differential form (or integration along the fiber of a map) on the 
zero set of a continuous family of multisections. The dimension of this zero set is 
given by the sum of the (virtual) dimension of the space with Kuranishi structure 
and that of the parameter space W. (Note W is defined only locally.) We choose a 
(T"-invariant) smooth form u> with compact support on W that has degree dim W 
and total mass 1, and do integration of a differential form after we take a wedge 
product with this form. So strictly speaking, the integrand of the left hand side 
of (|19.8[) should actually be (ev, ev )* ((&+)® fc x h) A u), for example. By an abuse 
of notations, however, we write this integration just as (|19.8[) here and henceforth. 
See |FOOQ5] Section 12 for the precise definition. 

We decompose the left hand side of (119.81) according to the decomposition of the 
boundary to (1) - (4) of Lemma ll9.10l Let us write the term corresponding to (m) 
as 

C(P;p;k;£;m), to = 1,2, 3, 4. 
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We put 

< h = E c ^ ® • • • ® f « = E c/f/ - ( 19 - 9 ) 

/en* /eJ< 
Here 3f is the set of multi-indices 7 = (ii, . . . , if) and cj 6 A . 
We now calculate 

E E jiP(dP)e b2n "C(f3; fj ® Q; fc; £; m) (19.10) 

for m = 1,2,3,4. 

The cases m = 1 and to = 2 give rise to the left and the right hand sides of 
Theorem 119.81 by Lemma 119.101 (d) respectively. 

Let us consider the case m = 3. Decompose I = I\ U Jj for Ij £ 3g. , j = 1, 2 
with ix + £ 2 = t and 

k = ki + k 2 , (3 = fix + fa, P = Pi ® P 2 - 

We put 

E = E E ^o.((ev)*((6;)® fcl );^™ 1 . <1+1 (/3;f J xQ) e ). (19.11) 
/3i,£i,fei /iea 4l 

This is an element of H{L(u); Ao). Then thanks to A.(e 6 ) = e b ®e b , the case m = 3 
of (|19.10j) becomes: 

E E E t^ )e62nw 

^2,^2,k 2 j = l l2&3i 2 22) 

/ (ev,ev )*((V + y x E x (V + ) k >-3 x h). 

J([OA]xMf*™. i2+1 (02-,p 2 ))P"*f 

In the same way as the proof of Lemma 119.71 we can prove that E is proportional 
to the unit. Therefore Lemma IT9TT01 fc) implies that (|19.12j) is 0. Namely (|19.10|) 
is zero for the case to = 3. 

Wc finally consider the case m = 4. We define 

F = E E 77^)^ 

PiMMheit! 1 ' (19.13) 
ev * (ev*(&;) fc -([0,l] x Mf^ +1 {^h * Q) p ° rop ) ■ 
Then, by using A(e b ) = e b <g> e b , the case to = 4 of (|19.10p is 



E E E g^ ban > 



/3 2 ,<? 2 ,fe 2 / 2 ea f2 i=i 2 ' (19.14) 
ev * ((ev)*((fe;y x F x (b< + )^ x h); M^ 2+ i(ft 



By definition this is 



(6 b c ' b '(F),h) 



PD r 



and is zero. This is because (u, b c ) is a critical point of ^O c b and so S b ,b = and 
Corollary IHTS^l The proof of Theorem [1X51 is complete. □ 
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Remark 19.12. We used cyclic symmetry in the proof of Theorem 119.81 above. 
In other words the above proof does not work to prove the same conclusion (|19.7j) 
when we replace the left hand side by (i* n , b b U ^(Q), ' 1 )pd £/( „ ) ■ 
The reason is as follows. 

To construct the p perturbation which is compatible to q perturbation, we need 
to take the q perturbation for the first factor in Lemma [19.1l f6). Moreover we have 
to take the 0-th marked point of this factor to the point which intersects with the 
second factor. (Namely the point which becomes the sigular point after gluing.) 

On the other hand, for the Formula (|19.7j) to hold, we need to take the 0-th 
marked point so that we pull back the form h by ev at the 0-th marked point. 

We cannot realize both of them at the same time in the situation of Lemma 

MM (4). 

20. Moduli space of holomorphic annuli 
Let (u,b) e Grit(q3D 6 ). We take a basis e/ with 7 € 2^>-> n > of H(L(u);Q). Let 
9u = (e/,e, 7 ) PDlj(u) , [g IJ ] = [gu]^ 1 . 
Here [g IJ ], [gu] are 2" x 2" matrices. We recall that the operator 

m 2 < M : HF((L(u), b, b), (L(u), b, b);A )® 2 -> HF((L(u), b, b), (L(u), b, b); A ) 
is defined by 

m 2 ' b ' b (h 1 ,h 2 ) = £ £T^ /2 *exp(/3nb 2 )p(d/3) 

k u k 2 ,k 3 i,p (20.1) 

qh +kl+k2+k3 -A b fLAK) kl x hi x (&«.)*> x h 2 x (&«.)*»). 

(See (|18.5[) , (jlS.Gp .) In the next theorem, we involve the harmonic forms on L(u) 
of all degrees beside those of top degree n, although in the end only the top degree 
forms turn out to give non-trivial contributions in the formula below. 

Theorem 20.1. Let o, to € H(L(u)\ Ao). Then we have 

('#,qm,(f,,i')(f),«#,qm ! (b ! l,')(n'))pDx 

E (-l)*.9 /J (m^ , ^(e / ,t,),m^^(e J ,tt,)) PDMu) . (20-2) 

7,JS2{ 1 "} 

Here * = "C" -1 ) i n case the degree of 0, tn are n. We prove it in Subsection 126.21 
(See (|26.21l) .) For the sign * in the general case, see Proposition 126. 1 7l 

Remark 20.2. We do not assume nondegeneracy of the critical point (u, b) of tyD b 
in Theorem 120.11 Theorem 122.21 implies that, in the case of degenerate (u, b) and 
(1) or (2) of Condition [2T9] is satisfied, the right hand side of (|20.2[) is and so the 
left hand side is also 0. 

The right hand side is closely related to the invariant Z(b, b) in Definition 12.231 
The proof of Theorem 120.11 is based on the study of the moduli space of holo- 
morphic maps from the annuli. We begin with defining the corresponding moduli 
space. 

Consider the bordered semi-stable curve £ of genus with two boundary compo- 
nents c>2£ and fci + 1, fc 2 + l boundary marked points z\ = (zi,o, • ■ • , Zi.fci)) 
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z*2 = (22,0,22,1, ■ • ■ , z<z,k 2 ) on each of the components <9iE, <9 2 E of the boundary, 
and £ interior marked points z + — (z^~ , . . . , z^). We denote it by (E; z\, 2*2, z + ) or 
sometimes by E for short. We say that (E; z\, 2*2, z + ) is in the main component if 
z*i respects the cyclic order of the boundary. (When we regard E as an annulus in 
C, we take the counter clockwise cyclic order for the outer circle and the clockwise 
cyclic order for the inner circle.) Let (E; z\, Z2, z + ) be as above and consider a 
holomorphic map w : (E,<9E) — > {X,L{u)). We say (w; E; z\, Z2, z + ) is a stable 
map if its automorphism is trivial in an obvious sense. 

Definition 20.3. We put f3 e H 2 {X, L(u); A ). We denote by 

A.ann;main f R) 

• /Vl (fei+l,fe 2 + l);^ ( - P ' 1 

the set of all isomorphism classes of stable maps (u>; E; Z\ , Z2, z + ) such that [E] = 
P and (E; z\, 2*2, z + ) is in the main component, which we described above. 

In the same way as Section 3 [FOOOl and Section 7.1 [F0003 we can prove 
that M^+i^+ij-e, nas a Kuranishi structure with boundary and corners. There 
are obvious evaluation maps 

ev = (ev 1 , ev 2 , ev int , evj , ev 2 , ) 

: M^^ +1) /P) -> L(u) k i x L(u) k * x X 2 x L(u) x L{u). 

Here evj, ev 2 , are the evaluation maps at Zg, z 1 , and ev 1 , ev 2 are evaluation maps 
at (zi.i, . . . , Zifa) and (22,1, ■ • • , Z2,fc 2 )j respectively. We consider the case k\ > 0, 
It2 > only, in this paper. 

Let A^™"'" am be the moduli space ■M™' 1 n a J_" ). (0) in the case X = =one 
point. There exists an obvious forgetful map 

c , « jann:main / o\ » >ann:main /on o\ 

for fl et:7W (fci ; ljfc2+1); ,(/3) -> M (ljl ' )i0 . (20.3) 

(Here we forget (21,1, . . . , 21, s^) and (22,1, ■ ■ • , z 2,k 2 ) among the boundary marked 
points.) 

Convention 20.4. Hereafter we write 

forger 1 ^) nA4— £ +1)!< (/3) 

for the inverse image of X C ■M^°N D ain by (|20.3[) . 

Lemma 20.5. The boundary of M^™^^ +1 y e (f3) is the union of the following 5 
types of fiber products: 

M k > 1+ i;e>(P'y cv x cv i .M™^ a ™ +1) . r , (/?")■ 
ffere fcj + fcj' = k x + 1, t' + £" = t, f3' + /3" = [3, i = 1, . . . , k'{. 

(2) 

M k , +1 .,,{n^ x cv? m— % +1) . ti „{n 

Here k' 2 + k' 2 ' = k 2 + 1, £' + I" = L P' + P" = P, i = 1, . . . , k'J,. 

(3) 

^(KS+i^^-vi x CVi M K+1 . 4 ,,{p"y. 

Here k[ + k'{ = ki + 1, £' + £" = £, P' + P" = p, i = 1, ... , k'(. 
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(4) 

Here k' 2 + k'J, = h + 1, £' + t" = £, [3' + (3" = /3, i = 1, . . . , k' 2 '. 

/ r \ c ( — a ^ann:main\ ^ » ^annanain / n\ 

(5) forget {dM {1 { yfi ) n M (ki+1M+iyi {P). 

This is obvious from the construction of the Kuranishi structure. We remark 
that we put c in the first factors of (1),(2) and third factors of (3), (4). This is to 
clarify we always use the 'c' perturbation for such factor. This holds for many other 
similar cases. Namely we use the perturbation V for component of the disk bubble. 

For p as in Section HI we define 

M~f 2+lh ,W-, p) = M~f 2+iyi {P) c ^ x xe ( P (l) x ... x p(0). (20.4) 

We can describe its boundary by using Lemma l20.5[ in the way similar to the cases 
we have already discussed in several other occasions. 

In a way similar to Lemma \9. 31 we can describe •M^^.q as follows. 

Lemma 20.6. A / l^[ 1 "')™ am has a stratification such that the interior of each stratum- 
are as follows. 

(1) lntD 2 \{0}. 

(2) An arc (-1,1). 

(3) Two points. [Si], [£2]. 

The point £ D 2 becomes [£1] in the closure of the stratum (1). The two 
boundary points ±1 in the closure of (—1,1) become [£2]- Thus the union of the 
two strata (— 1, 1), [£2] becomes a circle, which turns out to be dD 2 in the closure 
of the stratum (1). 

Each of the above strata corresponds to the combinatorial type of the elements of 



1 main 



Proof. We first define two points [£1], [£2] of .M a ""j™ ain . 

Let D\ and D\ be two copies of disk D 2 = {z G C j \z\ < 1}. We identify G D\ 
and G .Df to obtain S x . We put di£i = dD 2 , <9 2 £i = dD% z& = 1 G 8D\, 
z 2 Q = l£ dD 2 . Thus we have (£1; z\, z\) G M™^ y ™ n . 

We next define £2. We consider two copies D\, D\ of disk. We put 3 \ = 
e 2fe 1 r v ^T/3 g g D 2 for j = i ; 2, fe = 0, 1, 2. 

We identify 3} with i\ and 3J, with 3?, respectively and obtain £ 2 . We put 
3q = Zj 1 and i = 1,2. We call ^£2 the component which contains z\. We thus 
defined (E 2 ;zl,z%) £ M^ y ™ n . 

We next describe the stratum (2). We consider the moduli space .M™Q ln of disks 
with 4 boundary marked points without interior marked points. It is an arc [0, 1]. 
Let (-D 2 ;3i,32,33,34) be a point in the interior of M™Q ln . We identify 32 with 34 to 
obtain £ and put z\ = 31, z 2 = 34. Then (£; z\, z 2 ) G .M a "")™ ain . 

It is easy to see that as (£) 2 ;3i,32,33,34) approaches to the boundary of 
(£; z\,z 2 ) converges to [£2] in A^ a ""'^ am . Thus the union of the strata (2), (3) we 
have described above becomes a circle. It is easy to see that it gives the stratification 
as in Lemma [20. 61 □ 



The proof of the next lemma is easy. 
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Lemma 20.7. The forgetful map \20. 3\i is continuous and is a smooth submersion 
on each stratum. 

The proof of Theorem 120.11 consists of a series of propositions. We recall that, 
for hi, ... , hk € H(L(u); A ), the symbol [hi,..., hk] denotes the equivalence class 
of hi ® ■ ■ ■ <g) h k e B k (H(L(u);A )[l]) in B c h yc (H (L(u); A )[l\). We also write 

[t>;k] = [b t + ,...,b t + ,x>], (20.5) 

k 

for the simplicity of notations. 
Proposition 20.8. 

rpf}C\U)/2-K 

E E E -^p - ex p(^ n fa)p(^) 

13 I ki,k 2 

(ev 1 ,ev 2 )*([t);fci] x [tt>;fc 2 ]) 

for fl ci-M[S 1 ])nA4^ i — +1); ,(^;bg f gh ) 

= E E E eM^b 2 )p(d((3i+(3 2 )) 

Proposition 20.9. 

EE E ^^exp(/3nb 2 )p(a/3) 



1 ki,k 2 



(ev 1 ,ev 2 )*([o;fci] x [xo;k 2 ]) 

'fota*t- 1 ([=i])n>i^;*^; +1 ). < (i9;bS* h ) 

E E E — ^— ex p(^ n 



l kt,k 2 



for B ct-M[S 2 ])nA^» fc "— 2 + 1); ,(/3;fa® f gh ) 



(ev 1 ,ev 2 )*([o;fc 1 ] x [xv;k 2 ]). 



Proposition 20.10. 

rpPDu/2-IT 

EE E — 7T— e Xp (^nb 2 M^) 



/3 I fci.fa 



/ (ev 1 ,ev 2 )*([t>;fc 1 ] x [ro;fc 2 ]) 

ifor fl c t -M[S 2 ])nA4»— 2 + 1); ,(/3;b® gh ) 

7^(/3i+/3 2 )nw 

E E E g JJ l Q j e«P(C8i + ft) n MpW + ft)) 

i+/3 2 =/3 ; /i'/a =/ /,JG2(i »} 2 ' 



(q^ 2;ft ( & h4; t> ® e/), q&. A e, ® to)) 



PDr 
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Here in the right hand side of Proposition 120 . 101 the operator ql'.^.p is defined by 

- E q^ 1+fc2+fe3 ;M[p];(^) fel ®^®(^)' £2 ®^0(6V) fe3 )- (20 - 6) 

It is straightforward to see that Propositions 120.81 120.91 and 120.101 imply The- 
orem 120.11 The rest of this section is occupied with the proofs of Propositions 
I20.8[ 120.91 and 120.101 Actually the geometric idea behind the validity of these 
propositions is clear. The main task is to construct appropriate perturbations (a 
family of multisections) of the moduli spaces involved so that they are consistent 
with the perturbations we fixed in the earlier stage to define various other oper- 
ators considered. We explain the details of this construction in this section. In 
the course of doing this, we also determine our choice of perturbations made for 
fotflerHPi]) H M~ n ((3; < gh ) and for fotflrt" 1 ([S 2 ]) fl ^~ ain (/3; bf/ gh ). 

Proof of Proposition \20.8i The arguments used in this proof is similar to the argu- 
ments used around Lemma 19.81 We start with the following: 

Definition 20.11. 

M(h,k 2 ;£i,£ 2 ;Pi,P 2 ; Pl ,p 2 ) = Mf^ 1+1 (Pi; Pl ) ev « +i x cv ,„ t+i M%% +1 (fcp 2 ). 

Here the fiber product is taken over X. Since evaluation maps are weakly sub- 
mersive, this space has a fiber product Kuranishi structure. (See [FOOQ31 Section 
A.1.2.) 

Let Split((Li,L 2 ),p) = (p 1; p 2 ). (See Section [6] for the notation.) We can glue 
elements of M(ki, fc 2 ; li, £2, Pi, P 2 ', Pi, P2) at the l\ + 1-th and £ 2 + 1-th marked 
points. We then get an element of 

fotflrf-^px]) n M~™(Pi + P2, p) 

where I = l\ + £2- We have thus obtained the map 

Glue : M(ki,k 2 ;£i,£ 2 ;pi,p 2 ;p 1 ,p 2 ) 

-+ forget-^Pi]) H M~J(Pi + /3 2 ;p). (2 ° J) 

Let P, ki,k2, £ be given. We consider the disjoint union of the moduli spaces 
M(ki,k 2 ;ti,l2; Pi, P2;Pi,p 2 ) where (Pi,p 2 ) = Split((Li,L 2 ),p) with (Li,L 2 ) G 
Shuff(^) and pi + p 2 = P- 

Lemma 20.12. The map \20. 7| ) defines a map from the above union of the mod- 
uli spaces M{kx, k 2 ;£i, £2; Pi, P2-,Pi,P2) to f«0et -1 ([£i]) n M*™^™(P; p). It is 
surjective and is an isomorphism outside the codimension 2 strata. 

The proof is the same as the proof of Lemma 19.81 and omitted. The reason 
why the map in Lemma 120.121 is not an isomorphism is the same as in the case 
of Lemma 19.41 Namely it should be regarded as a 'normalization' of the 'normal 
crossing divisor' forflet _1 ([Ei]). 

Remark 20.13. There occurs a similar problem as the one mentioned in Remark 
19.141 We will discuss it later in Section [28] 

Lemma 20.14. There exists a system of continuous family of multisections defined 
on a neighborhood 0/ forget with the following properties: 
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(1) It is transversal to and is T n -invariant. 

(2) It is compatible at the boundaries described in Lemma \20.5i 

(3) It is compatible with the forgetful map of the boundary marked points. 

(4) It is invariant under the cyclic permutations of boundary marked points and 
arbitrary permutations of the interior marked points. 

(5) It is transversal to the map <\20.12^i in the sense we describe below. 

We now make the statements of Condition (5) precise. Let U be a Kuranishi 
neighborhood of a point j; in A4(kx, fc 2 ; ii,£s; Pi,p2', Pi, P 2 )- Denote 

Glue felifc2 .< lr e 2;i9l) ft l! p lJ p 3 (j) = M^'Z)™^ 1 + p). 

Let V be a Kuranishi neighborhood of rj and E' an obstruction bundle. Let Si(x, w) 
be a branch of our continuous family of multisections. Here w € W is an element 
of the parameter space of our continuous family of multisections and x € U' is an 
element of the Kuranishi neighborhood. We require that s^~ 1 (0) is transversal to 
the map : U x W -> U' x W induced by Gluefc^^^^p^p,,. 

Proof. The proof can be done by an induction of fidco and the number of boundary 
marked points in the same way as we already did several times before. □ 

We remark that by Lemma 120.121 or by construction, the obstruction bundle E 
on the above Kuranishi neighborhood U is the pull-back of E' . Thus the choice 
of a system of continuous families of multisections satisfying Lemma 120.121 induces 
a system of continuous families of multisections on M.{k\, fe; £\, l%\ fii\ Pi, P 2 )- 
We call this a pull-back multisection and denote it by bocJ. We denote its zero set 
by 

M(fc 1 ,fc 2 ;4 ) 4;/3i,/3 2 ;p 1 ,p 2 ) bace . 



Lemma [20. 121 immediately implies the equality 

f (ev 1 ,ev 2 )*([o;fc 1 ] x [tt>;fc 2 ]) 

ifor£,cl- 1 ([S 1 ])nM^ i n ; m 1 7 2 + 1)i£ ( / 3;p) 

- E E 

A+/3 2 =/3 (Li,L 2 )eShuffO») 

(ev 1 ,ev 2 )*([o;fci] x [»;*&]), 



(20.6 



/A4(/c 1 + l,fc2 + l;fl^2;/3l,/32;p 1 ,P2)' ,oc, 

where (p 1; p 2 ) = Split ((Li, L 2 ), p). 

We next study the right hand side of Proposition 120.81 Let p^ e E J i i (A[2]). We 
assume that they do not contain the degree zero element fo- We fixed a continuous 
family of multisections on Mki;ii+iWu Pi) when we defined an operator p. It is 
chosen so that ev™ t +1 becomes a submersion. Therefore it induces a continuous 
family of multisections on Ai(ki, fc 2 ; £%, ^ 2 ; (3i, /3 2 ; p x , p 2 ). We call this multisection 
the p '-multisection and denote its zero set by M.(k\, fc 2 ; £i, £2', /?i, /3 2 ; Pi, P 2 ) p - Then 
the next formula is immediate from definition. 

(ev 1 ,ev 2 )*([o;fci] x [tu;fc 2 ]) 
M(fci+l,fc2+lA,«2;/3i,/32;Pi,p 2 ) f ' (20.9) 

= (Pt u pdPi ® [^,k 1 \),Pe 2 ,p 2 (p 2 ® [iD;fc 2 ]))p Dx . 

Lemma 20.15. There exists a system of continuous families of multisections S on 
the space [0,1] x AA{k\, & 2 ; £x,ti"i /3i, /3 2 ; Pi, p 2 ) wi£/i the following properties. 
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(1) It is transversal to and is T n -invariant. 

(2) It is invariant under the cyclic permutations of k\ (resp. k 2 ) boundary 
marked points on each of the boundary components. It is invariant under 
arbitrary permutations of the interior marked points. 

(3) It is compatible with the forgetful map of the boundary marked points. 

(4) At {1} x A^(fci,fc 2 ;^i,^2;/3i,/32;Pi,P 2 ) U becomes)?. 

(5) At {0} x M(ki, k 2 ; £\, £ 2 ; Pi, fh\ Pi, P2) & becomes bad. 

(6) It is compatible at the boundary component 

(a) 

M^t lA (P[;p[y cvo x cvJ ([0,1] x M(k'l,k 2 ;e'{j2;tt,f3 2 ;p'{,p 2 )) 

where £[ + £'{ = h, k[ + k'{ = ki + 1, ft + ft = fa, (pi,p") = 
Split(p 1 , (£1, L2)), i = l,...,fc". We put c perturbation on the first 
factor, and 

(b) 

([0,1] x M{k'(,k 2] £'{,£ 2 -plp 2 -p'{,p 2 )) CVQ x ev i Mt^ lA {^\v'i) c 

where £\ + £'[ = £ x , k[ + k'( = k x + 1, /3[ + /3'{ = f3 u (pi.p?) = 
Split(p 1 , (£1, L 2 )), i = 1, . . . , k'l . We put c perturbation on the second 
factor. 

(7) It is compatible at the boundary component 

(a) 

M^i n lA (P' 2 ;p' 2 Y CV0 x cv? ([0,l]xM(fei,^Vi,4 / ;)8i,^ / ;Pi,Pa)) 

where £' 2 + £' 2 ' = £ 2 , k' 2 + k' 2 ' = k 2 + I, (3' 2 + fi' 2 ' = (3 2 , (p' 2 ,p 2 ') = 
Split(p 2 , (£1, £2)), i = 1, ■ ■ • , k 2 ' . We put c perturbation on the first 
factor, and 

(b) 

([0,1] x ^(fc 1 ,fc 2 / ;4,4';ft,^;Pi,P2))ev x cv? M% 2 t 1A (p' 2 ;p' 2 y 

where £' 2 + £' 2 ' = £ 2 , k' 2 + k'{ = k 2 + I, (3' 2 + /% = fo, (p' 2 ,p 2 ') - 
Split(p 2 , (£1, £2)), i = 1, • • • , k 2 . We put c perturbation on the second 
factor. 

Proof. The proof is the same as other similar results we already discussed many 
times. □ 

We use Lemma 120.151 to prove the next lemma. 

Lemma 20.16. 

E E E 717] ex P ((/3 1+ /3 2 )nb 2 )p(9(^+/3 2 )) 

/ (ev 1 ,ev 2 r([ ;fc 1 ] x [»;**]) 



'(M(fci,fc a ;ii,^^i,/32;B^i,bS^) 
i+/3 2 )n 

h\£ 2 \ 



y(/3i+/3 2 )n«/27T 

E E E 7T7] exp((/3 1 +/3 2 )nb 2 )/>(d(/3 1 +/? 2 )) 

/3 1 ,/3 2 £ 1 +f 2 =^ fc 1 ,fe 2 



/ w 8 , (evSe^rQtijfcxlxItDjfca]). 
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Proof. We put 

^4 = E ci{ ^ ® • • • ® f ^ = E c/ > A < £ - ( 20 - 10 ) 

We apply Stokes' theorem (Lemma 12.18 |FOQ05j ) on 

([0,1] x M(fc 1 + l,fc 2 + l;£ 1 ^ 2 ;/3 1 ,/3 2 ;f /A ,f / ,, 2 )) 5 (20.11) 

to the pull back (ev 1 , ev 2 )*([o; ki] x [to; fc 2 ]), which is a closed form. 

Let us study of the integration of (ev 1 , ev 2 )* ([t>; hi] x [to; fc 2 ]) on each component 
of the boundary of (|20.1ip . 

The case (4) and (5) of Lemma [20.151 give the left and right hand sides of the 
formula in Lemma 120.161 respectively after taking weighted sum with weight 

hm exp(/?nb 2 )p(^). (20.12) 

Let us study (6) of Lemma T20. 151 We remark that 

[0;fci] = [(6;) fcl x t>]. 

We integrate it on the boundary component described by Lemma [20.151 (6). We 
divide it into two cases. 

(Case 1) Lemma r20.15l (6) (a) This is the case when the boundary marked point 
corresponding to is on the second factor. 

(Case 2) Lemma r20.15l (6) (b). This is the case when the boundary marked point 
corresponding to is on the first factor. 

We can show that contribution of both cases vanish in the same way as in the 
proof of Theorem 119.81 Namely we can study (Case 1) in the same way as (3) 
Lemma [19.101 and (Case 2) in the same way as (4) Lemma [1 9. 101 . We repeat the 
detail below for completeness' sake. 

We first study Case 1. We define E by (|19.11[) . Then the contribution of Case 
1 is 

E EEE T^+« n "/ 2 « exp((/3 1 + A) n b 2 )|^fp(9(A + &)) 

(ev 1 ,ev 2 )*([(6;) 1 - 1 x E x (&;) fcl+1 -< x t>], [ro; ha]). 

In the same way as the proof of Lemma 119.71 we can prove that E is proportional 
to the unit. Therefore this contribution vanishes by Lemma [20. 151 (3). 
We next study Case 2. We define R by 

R =Y. E E T/3nw/2,rex p^ nb2 )|^^) 



(ev ) * ( ( (evi , ev 2 , . . . , ev fcl ) , ev 2 ) * ( (b c + ) fcl , [to ; k 2 ] ) ; 
([0,1] x^i + U 2 ;f i; 4;A;fePi,P 2 )) s ). 

By definition the contribution of Case 2 is 

(6 b > bC (R),*}=0. 



(20.13) 
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(cv )* 8 : TM^% (1 (l3 i;Pi y -> TL(u) © {0} 



We can show that the contribution of (7) of Lemma [20. 151 vanishes in the same way. 
The proof of Lemma [20.161 is now complete. □ 

Proposition 121151 follows from Formulae (|2H5|) . ([2lHJf and Lemma [2TUo1 □ 

Before proceeding to the proofs of Propositions 120.91 and 120.101 we fix the choice 
of perturbation on for fl er 1 ([E 2 ]) n bg^). 
Let (Pi,p 2 ) = Split (p, (Li,L 2 )) and ij = |p.,-|, j = 1,2. 

We consider M^ a ^. e . (pj\Pj) and take perturbation c. Let dj £ {1, . . . , k 3 ; + 1}. 
We consider 

(ev ,ev ai ) : M%$. tl {Pi; Pl ) c -> x L(«) (20.14) 

and 

(ev a2 ,ev ) : M^i\ i2 (P 2 ; p 2 ) c -> L(u) x L(u). (20.15) 
Lemma 20.17. TTie two maps t\20.14ty an d ^MSUM are transversal. 
Proof. 

and 

© (ev )* : TMt 2 %-M^ -> {0} © TL(u) 
are both surjective, by T™ equivariance. The lemma follows immediately. □ 

Remark 20.18. We are studying the moduli space of holomorphic annuli (that is 
the case of one loop). The proof of the above lemma works only in the one loop 
case. Namely if we consider the moduli space of pseudo-holomorphic curves from 
bordered Riemann surface which is more complicated than annuli, the proof of 
Lemma 120.171 does not work to prove the transversality of the configuration of the 
discs which appear at the end of its compactification. For example, let us consider 
the fiber product 

Mf^{px) (evo.evx.ev.) X (evo.evx.ev,) Mf™(p 2 ). (20.16) 

This fiber product appears at the end of the moduli space of pseudo-holomorphic 
maps from the Riemann surface which is D 2 minus disjoint union of two D 2, s. 
The perturbation (c or q) is designed so that the evaluation map at one boundary 
marked point is a submersion. (We may take any of the marked points.) This 
is enough for the transversality appearing in Lemma 120.171 but is not enough for 
the fiber product f|20. 16[) to be transversal automatically after this perturbation is 
applied to each of the factors. 

Definition 20.19. We denote by Af(ki, k 2 ', a\, a 2 ;£i,£ 2 ; Pi, Pi', Pi', P2) the fiber 
product of the maps (j20.14|) and (|20.15|) . 
There is an obvious map 

Glue : A/"(fci,fc 2 ;ai,a2;^i,^2;^i,/32;Pi;p 2 ) 



MT\T* k i- a i + a,vAh + A;p) n forget" 1 ^]). 



(20.17) 

Lemma 20.20. The map Glue defines an isomorphic to the image. The moduli 
space A4/£"'^f.™(y(3; p) (1 forget - ([£2]) is decomposed to the images of Glue's from 

difference sources. If x G A4^ n ^^ n (fj;p) D forget 1 ([S 2 ]) is an image of a codi- 
mension N corner point ofAf(ki, fc 2 ; a±, a 2 ; £1, £ 2 ', Pi, Pi', Pi; p 2 ), then it is an image 
of N points from the union of the sources of Glue. 
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Kuranishi structures of the sources are compatible at the overlapped part of the 
target. 

Furthermore, the multisections c are compatible also. 

Proof. In fact, the proof is the same as Lemmata 19. 201 19.211 We however emphasis 
that cyclic symmetry is crucial for this lemma to hold. To elaborate this point, 
let us consider the subset consisting of elements {{D 2 , ui), (D 2 , U2), (D 2 , U3)) of 
Mf^ifa) x Mf ahl (fa) x Mf ain {fa) such that 

evi(ui) = evi(u 2 ), ev 2 (ui) = ev 2 (u 3 ), ev (M 2 ) = evi(u 3 ). (20.18) 



ev l («,) = ev 1 (« 2 ) 




ev 

Figure 20.1 

This set is a subset of M^y Q ain + fa + fa) n fotflet _1 (E 2 ) and lies in its 
codimension 2 strata. 

We consider 2 (among 3) ways to resolve singularities. Namely at evi(iti) = 
evi(it 2 ) or at evo(w 2 ) = evi(it3). 

We remark that for ((D 2 ,ui), {D 2 ,u^)) the choice of the 0-th marked point 
(among the 3 boundary marked points) is canonical. Namely there is a marked 
point which does not meet to other irreducible component. We take it as the 0-th 
one. 

On the other hand, there is no good way to decide which (among 2) boundary 
marked point is the 0-th one for (D 2 ,u 2 ). 

In fact, if we insist the consistency with the process to resolve evi(ui) — evx(u2), 
the marked point of (D 2 ,m 2 ) which intersects with (D 2 ,ui) must be 0-th one. If 
we insist the consistency with the process to resolve evo(w 2 ) = evi(ii3), the marked 
point of (D 2 ,m 2 ) which intersects with {D 2 ,uz) must be 0-th one. 

Thus for the consistency of both, we need to take our perturbation of A^ 2 nam (/3 2 ) 
to be invariant under cyclic symmetry. Actually this is one of the reasons we take 
the c perturbation. (See however jAbj . where M. Abouzaid uses less symmetry than 
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ours. We use cyclic symmetry also in Sections [T9l and l22l See Remarks 119.121 and 

MM) 

Once this point is understood, the proof is the same as Lemmata l9.20[ [5.211 □ 

By Lemma 120.201 we can define a system of continuous families of multisections 
s on -M^'f^ygiP', p) H forget -1 ([X2]) so that it coincides with the fiber product of 
c multisection on each factor of N{k\, k,2] a\, a%\ Pi, P2] Pi; P2)- 

We thus fixed our family of multisections for M^^y^(f3; p) n forget -1 ([E2]). 
It has the following properties. 

Condition 20.21. (1) It is transversal to and is T™-invariant. 

(2) It is invariant under the cyclic permutations of boundary marked points 
and arbitrary permutations of the interior marked points. 

(3) It is compatible with the forgetful map of the boundary marked points. 

(4) It is transversal to the map (|20. 17|) in a sense similar to Lemma f9. 151 (5). 

(5) It is compatible at the boundary components. 

The boundary components of various irreducible components of ■M™"'^. 1 ^/?; p)H 
forget -1 ^!^]) are divided in 6 cases as in Figure 20.2 below. 




Case 3 



Case 4 
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ft 




Case 5 



Case 6 



Figure 20.2 



Proof of Proposition \20.9\ . We extend the above multisection to a neighborhood of 
P)nfor et- 1 ([S 2 ]) in A^™(/3; p). Then for each [£'] e X" ain 

sufficiently close to [E 2 ] we obtain a multisection on •M™' j £^ 1 (/3; p) n forget - 1 ([£']) 
which satisfies the same conditions as Condition l20.21l above. We choose a sequence 
[Ef] G •M/^"v!J ) Bm which is in stratum (1) in Lemma T20.6I and 

lim [SJ] = [£„]. 

Lemma 20.22. 

lim / (wSev'nMi], [»;**]) 

^oo^_i„ +i ^ W;p)nforgct _ 1([s , ]) 

(ev 1 ,ev 2 )*([0;fc 1 ],[m;fc 2 ]). 

jM ^+iX+ 1 ) ! /(^;p) n f' , « rf ~ 1 ([S2]) 

Proof. This lemma is slightly nontrivial since forget is not smooth at the fiber 
of [E 2 ]. Let us decompose ^^i+i^+i)^ (&> P) n forget _1 ([E 2 ])) to the union of 
Af(ki + 1, fc 2 + 1; ai, a 2 ; £i, £ 2 ; /3i,/3 2 ; p x ; p 2 ) by Lemma l^O.201 We take an increasing 
sequence of compact subsets 

Af K (ki + 1, fc 2 + l;ai,a 2 ;^i,^ 2 ;^i,/3 2 ;p 1 ;p 2 ), K = 1, . . . , oo 

of the union IntA/^fci + 1, &2 + 1; ai, a 2 ; £i, £ 2 ; /3i, /3 2 ; p : ; p 2 ) of the interior of its 
irreducible components such that 

\jNi(ki + l,fc 2 + 1; ai,02;^i, ^2; /3i,/32;Pi; Pa) 

= Int7V(fci + l,fc 2 + l;ai,a 2 ;4,4; A)^ 2 ;pi;p 2 ). 

We consider the irreducible components of dimension deg[o;fci] + degfui; fc 2 ] only. 
For each K we can construct a map 

$K,i :N{ki + l,fc 2 + l;ai,a 2 ;^i,£ 2 ;/3i,/3 2 ;p 1 ;p 2 ) 



ann;mam 
(fel+l.fe+l) 



1 ,,(/3;p)nfor et- 1 ([E' l ] 
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such that 

lim $^ l (ev 1 ,ev 2 )*([o;fc 1 ],[lr;A :2 ]) = (ev\ ev 2 )*([t>; k t ], [to; k 2 ]). 

By transversality and definition, the contribution to the integration of the right 
hand side of Lemma 120.221 of the codimension one stratum is 0. Therefore the 
integration of (ev 1 ,ev 2 )*([D; k%], [to; k 2 ]) on the union of the images of <&K,i can be 
chosen arbitrary close to the right hand side if we take K, i large. 

On the other hand, the complement of the union of the images of $>k,i are 
obtained by gluing at least three pieces of discs. (Those configurations are described 
as in Figure 20.3.) So there are at least 3 parameters Ti,T 2 ,T 3 for gluing. When 
we restrict these 3 parameters by requiring that the resulting source becomes the 
given S^, we still have one more parameter T. We can estimate the differential of 
(ev 1 ,ev 2 ) with respect to T in the same way as Lemma Al.58 [F0002 and find 
that it is of order e~ cT . Therefore the integration of (ev 1 , ev 2 )*([o; ki], [tu;A;2]) on 
the complement of the union of images of 3?;^ goes to zero as /, i — ¥ oo. Hence the 
lemma. 




Figure 20.3 

□ 

We next choose a sequence [£"] <E A^""'"p am which is in stratum (1) in Lemma 
[20Uand 

lim [£'/] = Pi]- 

i— >-oo 

We take a perturbation of A^^""j™ am (/3; p) fl forget _1 ([S-']) by restricting the per- 
turbation given in Lemma 120.141 
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Lemma 20.23. 



% — >oo 



lim / (ev 1 ,ev 2 )*([o;fci], [tv;k 2 ] 

(ev 1 ,ev 2 )*([o;fc 1 ], [ttj;fc 2 ]). 



M^ 1 X 2+1);€ (p ;P )nfot fl ei- 1 ([s<']) 



'•^" I Ti!S+i) i ^^!P) n f <,t 8* t_1 C[Si]) 
The proof is the same as the proof of Lemma 120.221 
Lemma 20.24. For any i we have 

E E E ex p(^ n 

t k u k 2 



(ev 1 ,ev 2 )*([o;fc 1 ],[ tt) ;fc 2 ]) 

forgc t -M[S;])nA4^— +1); ,(/3;b®4) 



E E E -^p~ ex p(^ n 

P £ k t ,k 2 

(ev 1 ,ev 2 )*([ ;fc 1 ],[tr;fc 2 ]). 

for fl c t -i([s;.'])nA4^— + 1);< (0;b«£ h ) 

Proof. We take a path 7 : [0, 1] — > A^^""j™ am joining [E^] with [E"] in the stratum 
(1) in Lemma T20. 61 We take the fiber product 

[0,1] 7 XfoxBtt M (k ^ k2) . e (/3;p) 

and denote it by -M^"'^.'"^; p; 7). This space has a Kuranishi structure and its 
boundary is described as follows: 

(1) fotget^KDnX— ^ n (/3;p). 

(2) forget-^]) n.M— £(/3;p). 
(3) 

Mk> 1+ i;i>(P ;pi) cv x cv iM (t; , +ljfc2+1);f ,(/5 ;p 2 ;7j- 

Here fc£ + fc£' = fe x + 1, f + f = ^ i = 1, ... , fc". 

(4) 

Here fc 2 + fc 2 ' = k 2 + l,£' + £" = £, $ + /3" = /3, i = 1, . . . , fc 2 '. 

(5) 

^~^+i);r Pi) -J x CVi ^ fe » + i ; ^ (/?'; p 2 ; iy. 
Here fc£ + k'{ = h+l,£' + £" = £, ff + /3" = /3, i = 1, . . . , k'{. 

(6) 

•^^r+T^+i)^' p i) cv o Xcv * - A/ '^'+i;^"(/ 3 ";P2;7) c - 

Here fc 2 + fc 2 ' = jfci + 1, ^ + I" = £, p + p" = ft i = 1, . . . , fc 2 '. 

We define a multisection s on p; 7) so that it is compatible at the above 

boundaries. We also assume s is transversal to and T"-invariant. Moreover it 
is symmetric with respect to the cyclic permutation of boundary marked points at 
each boundary component and permutation of interior marked points. 
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Now we put 



and apply Stokes's theorem for (ev 1 , ev 2 )*([t>; fc x ], [to; fc 2 ]) on M™"^"^; f//; 7)*. 
The rest of the proof is the same as the proof of Lemma 120.161 □ 

Proposition [20Jl follows from Lemmata 120.221 120.231 and 120.241 □ 

Proof of Provosition \20. lV[ We begin with the following lemma. Let g £ T n . We 
let it act on L(u) x L(u) by g(x,y) — (gx,y). Let dg be the Haar measure of T n 
and let Ta be an distributional n form on L(u) x L(u) which is Poincare dual to 
the diagonal. We regard e/ (the generator of H(L(u);C)) as a harmonic form on 
L(u). Let g IJ be as in Theorem 120. II 



Lemma 20.25. 



/ g*T A dg^y2(-lf^g IJ e I xe, J 
J a^ Tn i,j 



See Lemma 126.71 for the sign. (Precisely speaking, in Lemma 126.71 we work 
on chains instead of cochains.) Here the equality is as distributional n forms on 
L{u) x L(u). 

Proof. The left hand side is a T n x T n equivariant n form. Therefore it is smooth 
and harmonic. It is also cohomologous to the Poincare dual to the diagonal. The 
lemma follows. □ 

Let 01,02 G T n , We define 

(0iev o ,02ev ai ) : (0V, Pi) L(u) x L{u) (20.19) 

by 

(0iev o ,0 2 ev ai )(x) = (01 ■ev o (x),0 2 -ev ai (x)). 

Lemma 20.26. The two maps \20. 19$ and \20.15}i are transversal. 

The proof is the same as Lemma 120.171 We denote the fiber product of (|20. 19() 
and (|20.15|) by Af(ki, k 2 ; ai, a 2 \li,h\ Pi, fa, Pi! Vi'^^Q-i)- 

Lemma 20.27. 

1 

T\ 



E E TTnL . .... (ev\e,r(l»M[*-M 



ll+l 2 =l a 2 = l,...,fc 2 



Here e denotes the unit of the group T n . 

Proof. This is immediate from Lemma 120.201 and the definition. □ 
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Lemma 20.28. 

rp(fi 1 +f} 2 )C\U) 

E E TvT\ e M(Pi+p2)nb 2 ) P m 

/3 1 +/3 3 =/3 oi=l, 1 ' 2 ' 

d fl / (ev 1 ,ev 2 )*([ ;fc 1 ],[ tt) ;fc 2 ]) 

T(ft+ft)n.j 

= EE E 9 U £Ul exp((/3 1 +/3 2 )nb 2 )p(a(/3 1 +/3 2 )) 

Proof. This is immediate from Lemma 120.251 and the definition. □ 
Lemma 20.29. 

_ T(ft+ft)n^ 

E E / re i exp((/?1 + ft) n h2)pm 

<]+< 2 =< a 2 =l,...,fc 2 

/ «, „, (ev 1 ,ev 2 )*([o;fci],[rt);fc 2 ]) 

is independent of g € T n . 

Proof. Let 5,5' € T" and 7 : [0, f] — > T n be a path joining them. We put 

M{ki,k 2 ; ai ,a 2 ;h,l 2 ;p u fc bg| ; 7, e) 

= (J {t}x#i 1 fe;<n 1 a 2 ;li,i 2 ii3 1 ,ft;^;^;7(i),e). 
te[o,x] 

Note by Lemma 120.261 the c-perturbation is transversal for any 

Af(h, k 2 ; a u a 2 ; £ u l 2 ;fa,0 2 ; &g&; < 2 h ; 7 (t), e). 
So we have already chosen the perturbation of the moduli space 
Af(h ,k 2 ;a 1 ,a 2 ;£ 1 J 2 ;^,p 2 ; O 7, e) . 
The boundary of Af(ki, k 2 ; on, a 2 ; i u £ 2 ; ft, f3 2 ; bf^ h ; bf/ 2 h ; 7, e) is 
N{k u k 2 ; ai , a 2 ;e u l 2 ; fa, fa bg^; bgf h ; 0, e) 

and 

Af(k! , fc 2 ; ax , a 2 ; h ,£ 2 ; ft , (3 2 ; b®*; bg £ g 2 h ; </, e) , 
and those described by the following Figure 20.4. 
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Case 3 



Case 4 
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Case 7 <- ase » 

Figure 20.4 

We apply Stokes' theorem to (ev 1 , ev 2 )*([t); ki], [tv;k 2 ]). It suffices to show that 
the contribution from the boundaries of Figure 20.4 becomes zero after taking the 
weighted sum. 

The boundary Case 1 cancels with those of Case 5, after taking sum over fa, fa. 

Similarly the boundary Case 2 cancels with those of Case 6, after taking sum 
over fli, fa- (We use the T ra -equivariance of the moduli space here.) 

The boundaries of Cases 4 and 8 are zero. This is by the same reason as the (3) of 
Lemma fl 9. 101 (Namely unitality of the element E there and compatibility with the 
forgetful map of our perturbations.) (Note that there are some other cases where 
bubble with no boundary marked points occurs at the different position. They all 
can be handled in the same way.) 

Finally the contribution from the boundary components of the Cases 3 and 7 
becomes zero after taking weighted sum. This is by the same reason as the Case 
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(4) of Lemma [19.101 (The vanishing of the boundary operator.) Lemma [20.291 is 
proved. □ 

Lemmata 120.271 120.281 MM imply Proposition 120.101 □ 

The proof of Theorem 120. H is now complete. □ 



Remark 20.30. Theorem 120.11 is stated and proved only for the case of fibers of 
toric manifolds. However various parts of the proof (especially the idea to use the 
moduli space of pseudo-holomorphic annuli and cyclic symmetry) can be applied 
to more general situation. 

We choose to prove this statement only for the toric case in this paper since in 
toric case we can take short cut in several places, while the proof for the general case 
is rather involved. For example, we always use T™-invariant perturbations in the 
present paper and so do not need to use general differential forms on L(u) = T n 
other than the T"-equivariant ones. In the general situation we need to use a 
canonical model and so the moduli spaces involved become more complicated to 
define. Also we use the technique of averaging differential forms over the T n action 
in our proof of Proposition 120.101 Since this technique is not available for other 
cases, we need to use more sophisticated homological algebra instead in the non- 
toric cases. 

Another reason why we restrict ourselves to the toric case here is that at the 
time of writing this article we do not have any other particular examples to which 
we may apply the ideas used in this paper. However we have little doubt that 
many non-toric examples, to which many ideas presented here can be applied, will 
be found in the near future. 



21. POINCARE DUALITY IS RESIDUE PAIRING 

We take 

vol i( „) e H n (L(u); A ) = HF{{L{u), b, fe c ), (L(u), b, & c ); A ), 
which is the volume form of L(u). We normalize it so that J L / U \ vo1l( u ) = 1. 

Remark 21.1. It may be confusing that vo1l(„) ^ 1. We note that 1 is the 
Poincare dual to the fundamental homology class [L(u)]. The degree of volx,(„) is n 
and the degree of 1 is 0. 

The results of Sections OH l20l imply: 

Proposition 21.2. Let (u,b) e Crit(^p£> 6 ). Then we have 

#,qm. (b -b,u) (vo1 l(u )))pd x = Z(b,b). 

Remark 21.3. We still do not assume that (u, b) is nondegenerate. When (u,b) 
is a degenerate critical point, Proposition 121.21 implies that the left hand side is 0. 

Proof. This is immediate from Theorem 120.11 and Corollary 119.91 See Subsection 
126.21 for the proof of the sign in the above formula. □ 

Now we are ready to complete the proof of Theorem 12.321 (2). We assume 
that ^iO b is a Morse function. We first consider two elements (u,b), (u',b') G 
CritCPD b ), (u,b) ^ (u',b r ) corresponding to the unit elements of some factors 
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J&c(yi£) b ; rf) in the factorization of ia,c(?$Q b ) given in Proposition ^. 151 We denote 
the corresponding unit elements of ia,c(tyD b ) by 1 («,&), l( u ',b') respectively. Then 

(l(u,6)j l(M',fc')) prj x = (1(«,6)j l(u',b') U fa 1)pd x — (l(w,fc) U b l( M ',fc'), 1)pd x = 0- 

Here U b is the quantum cup product deformed by fa. (See Section [2]) (The second 
equality is nothing but the well known Frobenius pairing in Gromov-Witten theory. 
See for example (Maj.) So it suffices to study the case (u, b) — («', b'). We identify 
l(«,b) S J ac (*P^b) ®A A with an element of H(X; A) by the isomorphism Theorem 
12.321 (1). Since l( U! f,) is the idempotent and ts b is a ring isomorphism it follows 
from Lemma \17. II that 

Therefore Theorem 119.81 and (1, vo1l( u ))pd Mu) = 1 imply 

(l(u,b) 5 *#,qm,(b,b,u)( VC) lL(M)))pDx = ^ (21-1) 

Since 

i qm,(«,6)( 1 («',6')) = 

for («', V) ^ (u, 6), it follows from (|2TT|) that 

«#,qm,(b.b,n)(vol L („)) = — r l(u.b)- ( 2 1- 2 ) 

^(u.b)' 1 (m,6)/PD x 

Therefore Proposition 121. 21 implies 

(1(u,6))1(«,6))pd x 2'(&,&) = 1- 
The proof of Theorem 12.321 (2) is now complete. □ 



22. Clifford algebra and Hessian matrix 
In Sections 1221 and |23| we will prove Theorem [2^241 

In |Cho2] , Cho proved that Floer cohomology of the toric fiber is isomorphic to 
the Clifford algebra in the Fano case as a ring (for the case b = 0, fa = 0). In this 
section, we follow Cho's argument to prove the following Theorem l22.2[ from which 
(2) , (3) of Theorem I2TM1 follows. 

Let Xi, . . . , X n be formal variables and di £ A (i = 1, ...,n). We consider 
relations 

rXiXj + XiXi^o, i?j 

{ XiXi = djl. 

We take a free (noncommutative) A algebra generated by X±, . . . , X n and divide it 
by the two-sided ideal generated by (|22.1I) . We denote it by Cliff a (n; d), where we 
set d = (di, . . . , dn)- 

Let I = (ii, . . . , if.), 1 < ii < ■ ■ ■ < ik < n. We write the set of such J's by 
2 {i.-.n}. We put 

Xi = X n X l2 ■ ■ ■ X lk _ 1 X lk G Cliff A (n; d). 

It is well known and can be easily checked that {Xj \ I € 2^ 1, - : ™^} forms a basis 
of CliffA(rt; d) as a A vector space. 

For / e 2^' -' n \ we denote its complement by 1°. 

We next consider (u, b) g Crit ($$$D b ). We take (u, b c ) which is the weak bounding 
cochain of the cyclic filtered algebra (H(L(u); Aq), {m^.' 6 }) corresponding to b. 
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When (2) of Condition 12.191 is satisfied, we have b = b c . If (1) or (2) of Condition 
12.191 is satisfied, we have 6 C G i? 1 (L(u); A ). 

We put y(u)i — e Xi and regard ^iO b as a function of Xi. Denote b — J3!Li %i{b)ei. 

Definition 22.1. If (2) of Condition [239] is satisfied, we put = <#Q b . If (1) 

of Condition 12.191 is satisfied, we put 

WQ^yO.oZ- 1 :H 1 (L(u);A )^A . (22.2) 

We recall that Corollary 118.261 shows = identity on H l {L{u); Ao) when (2) of 
Condition l2.19l is satisfied. 

Let (2d\, . . . , 2d n ) be the eigenvalues of the Hessian matrix 



dxidxj 



{x{V)) 



counted with multiplicity. 

In Sections I2T1 and [22| we identify 

H(L(u), A) = HF((L(u); (b, &)); (L(u); (b, 6)); A). 

Then by definition, the product U c,< 5 is given by 

h ± U^ Q ft 2 = {-l) dc ^ dc ^ + ^m' 2 h ' bC (h u h 2 ) 

where rri2 b ' fc is as defined in (|18.6p . Then the (filtered) A x relation implies that 
(H(L(u); A),U C ' Q ) defines a ring. 

Theorem 22.2. Suppose that one of the two conditions in Condition \2.19\ is sat- 
isfied. There exist a basis {e^ | i = 1, . . . ,n} C H (L(u); A) and a map 

$ : Cliff A (n;d) -> (H(L(u); A), U C ' Q ) 

£/ie following properties: 

(1) $ is a A algebra isomorphism. 

(2) $pr,)=e{. 

(3) We pwt <J>(A 7 ) = e'j. TTien 

f(-l)*W J-/ c , 
I otherwise. 



(e' I ,e'j} PDL{u 



Here 

*(l) = #{(i,j)elxl c \j <i}. (22.3) 
(4) Ifl^{l,...,n}, then 

(5) 

<!,...,„} -vol L(u) e0ff d (L( M ); A). 

Proof. We first consider the case dimL(u) = 2. (That is the case where (1) of 
Condition l2~19l holds.) By Lemma HOI we have ¥ G H l {L{u); A ). 
Let x G iJ x (L(u); A ). We have 

(x U C ' Q x, 1)pd Mu) = (x, x U C ' Q l)pD i(o) = (a:, x) PI) = 0. 
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Therefore using dim L(u) = 2 again there exists : Ao) — > Ao such that 

xU c - Q x = Q(x)l. 
It is easy to see that is a quadratic form. In fact, we have 

1 d 2 

Therefore there exists a basis e' l5 e 2 of _ff 1 (L(u); Ao) such that 

2 , J „2 



Q(x) = --^<PD c b (b c + tx). (22.4) 



0(a; 1 e' 1 + X2e' 2 ) — d 1 x 1 + d 2 x 2 , 

where 2d±, 2d 2 £ Aq are eigenvalues of the Hessian of ^D c b at b c . By replacing 
by ce^ for some c € A \ A + we may assume e^e^ — vol £ („) G 0d<„ H d (L(u); A). 
It is easy to see that e[, e' 2 have required properties. 

We next consider the case (2) of Condition 12.191 is satisfied. We start with 
proving two lemmata. Consider the classical cup product hi A h 2 . 

Lemma 22.3. Assume (2) of Condition WHA If hi € H d >(L(u);A), then 

hi U C ' Q h 2 - hi A h 2 e H d (L{u);A). 

d<d 1 +d 2 

Proof. By Lemma ri8.19[ we have dim A^3 n ^ m,p (/3; p) > n + 2 if degree of p(i) = 2. 
Therefore 

degq w (b^,/ ll ,/i 2 ) =degev *((ev 1 ,ev 2 )*(/i 1 x ha); M%P(p; b®')) 

= deg ^ + deg h 2 +n- dimA^f n; {(3; b® e ) <d l +d 2 ~2. 
The lemma follows. □ 
Lemma 22.4. Assume (2) of Condition \2.1fA Then we have 

Proof. By definition 

n 

q30£(a:) = c p bPT^^c((3; p) [] exp(( ei fl d(3)x t ). 

fl,p i=l 

Here we put 

fcO ' p 

and 

c(/3;p) = ev *(Mi;|p|C9;p)). 
The summation is taken for all (3, p with dim A4i ; | p | (/3; p) = n. (See (7.5) |FOQ05j .) 
It is then easy to see that 

= V c p b*T^^c(P; p)(ej n 00)( ej D 9/3) TT ex P(( e * n ^K). (22.5) 

Let hi be the harmonic one form whose cohomology class is e, . We can easily prove 
that 

evo*((ev 1 ,ev 2 r(/iix/i 2 ) + (evi,ev 2 )*(/i 2 x/ l i);M^ ;p (/3;p)) 

'' 1 (22.6) 

= c(P;p)(e i nd0)(e j ndp). 
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(See the proof of Lemma 10.8 [FOOQ4) and Appendix 1 of the present paper for 
the relevant argument.) We remark 

^;2 ;/ s([p];^® A?) 



/ n i 

( CpbPT^/ 2 - J] exp((e a n 60)3*) 



0,P 

x evo*((evi,ev 2 )*(h i x h 3 ); M™£' p (p; p)) c ) 1. 
Lemma [22^1 follows immediately from (|22~5l) . ([22l)|) . ([22~7| . 

By the cyclicity of the c-perturbation we have cyclic property 

(hi U C ' Q h 2 , h 3 ) POL(u) = (h u h 2 U C < Q h 3 ) PBL(u} 
for hi, h 2 , h 3 e H(L(u); A ). 

We now take an n x n matrix A = [aij]-'jl™ (a^ G A) such that 

dxidx-j 



(22.7) 



□ 



(22.8 



(1) 



(x(b)) 



A = 2 



di 
d 2 







(2) dot A = 1. 
We put 



Lemma T22.4I implies that 

e^U c ' Q e; + e ;-U c ^ e' i =2d i 6 ij . 

Therefore there exists a ring homomorphism <£> : CliffA(«;rf) — > (H(L(u); A), U^) 
satisfying (2) of Theorem [22~2l 

We define a filtration on ChffA(n; d) by 

F l CliS A (n;d) = AZj. 

#/<; 

The associated graded algebra gr(C\iSA(n; d)) is the exterior algebra. We define a 
filtration on H(L(u); A) by 

F l ff(L(«);A) = 0ff t (L( 11 );A). 

fc<i 

Lemma 122.31 implies that the quantum product respects this filtration and 
gr(H(L(u); A)) is isomorphic to the exterior algebra as a ring. 

Therefore $ induces an isomorphism gr(C\iS\(n; d)) —> gr(H(L(u); A)). It im- 
plies that $ itself is an isomorphism. Hence follows statement (1). 

Statement (4) follows immediately from Lemma 122.31 and the definition. By 
Lemma T22.3I we have 

<!,...,»} = e i U C ' Q ■ ■ • e' n = e[ A ■ ■ ■ A e' n 

= dctA ei A • • • A e„ = vol i(u ) mod (J) H d (L(u); A). 

d. < r i 



146 



K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO 



(5) follows. 

For / = {ii,..., ik} € 2* 1 '" ,,n * we put d 1 = di 1 ■ ■ ■ di k . By the Clifford relation 
(E^TI) . we have 

e> I U<>Qe' J = (-iyd InJ e> IeJ (22.9) 

where I J = (I U J) \ (J fl J). (We do not calculate the sign * in (|22.9I) since we 
do not need it.) (|22.9[) and (4) imply that e'j U c,< 5 e'j has no degree n component if 
J 7^ I c . Therefore using (|22.8|) . we have: 

(e^e' J ) P D tw =(e' / ,e' J U^l) PDMu) =(e' / U^eS,l) PDiW = / e'.U^e^O. 

J L(u) 

Remark 22.5. This is another point for which we use the cyclic symmetry in an 
essential way. 



(j2231) implies 



A e' IC ee U c - Q e' IC = 



{l,...,n} 



ee (-l)*Wvol L(M) mod 0ff d (iM;A). 

Therefore we have 

*(/) 



(e / J ,e^) PDlw = / e^Ae' JC = (-l)* 

JL(u) 



:(«) 

Here *(/) is as in (|23.6|) . We have thus proved statement (2). The proof of Theorem 
122.21 is now complete. □ 



23. Residue pairing and Hessian determinant 

In this section we complete the proof of Theorem 12.241 We first prove (2) and 
(3). Using Theorem [2^ (31 and (P?23|) we calculate 

Z((H (L(u); A), (-, .) PDlM , U^, PD[L(u)])) 

defined as (|2.18|) . We consider the nonzero terms in (|2.18[) . Since g I; > g J ^ ^ 0, it 
follows from Theorem [2T2l (3) that I 3 = J 3 = {1, . . . , n}. Then (e h U c > Q ei 2 , e/ 3 ) ^ 
implies I\ = Ii, which we put /. 

Similarly we have J\ — J2- g IlJl 7^ implies J\ = J 2 = I c - Thus we have 

Z((H(L(u); A), .) PDmu) , U^ b , PD[L(u)})) 

= ( e / uC ' Q e /> e i,.,n)pD 1( „, (ejc U C < Q e IC ,e h .... n ) PDLM 

If #J = p, then 

= p(n — p) + n(n — l)/2. 
(This sign comes from the sign * in (|2.18jl .) We then have 

*/,2 = p{p - l)/2 + (n - p)(n - p - l)/2 + = mod 2. 
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Therefore (|23.1j) is equal to 

i,j=n 

(23.2) 

Thus Theorem E21 (3) holds. (2) also follows using equality ^O c b = <$D b ( ([2T2]) 
and Corollary M^M- 

We next prove (1) of Theorem 12.241 Let X be a compact toric manifold and 
fa 6 H(X; A ). Let (u, b) e M(X, fa). 

Here we use q-perturbation (and not c-perturbation) to define 9Jl(X, fa). We 
study the operation rri2' b (and not mJj' b ' b ) which is defined by q-perturbation at 
the first step of the proof. So, at the first step of the proof, we consider b G 
H l (L(u);A ). 

We assume that b is a nondegenerate critical point of *pD b . We define by 

hi U Q h 2 = (-l) dcg,ll ( dog ' i2+1 W^ b (/ii,/i 2 ). 

We first prove the following variant of Theorem 122.21 

Proposition 23.1. There exist a basis {e^ | i — l,...,n} C iJ^L^u); A) and a 
map 

$ : CM A (n;d) ->• (H(L(u); A), U Q ) 
with the following properties: 

(1) $ is a A algebra isomorphism. 

(2) <J>(J*Q) = <. 

(3) {e< | i = l,...,n} C H 1 {L{u); Kq) . Moreover {e[ mod H l {L{u); A+) | i = 
1, . . . , n} form a basis of i? 1 (L(w); C). 

(4) 

e ' { i,...,„}- v °lL(«)e0 J ff d (iN;A + ). 

Proof. We start with the following lemma. 

Lemma 23.2. Let H be a symmetric n x n matrix with Aq entries. Then there 
exists e[ G Aq, i = 1, . . . , n, with the following properties: 

(1) {e^ | i = l,...,n} /arm a fcasis o/ A". 

(2) {e^ mod A + | i = 1, . . . ,n} /orm a 6aszs of C n . 

(3) (e^, i?e' ) = for i 7^ j . Here (■, ■) : A" x A" — > A is the standard quadratic 
form. 

Proof. We take A > the largest number such that all the entries of T~ X H are in 
Ao. We may assume A = without loss of generality. 

Let H = H mod A + be the complex nxn matrix. It is nonzero and symmetric. 
We can take a basis fi of C" such that (li,Hij) = for i ^ j. We may assume 
furthermore that (L, Hii) = 1 for i = 1, . . . , k and (f^, Hii) = for i = k + 1, . . . , n. 
(k > 0.) It is easy to lift fi to fj € Aq such that (fi,Hfj) = holds for any 
i = 1, . . . , k and j ^ i. Then, with respect to the splitting Aq = Aq © Aq _,c , H also 
splits so that its restriction to the first factor has the required basis fi, i = 1, . . . , k. 
Thus the lemma is proved by induction on n. □ 



2 n di ■ ■ ■ d n = det 



dxidxj 



(x(b)) 



148 K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO 

We apply Lemma [2321 to the Hessian matrix Hess;, b ) and obtain e^. We may 
replace by ce[ for some c £ Ao \ A+ so that we have the following in addition: 

det[ei...<] = 1. (23.3) 

(Here we regard each of e'^ aslxn matrix.) 
Now statement (3) is satisfied. 

We next observe that the operator m 2 ' , that is constructed by q-perturbation, 
satisfies the conclusion of Lemma l22.3[ in our situation where Condition l2.19l (2).(3) 
is not assumed. In fact we can use |FOOQ5] Corollary 6.6 in place of Lemma Tl8. 61 

It implies 

e'j - e' H A • • • A < £ H e (L(u); A+) (23.4) 

e<k 

for 7 = (fx, • • • , ik)- Here we put ej = e[ • • • e£ . We use the fact that the 
contribution of pseudo-holomorphic discs to rri2 is of positive energy to show that 
the difference in (|23.4j) is modulo A + . 
Lemma [2321(3) and (f23~4j) imply 



2di if % = j 
if j, 



for some di £ A + . Then if we define the map <I> by (2), statement (1) follows. 
(4) follows from ([2"33j) and (|2"3~4l . The proof of Proposition I2TTT1 is complete. □ 

We remark that di are eigenvalues of the Hessian of tyD b with respect to the 
coordinate e£. Namely if we write b £ if 1 (L(M); Aq) as b = ^2 x' i <s! i then 



det 



2,7— n 

d 2 ¥D b 



rib) 



= d\ . . . d n . 



In fact the matrix in the left hand side is the diagonal matrix with diagonal entries 
di. Then using (|23.3|) we have 



det 



d 2 yo b 



dxidxj 



(6) =d 1 ...d n . (23.5) 

- i,i=l 



Here Xi is a coordinate of i/ 1 (L(w); A) with respect to the basis ej. 

Remark 23.3. Since we do not have cyclic symmetry, Proposition 123.11 does not 
imply (e'i,e'j)pD L(u) = for J ^ I c . We only have 

, e , ^ _ |(-1)*( 7 ) mod A+ forJ = / c , 

' ' L{u) |0 mod A+ otherwise. 

Here we denote 

* (7) = £ I x I c \j <i}. (23.6) 

Now we move from m b ' b to bb , where b c is obtained from b as in Definition 
118.271 Then by Corollary 118.221 we have a ring isomorphism 

& : (ff(L(tt);A ),U«) -> (H(L(u); A ), U c ^). 

Here we remark that U*^ is induced from m b ' b and U c,< ^ is induced from m^' b ' b ■ 
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We now define 

(23.7) 

and 

e? = <U^---U^<. (23.8) 

Now we have 

Proposition 23.4. There exists a map 

tf : C\iS A (n;d) -> (H(L(u); A), U C ' Q ) 
wif/i f/ie following properties: 

(1) $ is a A algebra isomorphism. 

(2) 
(3) 

e {i,,n}-A w e®^(i(«);A + ). 

e/<n 

This is immediate from Proposition 123 . ll and 5i — id = mod A+. 
Now we are in the position to complete the proof of Theorem l2.24l (1). We have 
o € A + such that 

(1 + o)vol z(tt) - <...,„ e H k (L(u); A). 

k < n 

Using Corollary [US] we find that the formula (f2CT2"]) for = to = (1 + o)volj,( u ) is 
equal to (|20.2|) for = to = e" . Namely 

(1 + 0) 2 (i #:qmj ( t , !6c )(vol i ( tl )), j# !qm ,(b,6')( V0l iW))PDx 

= £ J K 6 ' 6 ' (e'/, <...,„), mf' 6 ' (e'j, <... )n )) PDlM . ( 23 - 9 ) 

Using cyclic symmetry and Proposition 123.41 Formula (|23.9|) is equal to 

£ (-1)*°.'. V J K ,M ' «„.,»> m 2 ' M ' (e'J, <„.,„)), e?>PD Mu) 

= J2 (-ir 3 ^9 IJ dj(m 2 ^ C «...,„, e'j.), e^') PDL(u) 

= I] • • • d„(e'J, e'/) PDi(u) = 2 n di • ■ ■ d„. 

Here di — . . . d ik for J" = — , ife). 

The calculation of the sign is as follows. We put |/| = k, \ J\ — I. Note we only 
need to calculate sign in case l = n — k mod 2. Now 

n(n — 1) 
*lj,J= — 

*2,i,j = *x,l,J + ((k + 1). 

Here we get the sign (n + k)(£ + n + 1) to go from (-,-)pd l(u) to (v)cyc and 
(fe + l)(n + 1 + n + £+ 1) for the cyclic symmetry and £(fc + 1) to back from (•, -^yc 
to (■, ■) pd l{u) ■ The sum of these three is i(k + 1). 
We next have 

1(1 - ll 

H,i,j = *2,i,j + £(ji + 1) + + *(J). 
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Here *(J) is as in (|23.6|) . In fact, we get £(n + 1) to go from rri2 to the product, and 

e5u^e^ = (-l)^ + * (J) e'j t 
by Clifford relation. Similarly we have 

(n-e)(n-i-l) 
= + n(k + 1) + ^ ^ >- + *(J). 

We can easily find that *4,j,j = mod 2 by using k + 1 = n mod 2. 

The above calculation and (|2"33)) imply Theorem I2T2H (1). □ 

Remark 23.5. We remark that e" e ^(Ll^u); A) may not hold, e", (i — 1, . . . , n) 
form a basis of the tangent space TV Aq)). 



24. Cyclic homology and variation of the invariant Z 

The purpose of this section is to put the invariant Z(H, {m k }, (•), e) (Definition 
I2.21jl of cyclic filtered Aoo algebra (H, {mfe },(•), e) in the perspective of several 
other stories such as cyclic cohomology. 

We begin with a review of cyclic (co)homology of algebra which is a minor 
modification of the story of cyclic (co)homology of associative algebras. ([Con], 

M-) 

Let K be a field of characteristic and (C, {nife}^ , e) an algebra with unit 
e. We assume the following condition. 

Condition 24.1. (1) C is a finite dimensional K vector space. 

(2) mo(l) = ce for some c G K. 

(3) mi = 0. 

Hereafter in this section, we replace mo by 0. Namely we put mo(l) = 0. Thanks 
to item (2) above, we still have a filtered j4oo algebra, after this replacement . 

We define Bk(C[l]) in the same way. We define eye on them as in (|17.6j) . Let 
£^ yc (C[l]) be the quotient space as in Section [TTJ We put 

00 

B cyc CT])=0BrCTD- (24.1) 

k=0 

The Aoo operation rrifc defines a differential 8 cyc on them by (|17.8|) . 

Definition 24.2. The cyclic homology _ffC*(C) is the homology group of the chain 
complex (B c y c (C*[l]),<5 cyc ). 

The cyclic cohomology HC* (C) is the homology group of the cochain complex 
(H om{B c ^ (C[l] ), K), (S cyc )* ) . 

We put 

k 

F k B^ c {C[l]) = 05f c (C[l}) (24.2) 

and 

00 

F k Hom(B c ^{C[l]),K) = ]J Hom{B c / C (C[1]), K ). (24.3) 
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By Condition I24.1[ that is m o = 0, we have 

S cyc (F k B cyc (C[l])) C F k ^B cyc (C[l}), 

^ cyc y ^HomiB^iCll}),^) C F k+1 Hom{B cyc (C[l}),K). 
Therefore we have homomorphisms 

H(F k B cyc {C[l]),S cyc ) -> HC,(C), H{Hom{F k B cyc {C[V\),K),{8 cyc )*) -> HC*(C). 

We denote their images by F k HC*{C), F k HC*(C). 

For a unital Aoo algebra (C, {mfc}^ , e) satisfying Condition 124.11 (C, m2,e) 
becomes an (associative) algebra with unit. We call it the underlying algebra. 

Proposition 24.3 (Compare |Kaj section 6). If the underlying algebra of(C, {tTifc}^L , e) 
is isomorphic to the Clifford algebra associated to a non- degenerate quadratic form, 
then 

F k HC,(C) f# kis even, 
F k -iHC*(C) |0 k is odd. [ ' ' 

Moreover all the nonzero elements in the cyclic homology HC*(C) have degree 
* = n — 1 mod 2. (Here we use the shifted degree.) 



Proof. Following [Kaj . we first consider Hochschild homology. We consider BC — 
®T=o B k {C[\}) and define S cyc : B(C[1]) ->■ B(C[l}) by (TEH). 

Definition 24.4. We call the homology group H(B(C[1}), 5 cyc ), the Hochschild 
homology and denote it by HH* (C, C) . 

The boundary operator S cyc respects the number filtration F k B(C[l}). Therefore 
it induces a filtration F k HH*(C,C) on Hochschild homology. 

Lemma 24.5. If the underlying algebra of C is isomorphic to the Clifford alge- 
bra associated to a non-degenerate quadratic form, then -ff-ff*(C, C) = K. It is 
generated by the element 

e v .. n eC = B 1 (C[l}). (24.5) 
In particular, HH*(C,C) = FxHH*{C,C). 

Proof. Let C be the underlying Clifford algebra regarded as an algebra. (Namely 
the rri2 of C is the same as that of C and all higher rrifc of C is zero.) We consider 
the spectral sequence E k (C) induced by the number filtration F k B(C[\\). It is easy 
to see that E 2 (C) = ^(C) — £oo(C"). On the other hand, as in [Ka] page 696, 
-E'oo(C') = K and generated by the element (|24.5p . Therefore the spectral sequence 
for C also degenerates at E% term. The lemma follows. □ 

Now we use the following variant of the famous result by Connes [Con] . This 
Aoo version is given, for example, in |CL| . [HLj . 



Theorem 24.6. There exists a long exact sequence 



>HC, (C, C) -A HC* (C, C) A HH, (C, C) -A HC, (C, C) A (24.6) 



such that 



S(F k H*C(C,C)) C F k _ 2 Ha(C,C), (24.7a) 
B{F k HC,{C,C)) C F k+l HH,{C,C), (24.7b) 
I{F k HH,{C,C)) c F k HC*{C,C). (24.7c) 
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Proof. (Sketch) We consider the diagram: 



F 3 B(C[1}) F 3 B(C[1}) F 3 B(C[l}) <^^- 



5 cyc 



F 2 B(C'{1]) F 2 B(C[1}) F 2 B(C[1]) 



(24.6 



C[l] 



l-cyc 



C[l] 



See (Lq) page 54. Here AT = £* = q eye 1 on B fc (C"[l]). 

We take infinitely many copies of B(C[1]) and denote them by B(C[l])e, 
1,2, We define a map 

B(C[1]) M — > 

as 1 — eye and 

B(C[1]) W+1 — ► B(C[1]) M 
as Af. Moreover we define a map 

B(C[1])2< — > B(C[1]) W 

as — d and 

— > B(C[l]) M _i 
as <5 cyc . The four assignments combined define 

^ oo oo 

^0B(C[1])H0B(C[1]), 



AT 



C[l] 



1 — eye 



The commutativity of (|24.8I) implies d o <2 = 0. 

In the same way as the proof of |Lo] Theorem 2.1.5, we can prove that 



HC(C)^H [®B(C[l]) t ,d 



We also remark that the d cohomology always vanishes. 

On the other hand, we have an exact sequence of chain complecies 

oo oo 2 

B(C[l]) t -> B(C[l]) t -+ B(C[l]) e -+ 0. 



£=3 



£=1 



The homology of the second complex is the cyclic homology. The homology of the 
first complex is the cyclic homology with degree shifted by 2. The homology of the 
third complex is the homology of <5 cyc complex, that is the Hochschild homology. 
The theorem follows. □ 



Now we are ready to complete the proof of Proposition 124.31 By Lemma 124.51 
we have F HH(C,C) K. By HMM and (p4~7bl) I : HH*(C,C) -> HC*{C,C) 
is injective on FqHH(C,C). Therefore the generator of FqHH(C,C) induces a 
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nontrivial element of HH*(C, C). Then using HH(C, C) F HH(C, C) = K and 
(124. 6p we can prove that S induces an isomorphism 

F k HC,(C,C)/F k ^HC,(C,C) S F k ^ 2 HC,(C,C)/F k . 3 HC,(C,C) 

for k > 0. (|24.4p follows easily. 
We remark that 

deg' ei...„ = deg ei...„ - 1 = n - 1. 

Moreover S does not change the parity of the degree. The statement on degree 
follows. □ 



It is well known among the experts that cyclic cohomology controls deformations 
of cyclic Aoo algebras. Explanation of this is now in order. (In a similar way, de- 
formations of algebras are controlled by Hochschild cohomology. See |FOOQ3] 
Subsection 7.4.6, for example.) 

Let (C, {m k },e) be a unital algebra satisfying Condition 124.11 Let ( • ) : 
C k €5 C n ~ k — > K be a nondegenerate bilinear form such that 



(24.9) 



{vxk{x\, ■ . .,x k ),x ) 

= ( _ 1)deg ' x (dcg< * 1+ ...+dc g ' Xk) {mk{x ^ Xi ) _ _ _ ; JBfc _ i j ) ^ 

In other words, (C, {rrifc}, ( • ), e) is a cyclic unital A^ algebra. 
If rrifc is defined only for k < K and if the A^ relation 

E E(- 1 ) dCS ' Xl+ - +d ° s ' "-'mfe (n, . • . , m fc2 (asi, ...),...)= (24.10) 

fc I -\- k<2 = fc 

is satisfied only for k < if, we call it a cyclic unital Ak algebra. 
We next consider the ring 

K[6] 

it m < oo, 



A m - < (0™+!) ' (24.11) 

k Jsr[[0]] ifm = oo. 

Definition 24.7. An Ak deformation of order m of (C, {rrifc}, (•)) is an operations 
m 6 k on C ® A m such that ([2X9]) and (|24.10ji hold for k < K and that m£ = 
mod 6*. 

Remark 24.8. We do not deform (•) or e here but only the operation trtfc. 
A pseudo-isotopy of cyclic A^ algebra is defined by a family of operators 
ml. : B k (C[l]) -> C[l], c| : S*(C[1]) -> C[l] 

parametrized by t € [0,1] such that: 

(1) They are smooth with respect to i in the sense of Definition 118. 151 

(2) For each t, (C, {m|.}, (■)) is a cyclic algebra. 
(3) 

(4:^(xx,...,x k ),xo) = (-l)*{c i ki p(x a ,x 1 ,...,x k - 1 ),x k ) (24.12) 
* = (degxo + l)(dcgxi + . . . + dcgxfe + k). 
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(4) For each x t G C[l] 
d 

— 1 



d t r \ 

-m fc)( g(Xl, . . . ,2fc) 



fc-fc 2 +l 

+ X XX (- i )*4 1 A(^i 5 ---^fe 2l/ 9 2 (a ; i ) ---) ) --->^fe) 

fei+/c 2 =fe/3i+/3 2 =^ »=1 (24.13) 

fe-fe 2 +l 

fei+fe 2 =fc ( 3i+/3 2 =/3 i=l 
= 0. 

Here * = deg' x\ H + deg' X{_i. 

We can define a pseudo-isotopy of cyclic Ak structure and also of an algebra over 
K m in the same way. 

Definition 24.9. Two Ak deformations of order m are said to be pseudo-isotopic if 
there exists a pseudo-isotopy of cyclic Ak structure over K m such that its operators 
ttlfc and c\ satisfy: 

^ = mod 6, 4 = mod 0. 
dt 

We can prove that a pseudo-isotopy is an equivalence relation in the same way 
as in |Fu2j Lemma 8.2. 

Proposition 24.10. The set of pseudo-isotopy classes of An deformations of order 
1 of (C, {rrifc}, (•)) corresponds one to one to the set 

HC* (C) /F N+2 HC* (C) (if N <oo ), 

proj lim HC* (C) /F m+2 HC* (C) (if N = oo ), 

m 

with * = n + 1 mod 2. 

Proof. Let = rrtfc + (9Arrifc be an Ak deformation of order one. We put 
A+m fc (a; 1 , . . .,x k ,x ) = (Am fc (a; 1 , . . .,x k ),x ). 

Then 



(A m ,..., A m^) G ^ u-_^cyc^ rin (24.14) 



The Ak relation among them implies that the left hand side of (I24.14[) is a (<5 cyc )* 
cocycle. 

Suppose rrife + ^Arrife is pseudo-isotopic to rrife + 6A'rrifc. Take a pseudo-isotopy 
m k , c\ among them. Since c fe = mod 9 we have c\ = c k 6. We put 

e k = [ t k dt, 



and define t k in the same way. It follows easily from (|24.13|) that 

(Amo,...,Amiv) - (A'm , . . . , AW) = S cyc {e+ , . . . ,t N ). 

We have thus defined a homomorphism to HC*(C)/F N+2 HC*(C) from the set 
of pseudo-isotopy classes of >l m -deformations of (C, {rrife}, (•)) with order 1. It is 
straightforward to check that this map gives the required isomorphism. 

The proof in the case N — - oo is similar. 
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We remark that if A + mfc(a;i, . . . , x k , Xo) ^ then 

k 

deg' Xi + 1 + deg' xq = n + 2 mod 2. 

Therefore deg A + rrifc = n + 1 mod 2. □ 

Proposition 24.11. Lei (C, {ttlfe },(•), e) 6e a unital and cyclic A x algebra satis- 
fying Condition \24J\ Let a e HC*(C). If [a] E HC* (C) / F A HC* (C) lifts to an 
A 3 deformation of order \, then a lifts to an deformation of order oo. 

Proof. The proof is by obstruction theory, similar to, for example, IFOOQ3] Lemma 
7.2.74. We put a = (a k )f =1 , a k = J2f=i 0ia k,3 h "fe.j G Hom{B c J c C,K). We are 
given 02,1 and will find other a k j. The degree of a k ,i is n — 1 modulo 2. 
For each step we consider Hom(B^ c C,K) part of 

ki +k 2 =k— 1 ji +]2 =j 

which is a <5 cyc cycle of degree = n mod 2. Namely the obstruction to find them 
inductively lies in the group F k HC* (C)/F k+1 HC* (C) with *eh mod 2. This 
group vanishes by Proposition 124. 31 Hence the proof. □ 

Remark 24.12. Two cyclic Aoo algebras which are pseudo-isotopic are homotopy 
equivalent as cyclic A x algebras. (This is proved in |Fu2) Theorem 8.2.) However 
the homotopy equivalence may not be strict in the sense of |FOOQ3] Definition 
3.2.29 (2). In fact, we have the following example. 

Let us consider C = Aeo © Aei with dege^ = i. Here eo is a strict unit and 
ni2(ei, ei) = e . We put (eo, ei) = 1 and m k = for k > 3. 

Let e* 1 '" - ' 1 * € Hom(B k C, K) (ii,...,i k £ {0,1}) be the elements such that 
e' 1 '-' 1 ' (e^j ® ••• ® et k ) = 1 and that e H '~> %k are zero on other basis. We put 

k 

e (ii,...,ik) _ _k e v,...,»fc,»i,—,V-i _ 

Here ± is chosen so that this element is cyclically symmetric. It is easy to see that 
jcyc e (n) _ g However e^ 11 * 1 is zero in cyclic cohomology. Namely <5 cyc *e' ' = e^ 11 ). 
This element e 1 - 11 ) corresponds to the deformation of the boundary operator mi to 
where m^(ei) = 9eo. The (nonstrict) isomorphism between (C, m) and (C, m ) 
is given by ip such that fa(l) = Oeo. Having nonzero <£>o(l) corresponds to having 
nonzero bounding chain b. In fact if b = 6e\/2, then 

m?(ei) = m 2 (6»ei/2, ei) + m 2 {e 1 ,9e 1 /2) = 9e . 

We also remark that in the above example we have <5 c y c *e( 01 ) = e^ 001 -* + e^ ln \ 
and e^ 111 ^ gives a nonzero element in cyclic cohomology. This corresponds to the 
deformation to m e 2 where 

m2(ei,ei) = e + <9e . 

We can show nontriviality of this deformation by using the trace Z, for example. 

On the other hand, the element e' 1111 -' is a S cyc * coboundary and is so zero 
in cyclic cohomology. (This follows from Proposition 124.31 We can also check it 
directly.) 
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We remark that the first nontrivial element of the cyclic cohomology lies in 
F°HC*{C)/F 1 HC*(C). It deforms the operator m (l), that is the critical value. 
(This comes from Hochschild cohomology and so is an invariant of algebra, 
whether or not it carries a compatible inner product.) 

We next discuss the relationship between the trace Z(C, {rrife}, ( • ), e) and cyclic 
homology of (C, {m^}, ( • ), e). This relationship becomes most transparent in case 
the following condition is satisfied. 

Definition 24.13. Let (C, {rrifc}, ( • ),e) be a unital and cyclic algebra satis- 
fying Condition 124. II 

We say ei , . . . , e n is a cyclic Clifford basis if the following conditions are satisfied. 

(1) ' 

2c?il i = j 



e t U v ej + ej U w e 



i^j, 



where di 6 K \ 0. 
(2) e,, Je^ 1 ") is a basis of C. Moreover 



e/,ej = 



(-1)* J = F 
otherwise. 



Here ej = e h U Q ---U Q e ik if / = {h,...,i k }. * = G J x J \ j < i}. 

The basis {e^} in Thcorcm l22.2l is a cyclic Clifford basis. 

Lemma 24.14. // {ei, . . . , e„} is a cyclic Clifford basis of (C, {m^}, ( • ), e), then 
we have 

Z(C,{m k },{- },e) = 2 n d 1 ---d n . 
The proof is the same as ([23~Tjl . (|23?2|) . 

Let {tu|} be a first order A3 deformation of (C, {trifc}, ( • ),e) and consider 

Z(C, {<},(■ ),e)€K. 

We put 

Z(C,{m e k },( ■ ),e) = Z(C,{m k },(- ),e) + 9AZ 

where AZ E K. We have thus defined 

fF a HC*(C) \ 
AZeHomi—, y -4,K). 24.15) 

Let {m e k } be a first order A 3 deformation of (C, {rrifc}, ( • ), e) and consider 

Z(C,{m e k },(-),e)eK. 

We put 

Z(C, {m 6 k }, ( • >, e) = Z(C, {m fc }, ( • ), e) + 8AZ 
where AZ £ K. We have thus defined 

(F^HC* (C) \ 

Remark 24.15. Here we use the fact that any isomorphism between unital algebras 
preserves unit, automatically. 

Theorem 24.16. If b is a nondegenerate critical point of^D b which corresponds 
to b c by Definition \18.27\ then (H(L(u); A), {mjj.' b ' h }, (•), e) has cyclic Clifford basis. 
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Proof. We will prove that the basis e" in Proposition [233] is a cyclic Clifford basis 
up to scaler multiplication. The next proposition is the main part of its proof. 

Proposition 24.17. If J ^ I c , then (e'l,e"j) PDL{u) = 0. 

Proof. We prove the following lemma. 

Lemma 24.18. If K c 2* 1 " } , K ^ {1, . . . , n}, then 

(-l)V J K Mt (e;',e^ ) mf' k '(e'j ) et.. in )>PD 1M = 0. (24.17) 

Here * = n(n — l)/2. 

Proof. We calculate the left hand side of (|24.17l) using cyclic symmetry to obtain 
J2 (-l)*p"(mf" bt (e^ ) mf' 6C (e'i,e' 1 ' ) ... ) J),e?)p DiW . (24.18) 

We do not calculate the sign here but only remark that, for given J, K, n, it depends 
only on the parity of |/|. 
We put 

Then (|24.18j) is equal to 

"£(-iyh s (J,K)g IJ g SI = E(-1)*^W^)- 

/,J ./ 

Here we use the fact that the sum is taken for / such that the parity of |/| is the 
same as n — \J\ 

On the other hand, 

c,b,b c / ii c,b,6 c / ii ii \\ I c,b,& c / II II \ , I II 

«V i e K^2 ( e ./, e i,. ..,«)) = ±cm 2 ' • (e K ,e JC ) = ±ce KeJl 

for c, c' G A. So /i,/(J, if ) = for J ^ K Q J c . J = K Q J c does not hold for 
K 7^ {1, . . . , n}. The proof of Lemma 124.181 is complete. □ 

Corollary 24.19. e£ e ©fe<„ H k (L(u); A). 

Proof. We put 

e^- Cl vol i(u) e 0if fe (L(u);A), <„.,„- cavol i(tt) G0^(I(w);A). 

< n < n 

Here c 2 = 1 mod A + so c 2 ^ 0. By Corollary [19.91 the left hand side of (24.17) is 
cic 2 E (-l)*9 IJ {™-l' b,b (e^,vol L(tt) ),m 2 ' M (e'j, vol i(u) )) PDL(u) ■ 

/,,/G2{ 1 "I 

By Theorem l20.2l this is nonzero unless c\ = 0. Therefore the corollary follows from 
Lemma HUTS] □ 

Now we have 

K,e'>z, Ml0 = <e?,e'ju c '« e) P ^ (t() = (e^U^e'j, e) PDi(B) 
Proposition 124.171 follows. □ 
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Propositions 123.41 and 124.171 imply that appropriate scaler multiplication of e" 
gives cyclic Clifford basis. □ 

Theorem 24.20. Let (C,{m e k }, (-),e) be a unital cyclic algebra that admits a 
cyclic Clifford basis. Then the homomorphism 



AZ ■ F*HC*(C) ^ K 



is an isomorphism. 



Proof. We consider the following deformation: We dehne such that the induced 
product structure is 

((2d! + 6)1 i=j = l 
e, U Q e 3 + e,- U Q e t = < 2dA i=j^l 

This is A3 deformation. So it lifts to a deformation of A^, structure by Proposition 
124.111 It gives an element of 

F 3 HC*(C) 
G F 4 HC*(C)' 

By Lemma [2XT41 

Z(C, {m e k },(-),e) = 2 n (d 1 +e)d 2 ...d n . 

Therefore 

AZ(X) = 2 n d 2 ...4/0. 
Namely AZ ^ 0. Since ptnc- iq\ — K m °ur case, we have proved Theorem 

mm □ 

It is likely that the components of a cyclic homology in F 2 kFl C* (C) / F 2 k-iHC^ (C) 
for k > 1 can also be realized as a higher loop analogue of the trace Z attached 
to the unital and cyclic filtered A^ algebra. Namely we expect that a A;-loop ana- 
logue of Z for unital and cyclic filtered A^ algebra can be constructed by taking a 
sum of appropriate products of the structure constants of rrifc< (k' < k) over certain 
Feynman diagrams into each of whose exterior vertices the unit is inserted. 

Thus the current situation looks very similar to those appearing in the contexts 

of 

(1) higher residue pairing and primitive form. |Saj . 

(2) S 1 equivariant cohomology and gravitational descendent. [Gi2J 

(3) asymptotic expansion and perturbative Chern-Simons gauge theory. 

We hope to explore the relationship of our story with these in a sequel of this paper. 

Remark 24.21. We however remark that our invariant Z and its higher-loop 
cousins are slightly different from the invariant of cyclic A^ algebra described in 
[Kolj . In fact, in our work the unit plays a significant role as well as the A^ 
operations. 

The 0-loop (or genus 0) case of the invariant of [Kolj looks closer to the invariant 
defined in |Fu3] . where the Maslov class is assumed to vanish. 
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25. Orientation 

The aim of this section is to compare the orientations of the moduli spaces 
Mi,i(/3 a ) ov + x cv+ Mx t i(Pb) and Ms,o{Pa') (evo.evi) x (ev ,evi) M 3 ,o(M , which 
appear as codimension two strata of the moduli space of -M a ""j'™ am (/3). 

We recall from Lemma [20.61 that we have two points [Si] and [S2] in the moduli 
space of annuli A^?™)"™- Let 7 be a path in .M^""'"^ 1 " joining [Si] and [S2]. 

Taking the inverse image of 7 under the forgetful map ■M a ^',™ ajn (/3) — > M^™'™™ 
in (|20.3I) . we obtain a compact space with oriented Kuranishi structure, which 
bounds the inverse images of [Si] and [S2]. Note that the inverse images of [Si] 
and [S 2 ] correspond to Mi, i(/3 a ) cv + x cv + Mi,i(/3 b ) and M 3 ,oWa') (evo.evi) X (ev ,evi) 
■M3 o(/8&')) respectively. Then our main result of this section is as follows. 

Proposition 25.1. Let 7 be a path in ■A4 a J"Jl. ain joining [Si] and [S2]. Then 7 
intertwines the orientations between 

(-l) 11 ^ (J Ml,l{(3 a ) ev+ * ev+ Ml,l{j3 b ) 

and 

[J Mzfi(fia') (ev ,evi) x (ev ,evi) M.3,o(fib>)- 

The orientation of the moduli spaces appearing in Proposition l25.ll will be defined 
in the subsections below. To compare the orientations of these moduli spaces, we 
follow the argument in [FOOQ3| and reduce the problem to the one for linearized 
operators. As in the proof of Proposition 8.1.4 in [FOOQ3] . we further reduce the 
problem to the case of product bundle pairs. We discuss this point in detail below. 

25.1. Operators Di and D2. Firstly, we explain the orientation of A^ a " 1 'j™ am ( J 8). 

Since L is a principal homogeneous space under the action of T n , its tangent 
bundle TL is trivialized by the fundamental vector fields of the T"-action. We fix 
this trivialization in this section. We reduce the problem of determining orientation 
to the one in the linearized problem. 

Let p > 1, A = A p = [1, p] X S 1 and u : A —> X a smooth map with u{diA) C L 
for i = 1,2. Here we denote diA = {p} x S 1 and d^A = {1} x S 1 . Pick p > 2 and 
consider the linearization of the Cauchy-Riemann equation at u: 

D u d : W^HA- diA, d 2 A),u*{TX; TL, TL)) -> L P {A; A ' 1 A ® u*TX). 

We adopt the argument in Subsection 8.1.1 in F0003 as follows. We pick 
a boundary parallel circles Ci = {p — e} x S 1 C A, C2 = {1 + e} x S 1 with a 
sufficiently small e > 0. Denote by Z = D?^ U CP 1 U D%s the quotient space 
of A by collapsing Ci and C2 to points. Here we identify the origin 0(i) of the 
disk D?]s with the "south pole" S G S 2 = CP 1 and the origin 0(2) of the disk 
Df 2) with the "north pole" N £ S 2 = CP 1 . We identify dD 2 t) = d l A. Using the 
trivialization of TL, we can descend the vector bundle u*TX — > A to E —> Z. Note 
that (u\g i A)*TL C E\g i A, i = 1, 2, as totally real subbundles. Then the orientation 
of the index D u d is described as the fiber product orientation of the index problems 
on £}(i), CP 1 and D 2 2 ^ as follows. We identify E\dh with a trivial bundle D 2 ^ x C" 
such that the totally real subbundle (u\g i A)*TL is identified with diA x M n . 
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By deforming the operators in the space of Fredholm operators keeping the 
boundary condition, we can assume our the operators on D^yCP and D 2 2 ^ are 
Dolbeault operators: 

9 (i) = 9 : W t = ^^Ol.^iCM") -> L p (D 2 i - ) ,A 0,1 D 2 i - ) ® C n ), i = 1,2 
9 CP i=9 : W CP i =iy 1 ' p (CP 1 , J B| CP i)^L p (CP 1 ,A ' 1 CP 1 «)£;). 

Here and hereafter we denote by C n or R™, the trivial ro dimensional, complex or real 
vector bundles, respectively. Denote by Dom the triple (£1 , C> 6) £ Wi x Wcpi x 
such that 

6(0(1)) = C(5) e Eo w =s, 6(0(2)) = G ^o (2) =jv. 

Then we find that the index of D u d is identified with the index of the restriction 
of © dcpi © 9(2) to Dom. 

We now study the orientation of M.x,i(/3 a ) v+ x ov+ Aii.i(ft) as a fiber product. 
We first give orientations on M.i.i{fi a ) and M.i,\{flb) by following the argument 
in Subsection 8.1.1 [FOOQ3 ] again. That is, we collapse boundary parallel circles 
Ci of discs in each factor and reduce the orientation problem to the one for the 
Dolbeault operator on CPh\ with holomorphic vector bundle E^ and the one on 
(D 2 ,dD 2 ) with (C n ,R n ). By homotopy, we may assume that the origin Ou\ £ 
D 2 ^ is located between Ci and dD 2 { y Since the Dolbeault operators on CPi are 
complex Fredholm operators and the fiber products with their indices are taken 
over complex vector spaces, the orientation problem is reduced to the case that 
J5(ij = D%-> x C™ and the totally real subbundle over dD 2 ^ are dD 2 ^ x R n . Namely, 
it is enough to study the orientation of the index of the operator D±, which is the 
restriction of 9(i) © 9(2) to 

Dorm = {(6, 6) eW!®W 2 \ a (0(i)) = 6(0 (2 ))}. 

Next, we explain the orientation of Aiz,a{Pa) (ev ,evi) x (ev ,evi) M.3,o{Pb)- Denote 
by Zq^ , z± , z% are boundary marked points on dD 2 ^ respecting the counter clock- 
wise orientation of the boundary circles. As in the previous case, the orientation 
problem is reduced to the orientation of the index of the operator D 2 , which is the 
restriction of the Dolbeault operator 9(i) © 9( 2 ) to 

Dom 2 = {(6,6) G Wi © W 2 I a(4 1} ) = 6(4 2) ) fOT * - 1.2}. 

To prove Proposition 125.11 it suffices to compare the orientations of the indices 
of these operators Di and D 2 . 

Notation 25.2. (1) In the rest of this section, (v\, . . . , v n ) stands for the n dimen- 
sional real vector space spanned by Vi equipped with the orientation given by the 
ordering Vi,...,v n . 

(2) We fix an orientation on R™. (In geometric setting, we fix an orientation of 
the Lagrangian submanifold L.) Pick an oriented basis ei, . . . ,e„ of R™ so that 
R" = (ei, . . . , e„). Then (ei, y/— lei, . . . ,e n , \/— le„) gives the orientation on C n , 
which will be identified with the tangent space of the ambient toric manifold X . 
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25.2. Orientation of Index D x . For the bundle pair (C n ,R n ), the Dolbeault 
operators du> (i = 1,2) are surjective. 

To study orientation of Index£>i , we need to pick finite dimensional reductions 
of du\ such that the coincidence condition for values at O^) and 0( 2 ) is transversal. 

Let A'i = {z G C | 1/4 < \z\ < 3/4} C D%y Pick and fix a decreasing smooth 
function a : [0, 1] -> R such that a(r) = 1 for r < 1/4 and a(r) = for r > 3/4. 
We put 

f^ l) = V^la(\z\)e 3 , 9j=ej, i = 1, 2, j = 1, . . . , n 
and define 2n-dimensional oriented real vector spaces Ui by 

L/ » — \/X !•••)/« J Si : ■ ■ ■ y9n /■ 

We define I?j by 

^ = ^,...,^)) 

where 

^ W = \/^Tcr'(kl)(^ - V^Trrf6l) ® ej, j = 1, ... ,n. 
Here a' is the first derivative of a and (r, 9) is the polar coordinate so that z = 
re^~^- B . The restriction of the Dolbeault operator du\ is the following mapping 
Si : Ui — > Ej = Ui x i% where 

s i (f!j i) ) = (f!j i \4% *Cflf) = (flf,0). 

By Convention 8.2.1 (4) in F0003 , the fiber product of the linearized Kuranishi 
models (sjji^ — > Ui) with respect to the evaluation maps ev^ at the points € 

D %) is s iven b y 

{-l) n {s = s l ®s 2 ;E 1 ®E 2 ^Ui cv+ x cv+ U 2 ). (25.1) 

(1) (2) 

Since the evaluation maps are given by ev^ (fj ) = y/^lej and ev^ (g^ ) = e^ in 
this model, we find that 

U l cv+ X cv+ ^2 = <fl,...,f„, gl,-..,gn) 

ev (i) ev (2) 

as an oriented vector space. Here 

f, = Uf,if)> » = (ffj 1) .»} a) ), i = !>•-, n. 
We note that for each i = 1 , 2 the orientation given by 

(ev+(./f), . . . ,ev+(/«), ev+( 5 «), . . . ,ev+ (<#>)> 

= (V-Tei, . . . , \/^Te n ,ei, . . . , e„) 

differs from the complex orientation of C™ by (_i)™(™+i)/2. (See Notation[2E]I](2).) 
Here we regard C ra as the tangent space of the ambient toric manifold X which is 
the target space of the evaluation maps. 

Therefore, by combining this with (|25.ip and canceling s(fj) = (vi , ou t 
from the front of the basis, we obtain a finite dimensional reduction of the operator 

(-l) n{n - 1)/2 (0;E 2 ->U). (25.2) 

Here we define U by 

U = (gi, ■ • . ,g„). 
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We identify E% x U with E_ 2 = E2 X U% in an obvious way. This is the obstruction 
bundle of the above Kuranishi structure. 

25.3. Orientation of Index D2. For convenience of description, we use K x 
[0, 1] C C instead of D 2 C C. Let x, y be coordinates such that z — x + V^ly on 
C. We identify zq (resp. z\) with the limit x — > +00 (resp. x — > —00). Pick and 
fix an increasing smooth function p : R — > K such that p(x) = for x < — 1 and 
p(a;) = 1 for x > 1. We put 

= p(x)ej, kf=ej, i = 1,2, j = l,...,n 
and define the oriented vector spaces 

where 

xf } = p'(x)(dx - V^Tdy), j = l,...,n. 

Then the Dolbeault operator dt{\ restricts to a mapping ti : V% — > F_, t = V t x Fi 
which is defined by 

t i (hf) = (hf\ x f), u(kf) = (k?\o). 

Namely ti : Vi is a finite dimensional reduction of d^j . 

By Convention 8.2.1 (4) in F0003 again, the fiber product of the linearized 
Kuranishi models (U;^ — > Vi) with respect to the evaluation maps (evo,evi) at zq 
and z\ is given by 

(-l) n (t = h®t 2 ;F 1 ®F 2 Vi (evo.evo x (evo , CVl) V 2 ). (25.3) 

Since the evaluation maps are given by evo(h^) = evo(fcj^) = ej, ev\(h^) = 
and evi(k^) = ej, wc find that 

Vl (ev ,evi) x (cv ,cvi) Vi = (hi , . . . , h n , ki , . . . , k„) 

where 

h J = (hf\hf), k j = (kf\kf), i = l,...,n. 

By canceling t(hj) = (xj j X^) ou t from the front of the basis, we obtain a finite 
dimensional reduction of the operator D 2 : 

(-l) n (0;Ea^V :=(k l5 ...,k n )). (25.4) 

Here the obstruction bundle is F_ 2 , which we identify with F 2 x V. 

25.4. Continuation of linear Kuranishi models. In order to compare the ori- 
entations of the index bundles of D\ and D 2l we will find a continuous family of 
linear Kuranishi models joining them. 

Firstly, we use of gluing to reduce the problems to the ones on the annulus. For 
p > 1 we denote the annulus by A p = {z e C | 1 < \z\ < p}. We use the polar 
coordinates (r, 9). 
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25.4.1. Linear Kuranishi model for D±. Gluing the two discs and D 2 2 ^ by 

O(i) = 0(2) and smoothening the double point, we obtain the annulus A = A P1 . 
(pi > 1). Here we identify 

dDf 1} = {z e C | \z\ = Pl }, dDf 2) ={zeC\\z\ = 1}. 

(This makes the function ip introduced below increasing.) Let D\ be the operator 
obtained from D\ after this gluing. Below we describe a finite dimensional model 
of D x . 

Note that the elements of the obstruction bundle E_ 2 are supported in the annular 
region in -D^ 2 ) awa Y from 0(2) ■ Therefore after we glue two discs the support of 
E_ 2 becomes to a subannulus A' = {z e C | r\ < \z\ < r2} in A. The elements 
of E_ 2 are also identified with C n -valued (0, l)-forms with support on A' . In other 
words, there exist 1 < r± < r2 < pi and a increasing smooth function (p(r) with 
the property that tp(r) = for 1 < r < r\ and p(r) = 1 for r% < r < pi such that 
after we glue two discs, the vector space E% becomes: 

E = (<p'(r) f^^dr + dA ® e u . . . , <p'(r) (^—^-dr + d6 



Denote by g 3 ■ : A — A P1 — > C™ the constant map with the value and define an n 
dimensional oriented real vector space 



4n ■ 



V ■■= (gi,...,g v 

Then the linear Kuranishi model (-l)"(™~ 1 )/ 2 (0; E 2 -> U) in becomes the 

following 

{-l) n{n - 1)/2 (0;E^V), (25.5) 
after gluing. Here E_ = E x V. This is a linear Kuranishi model for D\. 

25.4.2. Linear Kuranishi model for £>2- Recall that we identified D 2 with R x [0, 1] 
with zq (resp. Z\). Here zq (resp. z\) corresponds to the limit x — > +oo (resp. 
x — > — oo). We pick z 2 = € E x [0, 1] C C. For a sufficiently large R > 0, we glue 
two copies of ([-R,R] x [0, l]) w by identifying {{R} x [0, 1]) (1) = ({R} x [0, 1]) (2) 
and ({— R} x [0, l])(i) = ({— R} X [0, 1])(2) to obtain an annulus A. 

We pick an identification of A with A P2 (p 2 > 1) such that z^"* corresponds to a 
point on d\A P2 and z\ corresponds to a point on the unit circle 9 2 A P2 . 

Let D2 be the operator obtained from Z? 2 after this gluing. Below we describe a 
finite dimensional model of I?2- 

Recall that elements of the obstruction bundle F_ 2 are C"-valued (0, l)-form 
supported in the region { — 1 < x < 1} C K x [0, 1]. Hence, after the gluing, these 
elements correspond to C"-valued (0, l)-forms on the annulus A P2 with support 
in {ci < 9 < C2] C A, where ir/2 < c\ < c 2 < 3ir/2. Moreover, there exists a 
decreasing smooth function ip : [0, 2ir) — > M with the property that i/j(0) = 1 for 
< ci and ip(6) = for 8 > c 2 such that i 7 ^ becomes the space 

F = (i>'(9) {^^-dr + de^j <8ei,...,^'(d) ^^^dr + rf6»^ <g)e n ^ 
after gluing. (The function i/> is decreasing because of the way we identify A with 

A>2') 
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Then the linear Kuranishi model (— l) n (0; F 2 — » V) described in Subsection [253] 
becomes 

(-l) n (0;F^V = { gi ,...,g n )), (25.6) 
after gluing. Here gj : A — A P2 — > C™ is the constant map with the value ej and 
F_ = F x V. This is our linear Kuranishi model for Di. 

25.4.3. Continuation of the linear Kuranishi models. Let A = A Pl = A P2 . We take 
functions ip(r) (resp. ip(0)) as in Subsection 125.4. J (resp. Subsection 125.4.2"]) . 
We consider the following families of oriented vector spaces: 



— -dr + d6) (8>ei, 



and 



B(r)=/(r + (l-ry(r))(: 

...,{T+{l-T)ip'{r)){j^dr + d6) ®e„^ 

F(t) =([-T+{l-T)^{9))(^-dr + de^ ®ei, 

. . . , (-r + (1 - T)i>'{6)) (^~dr + dO) ® eA 

They are subspaces of C°°(A; A ' 1 ® C"). 
We remark 

F(0)=F, £(0)=£J, F(l) = (-1)™P(1). (25.7) 

Note that ip(r) (resp. ip(&)) is an increasing (resp. decreasing) function. There- 
fore for any r € [0, 1] we have 

r + (1 - T)<p' (r) >0 

(25 8) 

-r + (1 - T)ip'(r) <0, v ' ; 

both of which are not identically zero. 
We show the following: 

Lemma 25.3. Let P = d : W^iA, dA; C", R n ) -> L p (,4; A ' 1 ^ ® C") &e tte PoZ- 
beault operator on the annuls A with coefficients in the trivial bundle pair (C™,R n ). 
Here p > 2. for any r € [0, 1], we have the following: 

(1) Im 9®£!(t) =L p (A;A ' 1 ,4(g)C"). 

(2) Ima®F(r) =LP(A;A°' 1 v4(g)C™). 

Proof. For the Dolbeault operator P on the annulus (A, cM) with coefficients in the 
trivial bundle pair (CM"), we have index P = 0. We also find that Ker P = K" 
consisting of constant sections with values in ]R n . Thus Coker P is n-dimensional. 
In order to prove the lemma, it is enough to show Im <9nP(r) = and Im <9nP(r) = 
0, respectively. Since the bundle pair (C n ,R n ) is the direct product of n-copies of 
(C, K) , we consider the case that n = 1 from now on. 
(1) Suppose that there exists / : (A, OA) — > (C,K) such that 

df = (r + (1 - t)</j' (r)) ( ^-dr + d9 



r 

Pick a function g(r) : [l,pi] — > K such that g(l) = and 

rg'(r) = r + (1 — r)ip'(r). 
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Then we have 



0(V=T$(r)) = (t + (1 - tV (r)) I ^-dr + dd 




Then / — \J— lg is a holomorphic function on A such that 
Im (/ - v^T.9) = 



on d\A 
on c^A 

Here d x A = {z e C | |«| = pj, d 2 A = {z e C \ \z\ = 1}. 

By the Schwarz reflection principle, we extend / — \f—lg to a holomorphic func- 
tion on C\ {0}, the real part of which is bounded. Since the region {z g C | Re z < 
R} for a constant R > is conformally equivalent to the unit disc, the removable 
singularity theorem implies that / — \/—lg extends across the origin in C and it is 
a constant function. On the other hand, by (|25.8|) . r + (1 — r)ip'(r) is non-negative 
and positive somewhere for r € [0,1]. Thus g(pi) > 0. This is a contradiction. 
Hence we have Im d n E(t) = 0. 

(2) Let pr : A = [1, p 2 ] x R — >• A be the universal cover of A. By abuse of notation, 
we denote by (r,9) the coordinates on [l,pa] x M. We define f(r,8) = f(9) by 



/(*)= / (-r + (l-r)^))de, 



o 



which satisfies 



df = (-t + (1 - t)iP'(6)) {^-y-dr + rf^ 
Suppose that there exists h : (A, dA) —> (C, R) such that 

a/i = (-r + (1 - r)ij)'{6)) (^^-dr + d9 

Then k = f — h o pr : (A, dA) — > (C, R) is a holomorphic function such that 

fe(r,27r)-fc(r,0) = /(27r)-/(0). 

By the Schwarz reflection principle, we extend k to an entire holomorphic function 
on C, the imaginary part of which is bounded. Hence A; is a constant function. 

On the other hand, by (|25.8I) . — r + (1 — T)ip'(6) is non-positive and negative 
somewhere for r e [0, 1]. Hence f(2n) — /(0) ^ 0. This is a contradiction and we 
have Im d D F(r) = 0. □ 



Lemma 125.31 and (|25.7I) imply that the linear Kuranishi models (0;E_ — > V) 
and (— l) n (0;£ — > V) are joined by a one parameter family of linear Kuranishi 
models {(0;E(t) — > V)}o< T <i and {(0;F(r) — > V)}q< t <i and the deformation of 
the complex structure on the annuli as p varies from p\ to p 2 - Therefore by (125.5)) 
and (|25.6|) the orientations of the linear Kuranishi models of the indices of D\ and 
D 2 differ by the multiplication by (— l) n (™ -1 )/ 2 . This implies Proposition l25.ll □ 
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26. Sign in Theorem 120.11 and Proposition 121.21 

Using Proposition 125 . 1 1 we check the signs in the formulas in Theorem 120.11 
and Proposition 121.21 Throughout this section, space means one with oriented 
Kuranishi structure. (See Definition Al.17 in [F0003 ). The dimension of a space 
with Kuranishi structure means the virtual dimension. We use the same notation 
as in [F0003 and follow the convention. Especially see Section 8.2 of |FOQ03j . 
Other than the convention of the pairing we use the same convention as |FOOQ3] 
on orientation and sign. See Remark 126.51 

26.1. Some lemmas. In this subsection we prepare some general lemmas on ori- 
entation of fiber product and Poincae duality which will be used later. Let Z be 
a smooth closed oriented manifold. For the later argument we consider the case 
either Z is a toric manifold X of dimension 2n, or a Lagrangian submanifold L of 
X. Let S and T be spaces with oriented Kuranishi structures. Let / : S — s- Z 
and g : T —> Z be weakly submersive maps. (See Definition A1.13 [FOOQ3] for 
the definition of weakly submersive maps.) Then we can define the fiber product 
S x z T := S f x g T over Z in the sense of Kuranishi structure. We put 

deg S — dim Z — dim S, deg T = dim Z — dim T. 

By Convention 8.2.1 (4) in [FOOQ3J . we define the orientation on S x z T. On the 
other hand, we denote by A the diagonal set in Z x Z. Let i : A — > Z x Z be an 
obvious inclusion map. By Remark A1.44 in [FOOQ3] . we can also define the fiber 
product A x Z xz (S x T). Clearly S x z T = A x ZxZ (S x T) as a set, but as for 
the orientations we have 

Lemma 26.1. S x z T = (_l)dim^de g S A XzxZ x T ) 

Proof. First we assume that S, T are smooth manifolds and fs, Jt are submersion. 
Put S = S° x Z and T = Z x °T. See |FOQ03j Convention 8.2.1 for this notation. 
Then Convention 8.2.1 (3) in |FOOQ3] gives the orientation on S x z T by S x z 
T = S° x Z x °T — (_i)dimZde g s z x 5-0 x o T _ Q n the other hand, if we put 
S x T = (Z x Z) x °(S x T), we find S° x°T = °(Sx T). By identifying A = Z as 
oriented spaces, we obtain S x z T = (_i)dimZdo g s A XzxZ (5 x T). Fo r general 
cases we can prove the lemma by using Convention 8.2.1 (4) in |FOOQ3] . □ 

Next, let fi : S — > Z and gi : T — > Z {i = 1, 2) be weakly submersive maps. We 
can define the fiber product S x ZxZ T := S/f ± j 2 \ X( fflifl2 ) T over Z x Z. Then we 
can show the following. 

Lemma 26.2. 

Sx ZxZ T= (- l) dim Z ^ S+dim T) ( A . Xf lXgi (S X T))f 2Xg2 x l A. 

Remark 26.3. By the associative property of the fiber product (Lemma 8.2.3 in 
|FOOQ3] V this is equivalent to 

S x ZxZ T = (_i)dimZ(dcg5+d im T) Ai x f ^ gi x T)hx ^ x . A y 
If no confusion can occur, we simply denote the right hand side by 

( _ 1) dimZ(degS+dimT) A { g x y) A ^ 
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Proof. We put Zf = Z( = Z (i = 1, 2) and 

S = Zf X °S° X Zf = (_l)dim^dimSo s ,o x x 
T=Zlx °T° X Zf = (_l)dimZdimT z T x x oj* 

Then by the definition of fiber product we have 

S X Z xZ T = (-Ijdim^dimS+dimT^o x Zx Zx " T ». 

On the other hand, we find that 

A x Z xz (S x T) xzxzA 

— A Xzxz {Zt x °S° x Z$ x Z\ x °T° x Z 2 T ) x Z xz A 

= ^_ 1 )dimZ(degS+di m T) A x x o^o x oyo x z | x ^T) x ^ A 

= (_i) dim - z ( d °sS+ dimT ) A x ° g° x oj 10 x A 
_ (_^dlmZ(degS+dimT) 5 x ^ y 

□ 

Let / : A p P C Z and j : A ? ^ Q C Z be smooth singular simplicies of 
Z. For simplicity of notation we sometimes denote them by P and Q respectively. 
We denote deg P = dim Z — dim P and deg Q — dim Z — dim Q. In the sense of 
Kuranishi structure, we may assume that / and g are weakly submersive and we 
can take the fiber product P Xz Q as above. 

Definition 26.4. We define the Poincare pairing in Z by 

(P,Q) PDz := (-l) dcsPdcsQ Px z Q. 

Remark 26.5. We note that we used a different pairing, which is denoted by 
(•, -)book here, in [FOOQ3| from (•, -) PDz . See Definition 8.4.6 in |FOQ03j for the 
definition of (•, -)book- The relation between (•, -)pd z an d (•, - )book is given by 

(P,Q)PD Z = (-l) dOgPdOSQ (P,0)book. 

This is the only point where sign convention of this paper is different from one in 
[FOOQ3| . In fact, by Remark 8.4.7 in |FOQ03j . we have 

(P,Q) PDz =#PHQ= / PD(P)APD(Q). 
Jz 

Here PD(P) and PD(Q) are differential forms (currents) which are Poincare dual 
to P and Q satisfying 

I v= I PD{P)Av, I v= I PD(Q)Av (26.1) 
Jp Jz Jq Jz 

for any differential form v. See Remark 3.5.8 (1) in |FOQ03j . 

The following lemma is an immediate consequence of Lemma 126.11 
Lemma 26.6. We have 

(P,Q) PDz = (_1)dcgPd im Q A XzxZ ( p x Q) 

Next, we decompose the diagonal set A into sum of e/ x e,/. (Here we note that 
in this section we use homological notation. That is, ej denotes a chain which is 
the Poincare dual via (|26.1|) to e/ used in Section [5J Section [50] - Section [53] and 
Section [M]) Namely we show the following. 
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Lemma 26.7. A = E/,j(- 1 ) |/ "' 7| 5 , " e / x e ./; where \ J \ = dege/, \J\ = degej, 
gu = (ei,e,j)pD L and g IJ is its inverse matrix. 

Remark 26.8. This is a standard fact. See |BT] Lemma 11.22, for example. Note 
that the formula in [BT] is written in terms of differential forms, while ours above is 
written as the equality of homology classes. To translate the equality of homology 
classes into one of differential forms, we need to use the Poincare duality. There 
are different sigh conventions of the Poincare duality. In fact, our convention (126. ip 
is different form Bott-Tu's given by (6.21) in [BT]. We denote by PD BT (P) the 
Poincare dual to P in the sense of Bott-Tu's text book. Then we can easily see that 

PD BT (P) = (-l) dc z pdimP PD(P). (26.2) 

By noticing this difference, we can see that Lemma T26. 71 is the same as Bott-Tu's 
Lemma 11.22. (Anyway, our equality itself is an equality of homology classes. So 
the sign here does not depend on the choice of conventions.) 

Now when Z = L, the Poincare pairing (•, -)pd l itself does not satisfy the cyclic 
symmetry like (|2.20p . However, if we use ^(i 3 , Q) for the pairing, it satisfies this 
cyclic property. Using the cohomological notation, we define 

(P,Q) cy c := J^m 2 (P,Q). (26.3) 

We also extend it over A coefficients naturally and denote it by the same symbol. 
The difference between (P, Q)pd l and (P, Q) cyc is described by the following lemma 
which is nothing but Corollary 8.6.4 in |FOOQ3] . 

Lemma 26.9. (P,Q) PDl = (-l) dcgP(dcgQ+1) (P, Q) cy c 
We define 

h u := ( e/ ,e, 7 ) cyc = (-l)l / l(l J l+ 1 )(e / ,e, / ) PDi = (-l) |/|(l J|+1) .9/j, (26.4) 
with |/| = dege/, \ J\ = degej. Then we have 

h u = (_i)(m+DIV J . (26.5) 

Lemma 26.10. 

ff /J (m 2 (e/,pt), m 2 (ej,pt))pD L 

= £ (-l)\ A W J \h IJ h AB h co h DO (e^U^ecWc (e B U^ej,e D ) cyc . 

I,J,A,B,C,D 

Proof. We first note that the following general formula. 
Sublemma 26.11. 

(P,Q)pd l = Y,^ i y AllBl 9 AB ( P ^A)PD L (Q,e B )PD L . 

A.B 

Proof. Put P = J2 P c e c and Q = £ Q D e D . Then we have 
(P,e A ) PDL =J2 pC ( e c,e A ) PDL =J2 pC 9cA 
(Q,e B )p DL = ^2Q D (e D ,e B )pD L = ^2Q D 9db 
(P,Q) PDl = Y, pC Q D ( e c,e D )pD L = z 2 pC Q D 9cD- 
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Therefore we have 

g AB {P, e A ) PDL (Q, e B ) PDL = £ g AB P c g CA Q D Qdb 

P Q 9 gCA9DB- 

Here we note that g BB = (— 1)' D " B '<7b,d- Thus we get 

9 AB 9CA9DB = {-ir^g C A9 AB 9BD = {-ir m 9CD, 
because \A\ — \D\. Hence we obtain Sublemma 126.111 □ 

By this sublemma, we have 

^2g IJ (m 2 (e I ,pt), m 2 (e.j,pt)) PDL 
I, J 

= E (-l) lA]]Bl 9 IJ 9 AB (^i,Pt), e A ) PDL (m 2 (ej,pt), e B ) PD . L . 

T,J,A,B 

Now in order to use the cyclic symmetry, we replace the pairing (•, - )pd l by (•> - )cyc 
defined by (I26.3|) . Then by using Lemma T26.9I and (I26.5|) . we hnd that the above is 
equal to 

£ ^Mm+^u^B (f n 2 ( ej) p f)) e A ) cyc (m 2 (ej,pt), e B ) cyc . 

I,J,A,B 

Here 

7i - degm 2 {e I ,pt)(\A\ + 1) + degm 2 (e, 7 ,pt)(|B| + 1) + (|J| + 1)| J| + (\A\ + 1)\B\ 
= (|/| + n)(\A\ + 1) + (| J\ + n)(\B\ + 1) + (|/| + 1)| J| + (|A| + 

where n = dim L. We note that 

\A\ + \B\ = \I\ + \J\=n 

|/| + |A| = |J| + |B|=0. 1 D ' 0j 

In particular, we have \A\ = \I\ and \B\ = \ J\. Therefore it follows that 

71 = n mod 2. (26.7) 
Then by using the cyclic symmetry (|2.20|) . we have 

£ (_ 1) |A||fl|+7x+7 3/l " /l AB ( ffi2 ( eA ,ei), pt) cyc (m 2 (e B ,ej), pt) cyc 

I,J.A,B 

with 

72 = (|yl| + 1)(|/| + n) + (\B\ + 1)(\J\ + n). (26.8) 
Furthermore from (|2.2ip . we obtain 

£ ^m-n+^^u^B^o^o (eA u^ b e/ , e c ) cyc (e B U fa '"e,/, e D ) cyc , 

I,J,A,B,C,D 

where 

l3 = \A\(\I\ + l) + \B\(\J\ + l). (26.9) 
By taking (|2XB)l into account, (121TT)) . pTSl) and (12^3)) yield 
l4|S|+7 1 +7 2 + 73 = |A||S| = |A||J|. 
This finishes the proof of Lemma 126.101 □ 
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26.2. Proofs of signs in Theorem 120.11 and Proposition I2TT2I Let P and Q 

be smooth singular simplicies of L. At the final stage, we will consider the case 
P = Q = pt, a point class of L which corresponds to vol/,. 

Step 1: Firstly we explore orientations on various spaces of fiber products using 
the evaluation maps at the boundary marked points. 
We apply Lemma 126.21 to the situation that 

evf 1 : A^ ain (/3i) L, evf 2 : Mf^fe) -> L, (i = 0, 1). 

Note that since the Maslov index (i(j3) is even, we have dim A4™Q in ((3) = n+[i(j3) = 
n and degM™Q m (/3) = mod 2 for any /3. Thus we have 

(M^Pifr)^^ x (ov?iCV?) A^o in (/3 2 )) (cv ^ cvf2) x (P x Q) 
= (-ir (A x LxL (X^ ain (/3i) x M™ m {p 2 )) LxL x A) (evfl>evf2) x (P x Q), 
where 

e x = n(degX^ in (^) + dim M^ in (f3 2 )) = n mod 2. 
By the associativity (Lemma 8.2.3 in [F0003 ) and Lemma T26.71 we have 

(^at 11 ^)^,,^,) X (ev , 2 , cvf2) ^3 n ain (^))(evf 1 ,evf 2 ) >< C >< Q) 
= y"(_l)ei + |7||J| fl JJ 
I, J 

A x LxL ((xS!o ain (/3i) x M%T(fo)) xlxl (e, x e.,)^^, x (P x Q)) . 

(26.10) 

We show the following lemma. 
Lemma 26.12. 

A x LxL ((A^nA) x A^ in (/3 2 )) x LxL ( ej x e.j) (ev , l ev , 2) x (P x Q)) 
= (-l)«+l^l d ^A x Lxi (M^ in (ft; e/j P) x M^ in ((3 2 ;ej,Q)y 

Proof. We write the LHS in Lemma 126.121 as 

A x Lxi ((M^r^i) x M^ n (p 2 )) x LlxL2 (e, x e,,) x L , xLi (P x Q)) 

and put 

e/ = ii x °ej, ej = L 2 x °e, 7 , 

P = L 3 x°P, Q = L 4 x °Q, 

, . \ (26.11) 

X = Ax LxL [M^ m (M x M£ am (/3 2 )J 

= X° x L\ x L 2 x L3 x L 4 = X° x L 3 x L 4 x L\ x L 2 . 
By the associativity again, it is equal to 

(A x ixL (Mf^Wi) x M^(ft))) x ilXi2 (ej x ej) x L , xLi (P x Q). 
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Using the notation introduced in (|26.11j) . we can rewrite it as 
(X° x L 3 x Li x Li x L 2 ) x LlXi2 (L 4 x °ej x L 2 x °ej) 

= (-l)^(A- xL 3 xL 4 xi 1 x L 2 ) x ilxL2 (Li x L 2 x ° e/ x °e, 7 ) 
Xl 3 xl 4 (i 3 xL 4 x Px Q), 
where e 2 is given by 

e 2 = n(|/|+degP). (26.13) 
If we put ej x e,/ = L\ x L 2 x °(ej x e,/) and P x Q = L 3 x L 4 x ° (P x Q), we can 
easily see 

°(P x Q) = (-l)" dogPo P x °Q. 
Therefore (|26.12[) is equal to 

(-l) e2+£3+ei (> x L 3 xL 4 xL lX L 2 x °( ej x e, 7 )) x L3XL4 (i 3 x L 4 x °(P x Q)' 

= (-l)«+ 6 »+ e *^° xLixL 2 x °(e 7 x e, 7 ) x L 3 x L 4 ) xl 3 xl 4 (l 3 x L 4 x °(P x Q)) 
= (-1)^+63+^4^0 x Lx x P> x °( ej x ej ) x L 3 x L 4 x °(P x Q), 

(26.15) 

where 

e 3 = n\I\, e 4 = ndegP. 

Next we study X° . We put 

MffiiPa) = Mf$ n [l3 2 y xL 2 x L 4 . 

Then we find that 

X = A x ixi (M^ in (/3i)° x Li x L 3 x X^ in (/3 2 ) x L 2 x L 4 ) 

= (-1)"A x LxL (Mf$ in (fc)° x MTPifoT x L 4 x L 2 x L 3 x L 4 ) 
= (-1)"A x LxL (M^ m (^)° x A*S#°(ft)°) x Li x L 2 x L 3 x L 4 . 
Hence we have 

A 10 = (-1)™A x Lxi (X^ ain (/3i)° x X§;r(/3 2 )°). (26.16) 
We substitute (|26.16|) into (|26.15[) . Then the LHS in Lemma |2"6~T21 is equal to 

(-l) £2+£3+e4+ "A x ixi (Mf$*{Pi)°x 

A^ ain (A>)° x L x x L 2 x °(ej x ej) x L 3 x L 4 x °(P x Q)) 

= (-l) e '+"+ e *A x Lxi (X^ ain (/?i)°x 

Li x °e 7 x L 3 x °P x Al 3 n o in (/3 2 )° x L 2 x °e, 7 x L 4 x °q) . 
Here an elementary calculation shows that 

e 5 = (n + degP)dime, 7 . (26.17) 
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By Remark 8.2.6 in [FOOQ3] it is equal to the following fiber product 
(-l) e2+n+e5 Ax LX L 

((Mfrm x LlXL3 (ej x P)) x (M^((3 2 ) x L2Xi4 (e, 7 x Q)) 
Then by Definition 8.4. 1 in |FOOQ3] we get 

( _ 1)£2 +n+e 6+ e 6A (M^ifi^P) X M£T (ft; ej, Q)) , 

where 

e 6 = + + \J\) = (n+ l)n = mod 2. (26.18) 
Therefore, from (|26.13j) , (|26.17p and (|26.18[) we obtain Lemma I21TL21 Here we also 
used (|26.6[) again. □ 

Next task is to rewrite the RHS in Lemma 126.121 by using the Poincare pairing 
which is introduced in Definition 126.41 

Lemma 26.13. 

A x ixL (x-n/3 i;e/ ,P) x MT# n (j3 2 ;ej,Q)) 
= (-l) e7 (iTi 2 , ft (e/,P), m2,/3 2 {ej,Q))p Dlj , 

where 

e 7 = (|/|+degP)(n+|J| + degQ). 

Proo/. By Lemma MM ^ = deg M£g in (£i; ej, P) dimX^ in (/3 2 ; e, 7 , Q) = + 
degP)(n+ |J| +degQ) mod 2. □ 

An easy calculation shows that 

e := ei + |/| | J| + n + | J| deg P + e 7 
= (dcgP+ |I|)(degQ + n) mod 2. 

Hence combing it with (|26.10l) , Lemma 126.121 and Lemma 126.131 we obtain the 
following. 

Proposition 26.14. 

(^3:O in (/3l) (oVo ^, ovfl) *(cv ^) -^0 in (/?2)) KliCV?2) X (P X Q) 

= ^2(-lYg IJ <m 2 ,ft(e 7 ,P), m 2:f)2 (e j, Q))pd l , 
i j 

where 

e = (degP+ |J|)(degQ + n). 

Step 2: Next, we explore orientations on various spaces of fiber products using the 
evaluation maps at the interior marked points. In this case we first apply Lemma 
126. II to the situation that 

ev+ : Mi.iCtf') -> X, ev+ : Mi.i^") -> X 

Then we have 

(Xi,i(/3')cv+ x v+, M 1A (n) XL lXi2 (P x Q) 

= (-l) 5l A x x XxX (Xi.i(/?') x Xi.i(/3")) x LlxL2 (P x Q) 
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with 

<5i = dim XdegM M (/?') = mod 2. 
Now we show the following. 

Lemma 26.15. 

Ll Xl2 

= A x x XxX (Mi,i(/3';P) x Q)). 

Proof. Put 

7Wi,i(/3')=^x 7Wi i i( j 9 , )°xLi, 
X 1 , 1 (/3") = Xx°X 1 , 1 (/3")° xL 2 , 

P = Li x °P, 

Q = L 2 x °Q. 

We note that dim°.M M (/3') = dim°.M M (/3") = mod 2. Then the LHS 
Lemma 126.151 can be written as 

Ax x XxX (Mi,i(p') x Mi,i(p")) x LlXi2 (P x Q) 
= A x x Xx x (X x xLiXlx °Mi,i(/3")° x L 2 ) 

x LlxL2 (Li x °P x L 2 x °q) 
= (-l) 52 Ax xxxx (X x °^i,i(^)° x X x JWi,i(/}")° x ii x L 2 ) 

X Ll xL 2 (il X L 2 X °P x °q) 

where 

5 2 = n deg P. 

It is equal to 

= (-1) S 'A X xxxx x °M hl (l3')° xXx °M 1 , 1 (P'T 

x Li x L 2 x°P x °Q)) 
= (-1) 52 A X xxxx (X x xLjxIx 

x L 2 x °P x °Q)) 

= (-l)^Ax x X xx (X x °M 1 , 1 (I3 , )° xL 1 x°PxXx a Mi,i{p")° 
x L 2 x °Q)), 
where 63 = n deg P. Since S 2 + S3 = mod 2 and 

(X x °Mia(/3')° x Lj x °P x X x x L 2 x °Q)) 

= (a* m (/3') x Ll P) x (MliCS") x L2 q), 
we find that the LHS in Lemma 126.151 is equal to 

Ax xxxx x Ll p) x x La q)) . 
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Moreover, Definition 8.10.2 in [FOOQ3] shows 

(Mi,i (I3')x Li p) x (Mi,i(P")x L2 q)=M u (/3';_P)x^ u (/?";Q). 

Thus this finishes the proof of Lemma 126.151 □ 

By using the Poincare pairing on X (which is defined in Definition 126.41 gener- 
ally), we find from Lemma 126.61 that 



(M l ,x{P';P)xM l , 1 {p";Q) 



/ nl t-,\ t / t nil 

)PD > 



--{-l) 5 *{Mx,i{f3';P), Mx,x{P";Q))i 



(26.20) 



where 

Si = degM h i(/3';P) dimMi A {/3";Q) = dimPdimQ. 

Note that deg A^i j i(/3'; P) = dim A^i.i(/?'; P) because dimX is even. Therefore, 
by (|26.19|) . Lemma [MUSI and (I26.20p . we obtain 

Proposition 26.16. 

(M 1A (P') ev + x ev + ti M lt x(j3"j) x LlxL2 (P x Q) 



pi ft 

= (-1)*(.M M (/3';P), M hl {P";Q)) PDx , 

where 

5 = dim P dim Q. 

Step 3: We suppose that j3\ + = P' + /3". We use Proposition 125.11 together 
with Proposition 126. 14l and Proposition 126.161 to get the following. 

Proposition 26.17. 

(Pl,P'(P), Pi,p»(Q))pdx 

= ^(-l) e+5+ ^/ J (m 2 , ft (ex, P), m 2 , & (e, 7 , Q)) PDl . 
i, j 

Here 

e = (degP + |7|)(deg<5 + n), S = dimPdimQ, 
which are given in Proposition \26.14\ and Proposition \26.16\ respectively. 
Now, we consider the case 

P = Q=pt, 

which corresponds to vol^. Then since dimP = dimQ = 0, we have 

PD X 

= ^(-l)^r 11 g IJ ( m2:Pi (e I ,pt), m 2 ,0 2 (ej, P t)) PDL . ( 26 - 21 ) 
i,J 

This finishes verification of sign in Theorem 120. II 
Combining (|26.21l) and Lemma [26.101 we obtain 
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(Pl,f)>(pt), Pl,/3»(pt)}p Dx 

= (-l)\ A W J \ + SSS ^ 1 h IJ h AB h CO h DO 

I,J,A,B,C,D 

(e A U b ' 6 ej, e c ) cyc (e B U M ej, e D ) cyc (26.22) 
J2 (-l)W\ J '\+ ! ^h IlJl h I * J *h I * h J * 

(e Zl U M e 72 , e /3 ) cyc (e, /l U M e j2! e j3 ) cyc . 

Here A = h, B = J x , C = I 3 ,D = J 3 ,7 = J 2 and J = J 2 . By Definition [2111 
the right hand side of (|26.22l) is nothing but Z(b,b) and hence we have verified 
Proposition 121.21 with sign. 

Remark 26.18. If we rewrite the RHS in ()26.22j) in terms of the Poincare pairing 
(•) ')pd l , we use Lemma T26. 91 and (|26.5|l to obtain 



(Php'ipt), pi,p»(pt)) 



PD X 



= E (-ljV'V'VV' (26 . 23) 

^1 s^2j^3)^1j^2j</3 

(e 7l U M e/ 2 , e l3 )p DL (ej 1 U M e./ 2 , e. h ) PDL 

where 

C = M + + (\h\ + i)l Ji\ + + 1)| J 2 | 

+ |/ 3 | + 1 + I Jal + 1 + (|/i| + \h\)\h\ + (\Ji\ + \M)\M (26.24) 

= \h\\M + ^^ mod 2 
by taking (|26.6I) into account. 
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Part 3. Appendix 

27. Appendix 1: Coincidence of the two definitions of S b,b 

Let 

n 

b = J2*i e i e ^(Liu); A ). 

i=l 

Decompose b = b a + b + with b Q e ^(^(u); C) and b + e H l (L(u)] A+). We start 
with comparing the two representations 

p b ° : Hi(L(u);Z) ->■ C*; 7 i-> e^ nbo 
p 6 :Fi(L(«);Z) -> A \A+; 7 ^ e ^ b . 

If we put rji = e ri G Ao \ A + and 7 = X^« e i e Hi(L(u);Z), then we can write 
p b : Hi{L(u); Z) A \ A+ as 

p b (7) = e^ = t ,fa...^ 
as in Section [51 With these notations, we also have 

P b = P b0 P b+ - 

Now we unravel the definitions of mj' b given in Definition EH and S b ' b in Defi- 
nition [535] By definition, we have 

< b (h) 

E <t lB+ll -A b % h A) 

00 

00 

£ e=o lo,hez> 
00 00 

= EE T/3n " /2 V°(5/3)E E ^i+«o +lli P^; 6!f). (27.1) 
,t; i=o k=ai +h=k 

Here we used the definition of m£ given in (HHP . On the other hand, J 6 ' 6 is defined 
as 

^ b = mi , + ^Ir^/ 2 V(W^ 

= mi >° + E T^'V (9/3) (80)^) (27.2) 

in Definition 16.161 And by the definition (16.16[) of 8\ we have 

Sl e (h) = (-l) d ^ h q e .^(b e ;h). (27.3) 
By comparing (|27.ip - (|27.3l) . the proof boils down to proving the following identity 

£ q t]1+l0+h , p (b";b l «,h,b^) = ( ~ 1 ^ CS/l (^,b + ) fc q, ;1; ^(b^;fe). (27.4) 
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In fact, we will prove the following identity 

£ <U;i+lo4Ji;/»(P; *>+) = ( ~^, eS (d/3, &+) fe q^i ;/3 (p; h) (27.5) 

for all p = (p(l), • • • , pCO) with p(i) being a T™-invariant cycle in Q) k>0 A k (Z) 
from which (|2T.4[) immediately follows. 
But we can rewrite 

fc+i 

£ ^a +lo+h Ap;b l -,h,b l -) = Y i q t;k+1;P (p;b^- 1 ,h,b k + - l0+1 ). 

la+h=k (o = l 

Let 

C k = {(ii, . . . , t k ) I < ii < • • • < t k < 1} (27.6) 

and C k its iterated blow up of C k considered in |FOOQ4] which we recall here now. 

Let S = 3D be the boundary of the unit disc D = D 2 C C and /3 D G i? 2 (C, S 1 ) be 
the homology class of the unit disc. We consider the moduli space A^fc+i(C, S; (3d) 
and the evaluation map ev = (ev , . . . , ev fc ) : Ai k+ i(C, S; f3 D ) — > (S' 1 ) fc+1 . We fix a 
point po G S C C and put 

C k :=evo l (po) C M k+1 (C,S;/3 D ). 

We make the identification S 1 \ {po} = (0, 1). Then ev induces a diffeomorphism 

C k nM'g 1 (C,S;PD)->'ht C k 

given by 

[w, z ,..., Zk] i-> (w(zi) - w(z ), . . . , w(z k ) - w{z Q )) 

where 

Int C k ={(ti,..., t k ) I <ti < ••• < tfc < 1} C C fe . 

We identify dD = S ^ R/Z 5 1 . 

We choose the q-multisections on .MS^CS; p) that satisfies Condition ^. 31 For 
given p, consider the perturbed moduli spaces p) q . Then we have 

p) q = A^fOS; p) q x C fe . (27.7) 

In fact, Ai™f in (/3; p) q consists of finitely many free T™ orbits (with multiplicity 
G Q) and .Mf ain ( J 8;p) q = .Mf ain ' reg (/3; p) q . By Condition O (4) we have a map 
■M^f^ reg (/3; p) q — > .M™ ain ' res (/3; p) q . It is easy to see that the fiber can be identi- 
fied with C k . 

Under this identification, Proposition 7.3 |CO] implies that the evaluation map 
ev is induced by 

eYi(u;ti,...,t k )=ti[dj3]-ev(u) (27.8) 

for (u;*i,...,t fe ) G -M^ ain (/3;p) q x Int C k C M^ifc p) q x C\. Here 9/3 G 
Hi(L(u);Z) = M. n , M™ = Lie(T"), is identified with an element of the universal 
cover L(u) = M™ of L(u) = T n and G acts as a multiplication on the 

torus. ev(u) is defined by the evaluation map ev : M™f n (P; p) q — > L(u). We also 
have: 

ev (u;ti,...,i fc ) = ev(u). (27.9) 
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To prove (|27.5j) . we take the wedge product with a T"-invariant form g and 
integrate it on L(u). By definition, we have 

q<;l+!o+Ji;0(P;&+,M+) 

E E ( x ii{ b +)---x ll0 (b + ))(x n (b + )...x Jli (b + )) (27.10) 

/oe{i,...,6} ! o he^,...^}' 1 

x q^;l+io+/i;/3(p; fii j ■ • • , fi lo , h, f^, . . . (fjjj, 

where 7 = («i> • • • , *i )) ^i = C?i: ■ • ■ : J/J- We denote 

x/ (6+) =x il (6+)---x iio (6 + ), z Zl (& + ) = .x J1 (6+)---a; Jli (6 + ). 
Then we obtain 

i-J" 



=k 



[ 9a( E 

I ghk\ Y E ^(M^/itM x 

(u) /oefi,...^}^ /!e{i,...,fc} ! i 

q£;l+/o+/i;/3(P; f ii > - • • > ) K fj t , . . . , fj^ ) 

fc! ^ a;7 (& + )x /l (& + ) x 

9 A (q£ ; i + / 0+ i i;(9 (p; fjj , . . . , f ilo ,h,f jl ,..., fj k+1 _ lo )) 

L(u) 



Now we have 



/ 5 A (q^ ; i +;n+ii;/3 (p; f h , . . . , f ( , h, f, 15 . . . , fj fc+1 _, )) 

JL(u) 

ev* o9 A (ev* (t 1 [dp])*f il A---Aev* (t lo [dp}yf ilo A 



ev* (t lo [d/3])*h A ev* (t lo+2 ldf3})*fn A ■ ■ ■ A ev* Q (t k+1 [d0))*f jh+1 _ lo 

ev* Q gA [ evKhm)*^ A ■ ■ ■ Aev* (t lo [d/3}yk A 

M^f (/3;p)i JC k+1 

ev* (t lo [dp])*h A ev* (t lo+2 [df3]y{ n A • • ■ A ev* Q (t k+1 [dp])*f jk+1 _ lo . 
But we have 

evS A • • • A ev* (ti W])%i A 
ey* o (t lo+1 [d0))*h A ev*(t l0+2 [d(3})*{ n A ■ ■ ■ A ev* (t k+1 [df3})*i 3k+1 _ lg 
(-l)( dc ^)'°ev5( f [t h+1 [d0\rh/\(t 1 [d0\yt il A..-A(t h [d0\yf ilo A 

(t lo+2 [dp]yf n A---A(t k+1 [df3]yf ]k+1 _ lo 

(-l)( dc ^) i0 [ (f W [W/iA(tiWli 1 A...A(t, ( M\ A 

^Jfe + i-io 
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where the last equality follows from T n -invariance of the integrands. By changing 
the variables 

(*Jo+1j*1i • ■ • ^Z ' £ ;o + l'^o+2i ■ • ■ i*fc+l) ^ ( s i Slj • • •) s*) 

the term in the big parenthesis right above becomes 

( _ 1)( dc g h)<o j j (s[d/3])*hA (si[d/3])*fi 1 A 

JC fc •'s !q <s<s !o+ i 

Therefore we obtain 

fc! x i ( b +) x h(b+) x 

ze{i,...,ii}*+ 1 

/ evj^ A (q£;fe+i ; /3(p; , . ■ . , U lQ , h, , . . . , f Jfc+1 _, )) 

ev^g A 

A4i ;f (/3;p)i 

fc+1 

(s[d/3]rhA( Sl [dl3])*b + A---A(s k [dp})% 

<S<S tQ + 1 

ev o9 A 

(E(- 1 ) dCS/l / fc! / («[WhA(«i[flj9|)*6 + A-A(*tWO. 

i = l •/*Jo<*<*1 +1 "'Cfe 

(27.11) 

Here we set sq := 0, Sfe + 2 := 1- 

Now it is easy to see that (|27. becomes 

(-l) dog/l / ev*gA [ (s[d/3]ev )*hA (k\ f (a 1 [dfl)*b + A ■ ■ ■ A (s k [dfl)*b + ) . 

JMv,e(0;p) q Jo \ Jc k J 

On the other hand, a straightforward computation shows (sk[df3])*b + = (b + , [9/3]) ds k 
on C k and so 

( Sl [d/3])*b+ A • • • A {s k [d/3])*b+ = <6+, [d/3]) fe ds x A ds 2 A • • • A ds k 
thereon. Using this, we evaluate the above integral 



k-\-l 



= (-l) dog M ev* 3 A / ( s [d/3]ev )*/iA fe! / (b+, [d/3]) k d Sl ds 2 . . . ds k 

JMm{P;p)<* Jo \ Jc k 

= (-l) dceh [ ev* o9 A [\ S {df3]ev yh-(b + ndp) k 

J Mi-iiPwY J° 

= (-i) dcsh f 9 Aq e , 1 .Ab e ;h)-(b + nd(3) k 
Jl(u) 

where we used the equality 

k\ [ (b+, \d(3]) k d Sl ds 2 ...ds k = k\^r(b+ n d/3) k = (b+ n <9/3) fc 
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for the second equality. Therefore we have proved 

kl I 9A[ V (\i. 1+k+h .p(p;b^,h,b 1 ^)) 

= (-l) degh [ . 9 A 9w (b £ ;/i).(6 + n9/3f 

JL(u) 

for any T"-invariant form g. Since T"-invariant form g spans H* (T n ; Aq), this 
implies 

E <li;l + l o+ h;0(p;b l °,h,b l ±) = (-l) dcs " (b+ ^f^ q^AP^). 
lo-\-li=k 

This hnishes the proof of (|27.5j) and hence the proof of the coincidence of the two 
definitions of 5 b ' b . 



28. Appendix 2: Interpolation between component-wise and T n 

EQUIVARIANT KURANISHI STRUCTURES 

In this section we clarify the points mentioned in Remarks 19.141 and 120.131 We 
first explain the problem in more detail. We review the notion 'component- wise 
Kuranishi structure' and 'disk component-wise Kuranishi structure' introduced in 
|Fu2j for this purpose. 

We consider the moduli space M™ 1 "^ p) introduced in Section [6] Here p = 
(Pi, . . . , Pi) and Pi £ A(X) are T n invariant cycles. We consider the following two 
kinds of stratifications of M™^ t (j3\ p). 

(1) The stratum of this stratification is a fiber product whose factors are 

where £ h = k + to, Pi = P, = ^ Pi u ' 1 ' u P m = P (disjoint 

union). Elements of the interior of this stratum have to disk components. 
We include the tree of sphere components to the disk component on which 
it is rooted. 

(2) The stratum of this stratification is a fiber product whose factors are 

Mg+UG^Pi). i = l,...,m 

or 

Me.{aj;pj), j = l,...,m' 

where £ fe, = fc + m, £A + E«i = & + £*J = * + n»', Pi U ••• U 

p TO U p'i U • • • U p' m , — p (disjoint union) . 
We call the stratification (1) the disk stratification and (2) the disk-sphere stratifi- 
cation. See [FOOQ3] Subsection 7.1.1 for stratification (1). 

Definition 28.1. (1) We say a system of Kuranishi structures of .MK^ (ft; p) 
disk component-wise if it is compatible with the fiber product description 
of each of the strata of disk stratification. 
(2) We say a system of Kuranishi structures of .M™^™^/?; p) and of Aii(a; p) 
is component-wise if it is compatible with the fiber product description of 
each of the strata of disk-sphere stratification. 
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We observe that the Kuranishi structures of p) which we use in this 

paper and in F0004, F0005 are disk component-wise and T n equivariant. In 
fact Condition ^. 31 (3) implies that it is disk component- wise. (Actually this condi- 
tion is stated for multisection. We need compatibility of Kuranishi structures also, 
since otherwise the compatibility of multisection does not make sense.) The detail 
of the construction of T n equivariant Kuranishi structure is given in |FOOQ4] §B. 

On the other hand, the Kuranishi structures of A4^™^(/3;p) we use in this 
paper and in F0004, F0005 is not necessarily component-wise. The reason is 
discussed in |FOOQ4] Remark 11.4. The difficulty to make our Kuranishi structure 
both component-wise and T" equivariant lies in the fact that the T n action for 
the moduli space of pseudo-holomorphic spheres is not necessarily free though T" 
action for the moduli space of pseudo-holomorphic disks with at least one boundary 
marked point is free. 

In the rest of this section, we discuss how we go around this trouble and prove 
Lemmas 19.151 

Let = (Pi, . . . , Pi) be as above. We consider the fiber product 

M^ e+2 ((3; P W) cvr > ..., ev , ?2 x xe (P x x ••• x P). (28.1) 

The evaluation maps at the boundary marked points give a map 

ev= (ev ,...,ev fc ) : M%%t +i (J3;P W ) ^ L k+1 (28.2) 

and the evaluation maps at the 1st and 2nd interior marked points give: 

ev int = (evf , evf) : M^ e+2 (P; pW) -+ X\ (28.3) 

We also consider the forgetful map 

forget : M^ e+2 (f3; pW) -+ M^ in (28.4) 

as in (|9.3j) . We consider the point [Eo] £ A4™ 2 ln as in Lemma [9731 and take its small 
neighborhood Uq in M.™. 2 ln . We consider 

7W^ +2 (^;p»)nfor fl et- 1 (C/ ), 

which we write 

for simplicity. We can define the notion of disk component-wise (resp. component- 
wise) system of Kuranishi structures on it by modifying Dcfinition l28.1l in an obvious 
way. 

Its codimension one stratum is a union of fiber product (|28.5I) or (I28.6|) 

MZ% ei (ft; Pl ) cvo x CVl Mf™t 2+2 (0; p 2 ; Uq) (28.5) 
where k\ + k 2 = k, t\ + £ 2 = £, p x U p 2 = p (disjoint union). 

^r+iA+2(^;Pi; Uo) cvo x CVl MtffaiP; Pa ) (28.6) 

where k% + k 2 = k, l\ + £ 2 — £, Pi U p 2 = p (disjoint union). 

We recall that during the construction of the operator q, we constructed a T n 
equivariant, disk component-wise Kuranishi structures on A'l™_^ 1 1 n ^ +2 (/3; p). (It is 
not component- wise however). We call it q Kuranishi structure. 

The next step is to construct a Kuranishi structure on A^^ I 1 n £+2 (/3; p; Uq) which 
is not necessarily T n equivariant and is compatible to the fiber product description 
([2831) . ([28T6]) of the codimension one stratum. Here we use q Kuranishi structure 
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on the first factor of (|28.5j) and the second factor of (|28.6j) . Moreover our Kuranishi 
structure is partially component-wise. We now define this notion precisely. 

Let ((£, z, z^), u, (xi, . . . ,X()) be an element of M™^ e+2 (f3; p; Uq). (Namely 
((£, z, z^),u) G •^fc+i 11 £+2(/^) an< ^ x i e Pi-) We consider a tree of sphere compo- 
nents E Q of E, which is rooted at a point w a contained in a disc component. We 
denote the corresponding disc by -Dj( a ). We define z a £ dDu a ) as follows. 

(1) If the 0-th boundary marked point zq is on D^ a y then z a = Zq. 

(2) Otherwise there exists a unique singular point of Dit a \ such that every path 
joining D^ a ^ with zq contains it. We put this singular point to be z a . 

We next define points Wi, i = 1, 2 as follows: 

(1) If the z-interior marked point zf is on a disk component then we put Wi = 

4- 

(2) Otherwise there is a tree of sphere components containing zf and is rooted 
on a disk component. We set Wi to be the point on the disk component 
where this tree of sphere component is rooted. 

Definition 28.2. Let e be a sufficiently small positive number, which we determine 
later and E a a maximal tree of sphere components. 

We say E a is of Type I if one of the following two conditions holds: 

(1) W X i A(a)- 

(2) Suppose W\ G £>i( a ). We require W\ ^ w a . Then (D^ a y, z a ; w\, w a ) defines 
an element of A4™?," 1 = D 2 . We then require 



We say that T, a is of Type II if both of the following two conditions hold: 

(1) wi e D. l{a) . 

(2) Either W\ = w a or 



If E a is neither of Type I nor of Type II, we say it is of Type III. 
We say a sphere component is of Type I (resp. Type II, Type III) if it is contained 
in a maximal tree of sphere components of Type I (resp. Type II, Type III). 



dist{[D i[a)] z a ;w 1 ,w%dM^) < e. 



(28.7) 



dist([D i{a y,z a ;w 1 ,w a }, [E ]) < e. 



(28.8) 
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Figure 28.1 (Type I) 




Figure 28.2 (Type II) 



Lemma 28.3. Let a sufficiently small constant e > be given. Then we may 
choose Uq sufficiently small so that whenever ((£, z, z 111 '), w, [x\, . . . , xg)) lies in 
■Mf+ii+iifi] p; Uo) and S a contains one of the first two interior marked points 
Zi , , then S a is of Type II. 

Proof. If S a contains z±, then wi e D^ a ) and w a = w\. The lemma follows in this 
case. 

In case S a contains z£, then w 2 € Di( a ) a ls°- Moreover by the assumption 
((£, z, ? nt ) , w, (an , . . . , x e )) e M^[ n e+1 (J3;p;U ), we have either [D i(a) ; z a ; Wl , w a ] - 
[D^ a y, z a ;wi,W2] € J7o or w i = w 2- Hence we may take e small so that S a is of 
Type II. □ 

Definition 28.4. A system of Kuranishi structures on M™+™ g+2 {f3; p; Uo) is said 
to be partially component-wise if the following holds: 
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We consider the stratification of ■M^f L ^ i+2 (j3; p; Uq) such that each of its stratum 
is a fiber product of 

*t£+i*Cft;Pi). i = l,...,m, (28.9) 

or 

Mrio,:p,i. j = l,...,m' (28.10) 

or 

M^H Ao+2 (l3 ;p ;U ) (28.11) 

where we have ^ fc, = k + m, A + S a j = 0i S ^» + 2-^' = ^ + m 'i an d 

p U • • • U p TO U pi U • • • U p' m , = p, 

a disjoint union. For the factor (|28.10p , we require the corresponding sphere com- 
ponents are of type II. (In other words, we include a tree of sphere components of 
Type I or III to the disk component on which it is rooted.) 

Then the Kuranishi structure is compatible to this fiber product description of 
the stratum of this stratification. Here we use the q Kuranishi structure for the 
factor (|28.9p . and the Kuranishi structure in this definition for the factor (|28.11l) . 

Lemma 28.5. There exists a system of Kuranishi structures on J^i l ^™i +2 {P'i P; Uq) 
with the following properties: 

(1) It is compatible with the forgetful map 

M^ e+2 ((3; p; Uq) -> P5 U o)- 

(2) It is invariant under the action of symmetric group of order £\ which ex- 
changes the 3rd - (£ + 2)nd interior marked points and exchanges Pi, ... , Pi 
at the same time. 

(3) It is compatible with the fiber product description ft 28. 5$ , (|l?ff.6]) of the codi- 
mension one stratum of M^+i.^^ifi] P! Uq). Here we use the q Kuranishi 
structure for the first factor of ft 28. 5$ and the second factor of ft28.b\ . 

(4) It is partially component-wise in the sense of Definition \28J\ 

Proof. We remark that if a sphere component of an element of a codimension one 
stratum is on the first factor of (|28 . 5[) or the second factor of f|28 . 6[) then this sphere 
component is of type I. So we do not require the component-wise-ness for this sphere 
component. Once this point is understood, we can use the induction on /3 PI w and 
k, £, to prove the lemma in the same way as many other cases we have already 
discussed. □ 

We call the Kuranishi structure in Lemma 128.51 the partially component-wise 
Kuranishi structure or pwo Kuranishi structure. 

Lemma 28.6. There exists a system of Kuranishi structure on [0, 1] x A^™^ I 1 n £ +2 (/3, p; Uq) 
with the following properties: 

(1) It is compatible with the forgetful map 

[0, 1] x Mf$t +2 (j3, P ; U ) [0, 1] x M^%((3, p; Uq). 

(2) It is invariant under the action of symmetric group of order £\ which ex- 
changes the 3rd - (£ + 2)nd interior marked points and exchanges Pi, . . . 

at the same time. 
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(3) It is compatible with the fiber product description §28.12$ . §28.13$ of the 
codimension one stratum of A^™^ 1 1 n ^ +2 (/3, p; Uo). 

A^TW/^Pi) evo x CVi ([0,1] x Mf^ e2+2 (p,p 2 ;U )) (28.12) 

where k\ + k 2 = k, l\ + l 2 — I, Pi U p 2 = p (disjoint union). 

([0, 1] x M£tW 2 (/?i,Pi; U )) CV(> x OVs M^ t2 (f3,p 2 ) (28.13) 

where k% + k 2 — k, i\ + £ 2 = t, p 1 U p 2 = p (disjoint union). 

Here we use the q Kuranishi structure for the first factor of §28.12$ and 
the second factor of §28.13} . 

(4) At {1} x A4S^, 2 (/9, p; Uo) it coincides with port) Kuranishi structure. 

(5) At {0} x A / J' A ! 1 f 11 1 n £ +2 (/S, p; Uo) it coincides with the q Kuranishi structure, 
(that is a Kuranishi structure which is T n equivariant, disk component- 
wise, but is not component-wise). 

Proof. We can prove the lemma by the induction argument which we used many 
times in this paper. □ 

Let x '■ Uo — > [0, 1] be a smooth function such that 

I if x is in a small neighborhood of 8Uq, 
1 1 if x is in a small neighborhood of [So] . 

We then embed M^ +2 (^,p; U ) to [0, 1] x Mff^ +2 (0,p; U ) by 

x i-> (x,x(forflet(x)). 

We pull back the Kuranishi structure of Lemma 128.61 by this embedding to obtain 
a Kuranishi structure on A / J™_f 11 1 n £ +2 (/3, p; Uo)- (Here pull back of the Kuranishi 
structure means pull back of obstruction bundle.) We claim that we can use this 
Kuranishi structure to prove Lemma 19.71 In fact by Lemma 128. 3[ we find that 
the partially component-wise-ness of out Kuranishi structure in a neighborhood of 
forget _1 ([Eo]) is enough to prove the compatibility with fiber product, which we 
need to prove Lemma l^TTl etc. On the other hand, Properties (1), (3) of Lemma l28.6l 
is enough to see that contribution of the codimension one stratum vanishes. □ 

Thus we describe the way to go around Remark l9.14I The way to handle Remark 
120. 131 is the same and is left for the reader. 



29. Appendix 3: T n equivariant and cyclically symmetric Kuranishi 

STRUCTURE 

In |FOQ04j we gave the construction of a system of T n invariant multisec- 
tions of the moduli space of pseudo-holomorphic discs. In F00 05 ] we gave the 
construction of a continuous family of multisections of the moduli space of pseudo- 
holomorphic discs. In [Fu2 construction of a continuous family of multisections 
with cyclic symmetry is explained. In this paper we use continuous family of mul- 
tisections that is T n invariant and cyclically symmetric. We describe it in this and 
the next sections. In this section, we construct a system of T n equivariant and 
cyclically symmetric Kuranishi structures. Namely we prove the following 
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Proposition 29.1. There exists a system of Kuranishi structures on A4g_k+i(/3) 
(k > 0, £ > 0) with the following properties. 

(1) It is compatible with the map 

forget : Mt,k+i(fi) -> Mt,i(fi) 

forgetting 1-st ...k-th marked points. (Namely only the 0-th boundary 
marked point remains.) (See |Fu2| Section 3 for the precise meaning of 
this compatibility.) 

(2) It is invariant under the cyclic permutation of the boundary marked points. 

(3) It is invariant under the permutation of the interior marked points. 
(4) 

ev : M tj k+i(P) -> L 

is weakly submersive. 

(5) The Kuranishi structures are disk-component-wise. 

(6) The Kuranishi structures are T n equivariant. 

Proof. The proof occupies the rest of this section. 

Let (E, z, z + ) be a marked semi-stable curve and u : (E, 9E) — > (X, L) a pseudo- 
holomorphic map that is stable. (Here z, z + are boundary and interior marked 
points, respectively.) Hereafter we write z = (z%, . . . , Zk), z^ = (z^, . . . , z+) and 
put x = (E, z, z + , it). 

Definition 29.2. We define by G(x) the group consisting of the pairs (g, tp) of 
g G T n and a biholomorphic map tp : E — > E such that: 
(f ) uo ip = gu. 

(2) p preserves z + as a set. 

(3) p> fixes all the points of z. 

We define a group structure on G(x) by 

(51 1 <Pi) ■ (92, <fi2) = {9192, Pi O P2)- (29.1) 

Here we allow p to permute the interior marked points z + because we want our 
Kuranishi structure to be invariant under the permutation of the interior marked 
points. By definition, we have the projections: 

G(x) 





T" Aut(E) 
Lemma 29.3. The natural projection G(x) — > Aut(E) is injective. 

Proof. Let (g,p) £ G(x) with p — id. By Definition 129.21 (I s ). we have gu = u. 
Since u has its boundary lying on a Lagrangian torus orbit L on which T n acts 
freely, it follows that g — id. □ 

We note that each element in G(x) induces a permutation of the elements of z + , 
if we regard z + = (Zj + )i=i,...,m as an ordered set. 

We use it to define a G(x)-action on the set of x' = (E', z 1 , z' + , u') by 

(g, p) ■ (£', z! , u') = (E', z 1 , p?+, gu') (29.2) 

where p is defined by p(z+) = ^i j an d pz* + is defined by (pz /+ ) a = 2y-i/ a \< 
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This is a left action. Namely 

• { 92 ^ 2 )) ■ (E',zV+,<) - (51,^1) • ((52,^2) • (EV.^+u')). 
We also remark that 

(ff, V) ■ x = x 

by definition. 

We also define an action of T™ x &i on the set of x' = (£', z", z l+ ,u') by 

The isotropy group of x of this action can be identified with G(x). 

We begin with the following lemma. We fix a T n invariant metric on X. 

Lemma 29.4. Let x = (E, z, z + ,u) and G(x) as above. We consider a relatively 
compact G(x) invariant open subset K C E \ z+ whose closure does not contain 
singular points and does not intersect with <9E. TTierc there exists a subspace 

E C C°°(E; u'TI ® A 0,1 ) 

such that 

(1) _E is G(x) -invariant. 

(2) Elements of E have compact support in K. 

(3) £ is /im£e dimensional. 

(4) W^e /icwe 

D u 3 ({£ e W llP (£, u*TI) I £ = af z U }) + £ = L P (E; u'TI ® A ' 1 ). 

Proof. The existence of -Eo that satisfies (2)- (4) can be proved by the unique contin- 
uation theorem in a standard way. We will modify construction of such E$ so that 
it becomes to also satisfy (1). We define an action of G(x) on L 2 (K; u*TX <g> A 0,1 ) 
which extends the action 

7] 1 y (g,p)*(ri) = (dg® (dtp' 1 )*)^). 

More specifically as a one-form on E, (g, <^)*(r?) is defined by 

(g, ( p)*(v)( v x) = dg(i](dip~ 1 (v x )), v x e T X Y, 

for a smooth u*TAT-valued one- form rj e C°°{u*TX® A ' 1 ). We recall by definition 
of G(x) we have the commutative diagram 

u*TX O A ' 1 -^-^ u'TI <g> A - 1 



(Here we recall o </? _1 = u from the definition of G(x).) Using the compactness 
of G(x), we can equip a G(x)-invariant inner product with L 2 (K;u*TX <g> A ' 1 ). 
Then we have a decomposition 

L 2 (K; u*TX ® A 0,1 ) = V A 

where V\ is a finite dimensional representation of G(x) and £ is a certain index set, 

which is countable. (Here we use compactness of G(x).) We denote by the L 2 
completion of the direct sum. Moreover we may choose so that each element of V\ 
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is smooth. In fact, we take G(x) invariant metrics of £ and u*TX and use them to 
define a Laplace operator on L 2 (K; u*TX <Ei A 0,1 ). Then each of its eigenspaces is a 
finite dimcnisonal vector space consisting of smooth sections. Moreover it is G(x) 
invariant. Therefore we may take V\ as the eigenspaces of this Laplace operator. 
Let ej, i = 1, . . . , N be an orthonormal basis of Eq. We put 

oo 

where e ijA € V\. 

When we choose e$'s, we can choose them so that the series (|29.3p converges 
uniformly and so does in L p . (This is well known for the eigenspaces of Laplace 
operator.) We put 

k 
A=l 

and let be the vector space generated by e\,ki ■ ■ ■ , ejv.fc- If k is large, Ef. satisfies 
(3), (4). ((4) can be proved by, for example, open mapping theorem.) We put 

which satisfies (1), (3), (4). 

To replace E' by one satisfying (2) also we proceed as follows. Let \i '■ X — >• [0, 1] 
be a sequence of G(x) invariant smooth functions with compact support in K such 
that Xi converges to 1 pointwise everywhere in K. We put 

E(i) = {XiS I a G E'}. 
We put E = E(i) for sufficiently large i. Then (4) holds. (1)(2)(3) is immediate. □ 

We will use Lemma 129.41 to construct a T"-equivariant and cyclically symmetric 
Kuranishi structure on Mk+i;t{0)- The main part of this construction is the proof 
of the next proposition. 

Proposition 29.5. There exists a system of Kuranishi structures on Mo-,e(P) o,nd 
Ai\-j{P) with the following properties: 

(f) They are forgetful map compatible in the sense of [Fu2 Definition 3.1. 

(2) The evaluation map evo : M.\-t(l$) — > L{u) at the (unique) boundary marked 
point is weakly submersive. 

(3) The codimension one stratum of Ado ; e(/3) is a union of 

with l x +l 2 =t and pi+i3 2 =p, + (4,/3 2 ), and of 

(Mi ; t>(l3% Vo x mo Mx#{p))/Z2 

with 21' — £, 2/3' = /3. (Here Z 2 acts by exchanging the factors.) 

Our system of Kuranishi structures is compatible with this fiber product 
description. 

(4) Our Kuranishi structures are T n equivariant in the sense of |FOOQ5] Def- 
inition B.4- 

(5) Our Kuranishi structures are invariant under the permutation of interior 
marked points. 
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Proof. The strategy of the proof of Proposition 129.51 is similar to the proof of |Fu2] 
Proposition 3.1. We however need to be a bit careful for the local construction of 
the Kuranishi neighborhood since we need to perform the whole construction in a 
T n equivariant way. We will discuss this point in detail below. 

Let x = (£, z,z+,u) £ Mff n {fi). Let G = G(x) be as in Lemma MM The 
following is a T n equivariant version of |Fu2j Lemma 3.1. 

Lemma 29.6. There exists E = -E(x) as in Lemma \29.4\ with the following prop- 
erties: 

(1) (l)-(4) of Lemma\294\hold. 

(2) We put 

Ker( X ) = (D u d)- 1 (E( X )). (29.4) 
Then for any zq € dT,, the map Ev ZQ : Ker(x) — ¥ T U ^ Z( ^L defined by 

Ev Zo (v) =v(z Q ) (29.5) 

is surjective. 

Proof. We apply Lemma T29. 41 to obtain E(x) satisfying (1). Then (2) is an imme- 
diate consequence of the fact that Ker(x) contains the Lie algebra of T n . □ 

Remark 29.7. Thus the proof of Lemma T29. 61 is easier than that of |Fu2) Lemma 
3.1. Namely in our case (2) is automatic. 

For g £ T n we put 

£(<7x) = <?*£(x). (29.6) 

Here gx = (S, z + , gu) and 

g, : C°°(T,,u*TX ® A 0,1 ) = C°°(E, {gu)*TX ® A ' 1 ) 

is an obvious map. We remark that E(gx) depends only on gx S M.k;l{P)- We 
consider the T" x &i orbit (T n x ©^)x of x. For each element (g, p)x of it we put 

E((g,p)x)=g*E(x) C C°°(S, (gu)*TX ® A 0,1 ). 

Lemma 29.8. If (g, p)x = x tn M%f n (f3), then 

E((g,p)x)=E(x). (29.7) 

(We will explain the meaning of = during the proof.) 

Proof, (g, p)x = x means that there exists a biholomorphic map (p : (£, z) — > (E, z) 
such that <p{zf) = %p-iu\ and gu — uo ip. By Lemma 129.41 we have 

E{{g,p)*) = {g,®^- 1 )E{yi). 
This is what we mean by (|29.7|) . □ 

We will use this choice E(gx) to define a T" equivariant Kuranishi neighborhood 
of the T n orbit of x. (This is the main part of the proof of Proposition 129.51 and 
occupies the most of this section.) 
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29.1. The case with one disc component. We start with the case where the 
following condition is satisfied. 

Condition 29.9. For each t £ Lie(T n ) there exists a (disk or sphere) component 
E a of S and p G E a such that u is immersed at p but t(u(p)) is not tangent to S 
at p. Here we also denote by t the Killing vector field generated by t. 

We remark that Condition 129.91 implies that the group G(x) is finite. 

We emphasize that (E, z + ) may not be stable. We choose finitely many points 

w+ = (w+) aeA 

on E so that the following is satisfied. We denote m = $=A 

Condition 29.10. (1) w+ is disjoint from z + , the singular point set and the 
boundary of E. 

(2) (E, w + ) is stable. Moreover it has no nontrivial automorphism. 

(3) u is an immersion at u>+. 

(4) For any t £ Lie(T n ) there exists w+ such that t(u(w+)) is not contained in 
u*T w +T,. 

(5) The subset w + C E is G(x) invariant, i.e., ip(w^) € w + for all a £ A, 

(ff^)eG(x). 

Note we can find u>+ satisfying item (3) (4) above by Condition 129.91 
We consider v = (E, z + , w + ) £ Mo;£+ m - 

Let &e, & m be permutation groups of order £\, ml, respectively. The group &i 
acts on Aio-j+m as permutation of 1-st,. . . ,€-th marked points. The group & m acts 
on A4o;i +rn as permutation of (£ + l)-st,. .,,(£ + m)-th marked points. 

Definition 29.11. We define Aut + (v) as the set of all <p : E — >• E such that: 

(1) if is biholomorphic. 

(2) There exists p — (pi, pi) £ &i x & m such that 

• i ' pi(i)' i ' P2 (i) 

By Condition 129.101 (2), ipH p2 as above is an injective homomorphism : 

* 2 : Aut+(v) 6 m . 
We also write the homomorphism ip t— ¥ pi as 

* 1 : Aut+(v) -> &i. 

We put * = (*!, \P 2 ). 

Let p = (pi, pi) £ &e x ©m- Then pv = v if and only if p is in the image of v f'. 

Condition 129.101 (2) implies that "J : Aut + (v) —> &i x 6 m is injective. Using 
this fact we can define an action of Aut+(v) on a neighborhood of v in Aio-e+ m 
as follows: Let v' — (E, z /+ , w' + ) be in a neighborhood of v in M.Q-^+ m and ip £ 
Aut + (v). We put ^(ip) = (pi,j0 2 ). We then define 

ip ■ V — (E, piz l+ , p2vf + ), (29.8) 

where 

(pX* + ) a - Z'^, {P2w' + ) a = «/+ 1(o) . 
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In other words, the action changes the enumeration of the interior marked points 
in the same way as ip does on v. This action induces an action of G(x) on a 
neighborhood of v in Mo-,e+m- Namely 

(g, <f) ■ v' = <p ■ v'. 

(See (pO]).l 

We take neighborhoods il(v) of v in M.o-,t+m with the following properties. There 
exists a neighborhood lA(S(Ei)) of the singular point set of £ such that for any 
v' = (E', z l+ , w + ) £ il(v) we have a smooth embedding 

« v < : E \ U(S(E)) — > £' (29.9) 

such that 

i v ,(z+) = zf, i v ,(wt) = wf. (29.10) 
We may assume that i v > is holomorphic on the support of -E(x). (See |FOj §12. 
The map in |FO] (12.10) is a version of our map i v / for the case <9E = 0.) 

Furthermore we assume the following condition (I29.11|) . 

Let v' = (E', z f+ ,w'+) G il(v), and tp € Aut + (v). We put 

<y = (o-i,o- 2 ) = ^(p) 

and require 

V V , = i v , o ip^ 1 : E \ W(S(£)) -> E'. (29.11) 
Remark 29.12. We remark 

(*v ^X^) = i v >(z+_ 1(t) ) = i av >{zf). 

We also choose i v > so that the identity i v > :v = i V ' ;v holds when we change 

(2) ■ v 1 

the enumeration of interior marked points of z + ,w + and of z' + ,w' + in the same 
way as we obtain v (2)i v (2)- (Here we write i V ' ;v etc. in place of i V ' to specify v.) 

We also require that i v > depends continuously on v' in C°° sense. 

We can prove the existence of such i v ' using the compactness of G(x). 

We fix x = (E,z + ,u) and v = (E,z + ,w + ). For each w+ we choose a normal 
slice N w + of u such that: 

Condition 29.13. (1) N w + is a smooth submanifold of codimension 2. 

(2) N w + intersects transversally with u(E) at u(w^). 

(3) If Q, p) e G(x), then gN vt = N^+y 

We remark that the choices of the above slices N +'s depend only on x = 
(E, z^ , u) and w + = {w^} a ^A which will be fixed once and for all when the latter 
is given. They also carry the metrics induced from the one given in the ambient 
space X. 

We next consider x' = (E',z" + ,u') and the following condition on it. Let ei, €2 
be positive real numbers. 

Definition 29.14. Let h g T n . We say that x' is (ei, €2)-close to /ix if there exists 
w /+ with the following properties. 

(1) v' = (E', w' + ) € il(v) and dist(v', v) < e\. Here we use an appropriate 
metric on A^o;f+m to define the distance between v' and v. 

(2) The G 1 distance between the two maps u' o i v , and hu is smaller than ei 
on E\W(5(E)). 
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(3) diam(w'( l S)) < ei if S is any connected component of the complement 
E'\i v ,(£\W(S(E))). 

(4) u'(w'+) £ hN w + for each a and 

dist(u' {w'+),hu («?+)) < e 2 . 

Here <+ = « + ) ae ^- 
When w + ,w' + , h are specified in the above condition, we say that x' = (£', u') 
is (ei, e 2 )-cZose to (foe, with respect to 

Note Definition 129.141 means that (£', u') is sufficiently close to foe. 
Later on we will take e%, ti so that e 2 small and ei is smaller than a number 
depending on £2 (and x). (See the proof of Lemma [29.211 ) 

Lemma 29.15. Consider u' , v' = (£', z ,+ , w' + ), h, w + given as above and put 
x' = (£', z* + ,u'). Let g = (g,f) £ G(x) and a — {a^.a-i) — *(</?). Suppose x' is 
{ei,t2)-close to (fot,w + ) with respect to w /+ . We consider erv' = (T,' , az ,+ , aw' + ), 
where (az' + )i = z _ x (aw' + ) a = w'~t, lr . . We pwi crx' = (E', crz f+ , m'). 

Then crx' is (ei, t-i)-close to (g~ 1 hx.,w + ) with respect to <jw i+ . 

Proof. Definition l29.14l fl). (3) are easy to check. Let us check Definition l29.14l (2). 
We remark 

u' o i av , — v! o i v i o ip^ 1 

by (|29.1ip . On the other hand, 

ho uo tp" 1 = hg~ x o u, 

since (g, ip) € G(x). By assumption u' oi v , is C 1 close to /io«. We thus obtain (2). 
(Note hg' 1 = g~ 1 h.) 

Definition 129.141 (4) can be checked by 

□ 

Lemma 29.16. Let /ii 6 0£ and Zei ei,£2 &e sufficiently small. Suppose x' is 
(ei, t2)-close to (hx,w + ) with respect to and /iix' is (ei, e2)-close to (hx.,w + ) 
with respect to w'^ . 

Then there exists -0 <= Aut+(v) suc/i i/iai ufc^ = /i2i2n\ /j, = (/ii,/i 2 ) = 

Proof. We first prove that there exists /x 2 € such that 

=^21^+. (29.12) 

We put = (E', w^), k = 1,2. For each a € {1, ... , to}, we have (2)^+ € E 
such that 

V (1) ((2)^)=™£), Q - 

(We remark i v ' 2) (luj) is close to u/^ a . But i v > (w£) may not be close to w'^ a . 
So (2)^^ may be far away from 

Since hu(^ 2 )W^) is close to u'(w'/L a ), there exists (3)Wq S E that is close to 
(2)W+ G E such that u is an immersion at (3)H>+ and 

< U w v,t) = U ( U W +)' «((3)«£) = ( 29 - 13 ) 
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where U 3 w + and U w + are neighborhoods of (3)W^ and in S, respectively. 

We put {3) w + = (( 3 )^)a6A- Then, (£,^2+, (3 )W + ) is close to v' (2) in M -k+e- 
On the other hand, by assumption, (S, z + ,w + ) is close to V/ 2 n in Mo-.k+e- 

We remark that (3)^+ is in the finite set of points such that (|29.13l) holds. 
Therefore, we may take ei, e 2 small enough so that the fact that (£, fiiz^~ , (3)W + , u) 
is close to (S, iZ? + , u) implies that they are isomorphic each other. Namely there 
exists a biholomorphic map ip : £ —¥ £ such that — ^wi) anc ^ ^i w t) ~ 

By Condition 129.101 (5) it implies that there exists Hi such that (3)W + = /j,2W + . 
For this /i 2 we can prove (|29.12l) easily. 

If we put /i = (/xi,^)) ^(VO = A 1 follows. □ 
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Suppose x' is (ei, £2)-close to (hx,w + ) with respect to w' + . We define 

7 ? x',«?+,«r'+,fc : E(x) -> C°°(E', u'*TX <g> A ' 1 ) (29.14) 

as follows. 

For 16 Sin the support of -E(x), we consider the minimal geodesic joining hu{x) 
to u'(i v > (x)) with respect to the given T"-invariant (almost) Kahler metric. We also 
use the associated almost Hermitian connection and take the complex linear part 
of the parallel transport map 

Using also the fact that i V ' is holomorphic on the support of E(x.) and h is holo- 
morphic, we obtain (|29.14[) as follows: We take the successive compositions of the 
following target maps 

(u*TX) x = T U ( X )X — ^> T hu ( x )X — s- v T u /( iv ,( x )))X, (29.15) 
and then take the tensor product with the map 

A^(S) ( ^4* A^ (a) (E')- (29.16) 
Lemma 29.17. In the situation of Lemma \29.16\ we have 

This lemma is immediate from Lemma r29.161 Formula (|29.11[) and the definition. 

Lemma 129.171 implies that the image of V-^t ■$+,■$'+, h i s independent of w /+ . 

It follows from Lemma 129.161 that if we perturb h a bit then w' + is uniquely 
perturbed nearby so that Definition 129.141 remains to be satisfied. Therefore the 
map "P-x! «?+,«?'+, h smoothly changes when we vary h. 

We next modify P x ',tiJ+,«J'+,h an d eliminate this h dependence. Suppose x' is 
(ei, £2)-close to (/ix, w + ) with respect to w' + . We dchnc 

f(h;(x / ,w>+))=Y / dist(u / (w / a + ),hu(wt)) 2 . (29.17) 

a 

Here dist = dist^jv + is the distance function of the submanifold hN w + induced 
from the given ambient Kahler metric. Recall the square of the distance function 
is strictly convex and smooth in a neighborhood of the diagonal. 

Corollary 29.18. Let (x' , h,w'jy.) and (/Mix', h, w 1 ^) be as in Lemma \29.16\ Then 
f(h; (x , ,w{+)) = f(h;(fi 1 x',w'+ ) )). 

This is immediate from Lemma 129.161 and the definition of /. 

Corollary 129.181 in the case of fi\ = id, implies that f(h;(x.',w' + )) depends 
only on /i,x' and is independent of w' + . Hereafter we write /(/i;x') instead of 
f(h; (x', #+)). 

For given x',w + , our function / is a function of h. More precisely speaking, we 
define the subset #(x') c T™ by 

S)(x') = {heT n | 3^! <E ©£, /iix' is (e 1 ,e 2 )-close to (hx,w + )}. 

This is an open subset of T™ for each given x'. Then for each given x' and sufficiently 
small ei, €2 > 0, the assignment h h-> f(h; /xix') defines a function on io(x'). (Here 
/ii is as in the definition of fj(x').) We write this function f(h; [x']) 
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Since ij(x') is an open subset of T n , it carries a natural affine structure. We use 
this to define convexity used in the statement of the following lemma. 

Lemma 29.19. If £1,62 are sufficiently small, then /(•; [x']) : £)(x') — > M>o is 
strictly convex. 

Proof. This is a consequence of strictly convexity of the square of the Riemannian 
distance function and Item (4) of Condition l29.10l □ 

Lemma 29.20. Let g — (g,(p) <E G(x). Then we have 

f(h; [x']) = f(h; [gx']). 

Herex' = (£',z+'X) and gx' = (£', ^(tp)z^ ' , gu 1 ). 

Proof. Lemma T29. 151 imlies 

f(h: [x'])=/( ff - 1 / l ;[*Mx']). 

On the other hand, it is easy to see that 

f(h; [gx'}) = f(gh; [*'}). 

The lemma follows easily. □ 

We put 

\G(x)\ = {g\3f,(g,f)eG(x)}. 
Let c = #|G(x)| be its order and write as |G(x)| = {g\ = 1, . . . , g t }. We put 

G(x) = {g l3 = (gi,tpi,j) I i = l,...,c, j = l,...,f}. 
Here d = #{f | (1, if) £ G(x)} and ip\ t i = id. 

Lemma 29.21. For each sufficiently small ti we may choose t\ small enough so 
that the following holds: Whenever io(x') is nonempty, /(■; [x']) : -fj(x') — > M>o 
assumes local minima at exactly c points hi, . . . , h c . 

Furthermore the following also holds: For each i there exist choices ^'uj) an d 
P(i,j),l G &t such that p^j-jix' is (e\,e2)-close to (hiX,w + ) with respect to ^uj)- 

If we put o-(ij) = (a-(ij),i,a-(i,i),2) = ^{fi,j) for each g^ = {gi,cpi,j), we have 

hi = h x g- x (29.18) 

and 

P(i,j),i = w '(i,j) = <7(i,j),2 w {tiy (29.19) 

Proof. We first consider the case x' = x. By Lemma T29. 151 we have 

f(h;o- {i!j)tl x , ) = f(gr 1 h;x'). (29.20) 

Therefore, (£, pn jvj..?*", u) is (ei, £2)-close to (g^ 1 x.,w + ) with respect to puj) t 2W + . 
Moreover, g~ x is a critical point of /(•; au^\\x). Namely (|29.18l) and (|29. 19|) arc 
satisfied with /ii = 1, p(l, 1), 1 = id, w'^^ = w + . 

We can prove that they are all the choices in the same way as the proof of Lemma 
I29T61 

Let us consider the general x' = (£', z l+ , u'). Suppose h G i}(x'). Replacing u' 
by h u' we may assume h = 1. Then we can find a short path x(t) joining x to x'. 
By the strict convexity of /, the number of local minima is constant on this (short) 
path. We may choose e\ small enough so that the distance between u'(w'^ ^ t . a ) 
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and hiju(uia) does not go beyond e 2 while t moves from to 1. (Here hij and w'^~ t 
are such that p^j^ix(t) is (ei, e 2 )-close to (h i t x,w + ) with respect to f .) 
We observe that if (|29.18l) . (I29.19[) hold and P(i,i),ix' is (ei, e 2 )-close to (/iix, u? + ) 

(1,1)' 



with respect to wvJ'jn, then 



Namely p^j^ix' is (ei, e 2 )-close to (hiX,w + ) with respect to uftj 3 -v 

Using Lcmma r29.201 we can show that /(•; [x']) assumes local minima at hi. The 

proof of (|29.18|) of Lemma T29.21I is complete. 

We can prove (|29.19|) using the fact that it holds for t — and the continuity 

argument. □ 

Lemma 29.22. In the situation of Lemma \29.21\ we have 

^ V(i,j),l*\w+ ,w'+ . y hi ~ ^ ? 0-( 1>1 ) >1 x',iZf+,iZf£+ 1 j,/ii ° vPhj)*' 

Proof. Let v' (M) = (S / ,p (M)]1 F f ,^ ( +. )) ) = p (lj) v'. 
By (j2"9~T5)) . (i2"9TTDT) . we have 

Kun .„w'+.,,h i = PaW(*),«'(v (»)) ® (C 1 (29.21) 

By (|29.18|> . the right hand side of Formula (|29.21|) is 

Pal /.ifl<™(x),«'(* p(4<;f)V ,(x)) ® (V^jv')*- 

By (|29.1ip . we have 

z P(i,j)V = *o-(<,i)/>(i,i)V = V ( i,i)V Vij = v (M) ■ 
Moreover h\g~ l u — h\uip^^ . The lemma follows. □ 
We now define P x , : E(x) -> C°°(S', u'TI ® A ' 1 ) by 

This is independent of i = 1 , . . . , c by Lemma 129.221 and of j — 1 , . . . , by Lemma 
I29~16l 

Lemma 29.23. For any h € T n , we have 

V h *=h*V*. (29.22) 
Proof. This is immediate from construction. □ 
We now put -E(x') = IraP X ' . 

So far we have fixed the choice of x, w and the choice of E(x). Actually, we took 
T n x &e orbit of x and E(gpx) for each g € p £ &t which is invariant in the 
sense of Lemma 129.81 

So we need to show that E(x') does not change if we replace x to gpx. We will 

prove this fact below. During this proof we write V*; w in place of V x > to specify 
the choice of x, w + . 

We first discuss the choice of w + . We consider the following two conditions: 

Condition 29.24. (1) If g € T n , then we take the same choice w + for gx = 
(£, z^,gu) as x = (£, 3 + , u). 
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(2) Let if : E — > E be an isomorphism that preserves z^ as a set and denote 
by ip ■ z + the induced ordered set of marked points defined by (ip ■ z + ) a = 
93 _1 (z+). Then our choice of w + for ip ■ x — (E, ip ■ z + , u) is ip ■ w + which 
is defined similarly as ip ■ z + . 
We remark that if we set v = (E,z + ,w + ) and &(<p) = (pi,p2)> then the above 
choice made in (2) is consistent with the action given in (|29.8[) . 

However, there is no such choice of w + that satisfies both of the above two rules. 
If (g,ip) € G(x), then 

5x ~ ip ■ x (29.23) 

in Aio-,e (/?)■ The left hand side gives the choice w + , the right hand side gives 
This actually does not matter since the isomorphism (j29.23[) is realized by ip. 

The point to take care of is the fact that this isomorphism may not be unique. 
Namely, if there exists ip : E — >■ E which fixes all the points of z + , then both of ip 
and ipoip represent isomorphisms (|29.23p . But w + and ipw + are different from each 
other unless ip = identity. However they will give the same choice of the image of 
Vx'. Namely we find the following: 

Lemma 29.25. 

LtiPx' = imP x , , 

if ip : E — > E is a biholomorphic map that fixes all the elements of z + . 

Proof. We can easily prove the equality 

v x ; o ^ = v x r , 

from which the lemma follows. □ 
We put 

Aut(E, z^) = {ip | ip : E — > E is a biholomorphic map such that ip{zf) = z^}. 

Lemma 29.26. We consider the T n x Aut+(E,z) orbit o/x. Then for each (pgx. 
of it we can associate an Aut(E, (pz + ) orbit of the set of w + 's such that Condition 
\29.24\ is satisfied. 

The proof is easy and is omitted. The proof of the next lemma is also easy. 
Lemma 29.27. Suppose that Condition \29 .2J\ is satisfied. Then we have 

(1) ImV^ + =g,lmV^ + . 

(2) ImP*;*^ =ImT*r + . 

Consider the image \E'i(Aut+(E, z)) C &e and let px, ... , pk be the representa- 
tive of the left coset space ©f/>I , i(Aut+(E, z)). 

For each (g, p) £ T n x &i we can write p — pi^i((p) for some i = 1, . . . , K and 
ip € Aut+(E, z). We then choose w + for (g, p)x as the same w + associated to gpx 
by Lemma T29. 261 It is well-defined up to the action of Aut((g, p)x). 

We can then define E(x.') for each x' sufficiently close to (g,p)x for some g,p. 
(We use Lemma T29.25I to prove that the Aut((g, p)x)-ambiguity does not affect the 
choice of the subspace E(x').) 

We use the next lemma and Lemma T29.27I to show that E(x) is independent of 
(<7, p)x that is close to x'. 
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Lemma 29.28. Let x' is (ei, E2)-close to x. Then the following conditions for 
p G &e are equivalent to each other: 

(1) There exists (g,tp) G G(x) such that p = ^i((p). 

(2) There exists g G T n such that x' is {ei,€2)-close to gpx. 

Note we write "(ei, e2)-close to gpx" instead of "(ei, £2)-close to (<?px, w + )" since 
we already specified the choice of w + for each gpx. 

Proof. In case x' = x this is easy to see. The general case can be reduced to this 
case in the same way as the proof of Lemma 129.161 □ 

Thus we have associated E(x!) to each x' that is close to the T n x (3^-orbit of 
x. By construction x' H> E(x') is T n x &i equivariant. 
We consider the set of x' satisfying 

du' G E(x'). 

Together with E and 

s(x') = du', 

this defines a Kuranishi neighborhood of the T n x &£ orbit of x. (|29.22j) implies 
that it is T n invariant. By construction, it is invariant under the permutation of 
the interior marked points z + . 

Remark 29.29. In [FOj Appendix, we took the minimum choice of extra marked 
points which breaks the symmetry with respect to the automorphism. The sym- 
metry is recovered in |FOj Appendix later on. In this section we take a slightly 
different way and take more additional marked points so that they are preserved 
by the automorphisms. This approach may be more suitable than the one in [FOj 
in the situation where a continuous group of symmetry exists. (It occurs in the 
situation we handle next.) 

We next remove Condition 129.91 

Lemma 29.30. Suppose x = (Y,,z + ,u) does not satisfy Condition \29.iA Then 
there exists a splitting T n — S 1 x with the following properties. 

(1) If t G Lie{T n ~ x \ then there exists a (disk or sphere) component S a of £ 
and p G E a such that u is an immersion at p and t(u(p)) is not contained 
in u*T p S. p is not a singular, boundary, or marked point. Here we regard 
t as a vector field on X . 

(2) If t G Lie(S 1 ) and w G S is not a singular point and u is an immersion at 
w, then t(u(w)) G it*(T w £). 

Proof. Let E a be a component the restriction of u to which is nontrivial. Since T n 
orbits are totally real, there exists at most one dimensional subspace 1 C Lie(T n ) 
such that the following holds: If t ^ Lie(1) and p € E„ is a generic point, then 
i(u(p)) is not contained in u*T p £. Moreover t&l satisfies (2) above. 

Since Condition 129.91 is not satisfied, this subspace T is nonempty. Moreover it 
is independent of the component S Q . 

We note that the Lie group associated to T must be compact since otherwise its 
closure in T n would have dimension 2 or more and its Lie algebra generates the set 
of Killing vector fields which spans the tangent space of the image of u. This gives 
rise to a contradiction since u is J-holomorphic. 

Since all S 1 in T n are direct summands, we obtain the required splitting. □ 



200 



K. FUKAYA, Y.-G. OH, H. OHTA, K. ONO 



Hereafter we write 



T n = Si x T™ 



for the splitting in Lemma r29.30l (The factor Tq 1 is not unique. However we take 
one and fix it throughout.) 

Lemma 29.31. Suppose x = (E, does not satisfy Condition \29.9\ . Then one 

of the following two altermatives holds. 

(1) There exists a special (singular or marked) point zo on (E, z + ) such that 
u(zq) is not a fixed point of Sq. The group G(x) is finite. 

(2) The connected component o/G(x) is S . The restriction of the map G(x) — > 
T n , (g,ip) i— > g to the connected component induces a finite covering of Sq. 

Proof. Suppose there exists a special point Zo such that u(zq) is not a fixed point 
of Sq. Then clearly the Lie algebra of Sq does not vanish on u(zq). It follows easily 
that G(x) is finite. 

We next assume that, for any special point zq of (E, z + ), the point u{zq) is a fixed 
point of Sq. Then it is easy to see that the vector field generated by t € Lie{Sl) 
lifts to a holomorphic vector field on E that vanishes on the special points. So by 
integrating it we obtain a subgroup of G(x) which is of positive dimension. Clearly 
the connected component of G(x) maps to Sq by the map (g, ip) H ► g. The lemma 
follows. (Note in case it is a multiple cover of multiplicity k on all the components 
where Sq action is nontrivial, then the covering index of the connected coponent of 
G(x) to S^ 1 is k.) □ 

We discuss the two cases in Lemma 129.311 separately. We first consider case 
(1). Let (E,z + ) be our marked bordered Ricmann surface of genus zero and one 
boundary marked point and let u : (E, <9E) — » (X, L) be pseudo-holomorphic. We 
choose finitely many points w + = (w^) a eA so that the following is satisfied. 

Condition 29.32. (1) w£ is disjoint from z + , singular point set and the bound- 
ary of E. 

(2) (E,iU + ) is stable. Moreover the group of its automorpisms is trivial. 

(3) u is an immersion at . 

(4) For any t s Lie^Q^ 1 ) there exists such that t(u(w^)) is not contained 
in u*T w +E. 

(5) w + is G(x) invariant, i.e., <p(w^) £ w + for all a E A, (g,(p) £ G(x). 

This is almost the same as Condition l29.10l The only difference is we take Tq~ x 
in place of T n in (4) . The existence of such w + follows from Lemma 129.301 

Let w + satisfy Condition 129.321 We put v = (E,z + U w + ). We consider its 
neighborhood U(v) as before. 

We next consider x' = (E',i* + ,u') which satisfies the conditions in Definition 
129.141 We define the set -fj(x') and a function /(-;x') or /(•; [x']) on it in the same 
way. 

We remark however that / may not be strictly convex in the Sq direction. (This 
is because we replace T n by T™ -1 in Condition [2532] (4).) 

So to generalize Lemma 129.211 to our situation we need to appropriately modify 
/. We use the special points on (E, z + ) for this purpose as follows. 

Let x' = (E', z /+ , u'). Let z c be a special point of (E,z + ). Below, we associate 
a real number f c (h) to (/i;x'). If z c is an (interior) marked point, then there exists 
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a corresponding marked point z' c on £'. We put 

f c (h; x') = dist(u'(4), ^(zc)) 2 . (29.24) 

Here dist is a Riemannian metric on X which is invariant under the T n action. 

We next consider the case when z c is a singular point. If this point remains 
singular in v', there exists a corresponding singular point z' c on £'. In that case we 
define / c (/i;x') by QZHQ. 

In case z c is no longer singular in v', we proceed as follows. We take the unique 
Riemannian metric on the double of £' \ (z l+ U w' + ) which is complete of constant 
negative curvature —1, of finite volume and whose conformal structure is compat- 
ible with the complex structure of £'. By Margulis' lemma (see p. 107 |BGSj for 
example), there exists a unique short closed geodesic which lies in the neck part 
that appears after resolving the singularity z c . Let £ c : [0, e c ] — > £' be this closed 
geodesic parametrized by arc length. We now put 

/ c (/i;x') = — / dist(w' (£ c (t)),hu(z c )) 2 dt. (29.25) 

e c Jte[0,e c ] 

We then define 

f + (h; x') = f(h; x') + fc(h; x')- (29.26) 

c 

Now by Lemma T29. 311 (1), /+(-;x') is strictly convex. We can perform the rest of 
the construction in the same way using /+ instead of /, and obtain V x > and E(x'). 
We thus obtain a Kuranishi chart of a neighborhood of the T" x &n orbit of x. 

We next consider the case where Lemma 129.311 (2) holds. In our situation, the 
connected component of G(x) is S 1 and is a finite cover of Sq. 

Lemma 29.33. There exists § = U^sS^ with Si = S 1 C £ satisfying the following 
properties: 

(1) Each of u(Sl) C X is an Sq orbit. 

(2) S is G(x) invariant. 

(3) § does not intersect with singular or marked points. It is disjoint from 
boundary. 

(4) For each choice of £ (b G B), the pair (£, {w^ \ b g B}) is stable. 
Moreover its has no nontrivial automorphisms. 

(5) //io£§, f/ien u is an immersion at w. 

(6) For each t G Lie(T n_ ) t/iere exists b such that t(w£) ^ ii*T iiJ +(£) /or any 

Proof. By equivalence if (5) holds for some then it holds for all . Once 
we remark this point the rest of the proof is easy and is omitted. □ 

Let 

G (x) = {(g, <p) e G(x) | g g T ™ -1 }. (29.27) 

Then Go(x) is a finite group. 

We consider uJ + = (ui+) aeJ 4 together a surjective map A -> 5, a i-> 6(a) with 
the following properties. Hereafter we write S a = Sb( a ) f° r a iE A. 

Condition 29.34. (1) w+ € S^. 

(2) If (g,<p) e G (x), then ^( W +) G w+ . 
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(3) Let m = #A and we identify A = {1, . . . , to}. For each (g, ip) £ G(x) there 
exists p £ & m , t a € Sq (a £ A) such that 

V{wi)=t a w+ {a) 

Remark 29.35. In general, j^A > j^B. We may need to take #A > #£? for item 
(2) of Condition [2931 to be satisfied. 

We define 

s = {{wt)aeA | Condition [29J1 is satisfied.}. (29.28) 

We remark all the elements of S satisfy (3)-(6) of Lemma 129. 331 

The connected components of S is identified with T m for some ml < to. The 
number of connected components are finite. So S has a canonical probability mea- 
sure. 

We put v(w + ) = (S, z+U#) G Mo-e+m- (Here v = (£, z+) and x = (£, z+, it).) 
For each g = (g, if) £ G(x) and w £ we choose TV^ satisfying the following 
conditions. 

Condition 29.36. (I) N w is a smooth submanifold of codimension 2. 

(2) N w intersects transversally with it(£) at u(w). 

(3) If (g, <p) £ G(x), then gN w = N v[w) . 

We next consider x' = (£', z 1 , u'), w + £ S and the following condition on it. Let 
ei, €2 be positive real numbers. 

Definition 29.37. Let h £ T n . We say that x' is (ei, t2)-close to hx if there exists 
w' + C £', and h £ TJ 1-1 with the following properties. 

(1) v' = (E',^+,it; / +) £ it(v(w+)) and dist(v', v(w + )) < e x . Here we use 
an appropriate metric on A4o-,t+m to define the distance between v' and 
v(w + ). 

(2) The G 1 distance between two maps u' o i v , and hu is smaller than ej on 
£\W(S(£)). 

(3) diam(ii'(<S)) < e\ if <S is any connected component of the complement 
E'\v(S\W(S(E))). 

(4) u'(w^+) e WV TO + for each a and 

dist(u'«+),^(w+)) < e 2 . 

Here u7+ = (w'+) aeA . 

In case w + , w' + are specified we say that x' is (ej., £2) -close to (hx, w + ) 
with respect to 

This definition is almost the same as Definition [29J~1 The only difference is we 
take T™- 1 in place of T n in (2). 

Lemma 29.38. We consider u' ', v' = (£', z l+ , w' + ). h. w + andputx' — (£', it') 
Let g = (g, (/?) £ G(x). FFe pui er = ^((f). Suppose x' is (ei, €2)-close to (hx,w + ) 
with respect to w' + . We consider erv' = {Yj' .az l+ .aw' + ), where {az' + ). L = z /+ _ 1 , 

(ow' + ) a = w' + _ t . Then ax' is (ei, €2)-close to (g~ 1 hx, w + ) with respect to a2W ,+ . 

£T 2 (a) 

Proof. The same as the proof of Lemma 129.151 □ 
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Lemma 29.39. Let fi\ G &e and £1,62 be sufficiently small. Suppose x' is (61,62)- 
close to (hx,w + ) with respect to and /iix' is (ei,€2)-close to (hx,w + ) with 

respect to w'my Then there exists ip E Aut+(v(w + )) such that w'^ = fj,2W^ with 

M= 0*1,1*2) = *(V0- 

Proof. The proof is the same as that of Lemma 129.161 □ 

Lemma 29.40. For each given e = (£1,62) there exists another (£?(£*), £2(6)) such 
that the following holds for t\ < e\{e), e' 2 < e 2(^) : 

Suppose x' is (£1,62) close to (hx,wts.) with respect to and let u^L G S. 

Then there exists u& such that x' is (ei, C2)-close to (/ix, wLs) with respect to . 

Proof. Let = (w^Jaei (k = 1,2) and w'^ = (w'^ a )aeA- We can find a 
path t 1 — ^ w+(t) € (whose length can be bounded by a constant independent 
of 61,62) such that w+ (0) = tu^ Q , (1) = u>^ o . By Definition 129.371 (2) and 
129.361 (2), we can apply the implicit function theorem to find a unique C°° map 
1 1 — y u/+(t) G E' such that 

u'«+(t)) G hN w+ u'(w'+(0)) = w'+ a . 

Then u/i a = u'(u^ + (l)) has the required properties. (We use continuity of i v i 
with respect to v' to obtain Condition (2) of Definition 129.371 ) □ 
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Remark 29.41. Note that w + (t) may not be an element of S for t 7^ 0, 1. This 
does not affect the above argument. 

For given x' = (£', z l+ ,u') and w + £ S, we define the subset io(x',w + ) of T™ -1 

by 

fi(x',w + ) = {h G T ,l_1 I 3/Xi € 6^, nix 1 is (e 1: e 2 )-close to (hx,w + ).} 

We define /(•; [x',w+]) : Sj(x.',w + ) -> M by the same formula as (|29.17|) . (It is 
independent of w' + as before.) 

Remark 29.42. In the previous situation, we chose w + once and fixed it. Here 
w + € S is moving. So we include w + in the notation of Sj(~x.',w + ) and of /. 

We define 

\G Q (x)\ = {g€T*- 1 \3<p,(g,<p)eG(x)} 
and c = #|Go(x)| its order. Let |Go(x)| = {gi = 1, . . . ,5c}- We put 
G (x) = {g hJ = (gi,(fi,j) I i= l,...,c, j = 1, ... ,5}. 
Here = #{<,o | (1, (p) e G(x)} and = id. 
Lemma 29.43. If (61,62) is sufficiently small, then the function 

/(•;[x',«J+]) :io(x', U J+)^R> 

is strictly convex and attains local minima at exactly c points h%,. . .,h c . 

Moreover the following also holds: For each i we have d choices of ^uj) and 
P(i,j),l € @i (j = such that puj\ix! is (ei, €2)-close to (hiX.,w + ) with 

respect to w'^. We put ^(tpij) = o- {%]) = (cr( 4J ),i, <r{i,j),2)- 

Then 

hi = h 1 g^ 1 , P(i,j),i = ^(ij-) = o-(ij), 3^1)- (29.29) 

Proof. Let us first consider the case when x' = x. In this case it is easy to see that 
/ attains local minimum at hi = g^ (i = 1, . . . , c) (gi = h\ = 1). By taking e 2 
appropriately we may assume that there are no other local minima. We can take 
P(M),i = id > P(iJ)A = Moreover uf^ = w+, = tp itj ■ w+ . 

By Condition 129 .341 there exists Gu t j) t 2 such that ipij ■ w + — <7^jy 2 u> + . We thus 
proved (|29.29[) in case x' = x. 

The general case can be reduced to this case in the same way as Lemma r29.21l □ 

Lemma 29.44. In the situation of Lemma \29.38[ we have 

f(h; [x',uJ+]) = /(/i; [gx',^+]). 

Here x' = «£',.?+), gx' = {gu' , £', V^ip)? +). (g = (g,<p).) 

Proof. The same as the proof of Lemma 129.201 □ 

Remark 29.45. In the situation of Lemma [29.401 f(h;x',wt 1 j) may be different 
from f(h;x.',w+ 2) ). 

Suppose x' is (ei, e 2 )-close to (hx,w + ) with respect to w /+ . We define 

T'x'.tB+.to'+.fc : £( x ) -> G°°(E',m'*TX ® A 04 ) (29.30) 
in the same way as (|29.14p . 
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Definition 29.46. Consider x' such that fj(x',u; + ) is nonempty for some (hence 
for all by Lemma [29.40)) w + £ S. 

We denote by h™ (i = 1, . . . , c) the elements of i}'(x, w + ) at which local minima 
of /(•; [x', w + }) is attained. 

Applying Lemma [29.431 we obtain P?^\ 15 ^'(tj) ^ or 3 = 1, - - - , f ■ (We include 
w + in the notation to show its dependence on w + .) 

Lemma 29.47. 

Proof. The proof is the same as the proof of Lemma 129.221 □ 
Lemma 29.48. For each sufficiently small positive number t\, the number 



sup sup 

<,<es»#o l|D|| 
goes to as C2 — > 0. 

Proof. From the proof of Lemma 129.401 we have 

u o i v / ~ hu ~ u' o i v / . 

(1) (2) 

Namely i v / is C 1 close to i v ' • 

J V (l) V (2) 

We can also prove that ft,™ 1 is close to ft™ 2 by the proof of Lemma 129.401 
Using these facts, the lemma follows from definition. □ 

We now define 

V* : E(x) -> C°°(Y!,u'*TX® A ' 1 ) 

by 

We use the Haar measure, that is, the canonical probability measure dw + of S in 
the right hand side. Lemma 129.481 implies that V x > is injective if t2 is sufficiently 
small. 

(|29.3ip is independent of i = 1, . . . , c, j = 1, . . . , D by Lemmas l29~47l 129.161 

Let g = (g,V0 € G(x). We put = ^( a ) where cti £ &£. For x' = 

(£',z"+X) we define gx' = (£', aw') with (<7if + ) a = z'+ .. (Sec 

CT i ( a ) 

Lemma 29.49. FKe have 

=3*"Px'(t)). 

Proof. We put o"2 = ^(VO- We apply Lemma [29.43l to x', w + and obtain ft^, 

etc. We apply Lemma l"29.43l to gx', o"2W + and obtain hi, w^j\ etc. 

In the same way as the proof of Lemmas 129.151 and 129.201 we can prove 

hi = hig, = (T 2 w ( + r (29.32) 

In fact, if (|29.32|) holds and 

u'(w', + .s ) £ hiN , +s, 
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then for b = 02 (a) we have 

9 u '( w '(tj),b) = 9u'{w'+ j) a ) G ghiN w + =hiN {a2W+)b . 

This is a part of Definition 129. 141 (4). We can use this fact together with (the proof 
of) Lemma l29~44l to prove (|29.32|l . 
We put 

Then by the second formula in ()29.32p and (|29.11j) . we obtain 

iv = v of/' -1 - 
Using the first formula in (|29.32[) and the definition also we have 

(Here we assume = id for simplicity.) 

The lemma follows by taking the average over w + . □ 

Remark 29.50. Note we integrate over w + to achieve the above G(x) invariance. 
This is different from the situation of Lemma r29.47l Namely in that case elements of 
G(x) only exchange the points of w + . In our situation G(x) has positive dimension 
so we can not take (the finite set) w + so that it is G(x) invariant (as a set). 

Lemma 29.51. If h G T n ~\ then 

Vhx! = K ° 7>x' • 

Proof. This is immediate from the construction. □ 

We put E(x!) = IniPx'- By construction, it is independent of the permutation 
of interior marked points. 

We next prove its Sg-invariance. We put x' = (£', z* + , u'). Let S G Sq. Note 
: u'*TX -+(So u')*TX induces 

S* : G°°(S',u'*rX® A ai ) -> G°°(E',(S'ou')*TX(g)A ' 1 ). 

Lemma 29.52. FFe /iaue: 

E(S'x') = S^x'). 

Proof. Let 5 = (5, y>) G G(x) which is a lift of S. We choose a path St = (St, y?t) 
in G(x) such that 5 = (1, 1) and Si = S. 

We remark that we may take (pt so that ipt(zj) = zj, for each a. (In general 
tp(z a ) = Zb, b 7^ a may occur.) In fact we take t G Lie(SQ) such that exp(t) = p. 
t induces a holomorphic vector field on £ which is zero at and at the singular 
points. By integrating it we obtain the desired (pt- 

We take h^t € T£~ , vf£j\ v <pi,j,t (* = lj • • • > c ) sucri that <^ t x' is (ei, £2)-close 
to (h^tx., (pt"w + ) with respect to t - We remark 

(£ t w+) a =?tK). (29.33) 
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have 

f{h;S t x.' 1 frw + ) =J2 d[st hN Mmt) (S t u\w[j jyt .J,hu((p t w+)) 2 

a 

= ^ dist St / l 7V ro + (<W(W(tj),i;a)' hS t V,(w+)f 
a 

= dist hN w + (u'(w'+ j) t . a ),hu(w+)) 2 
a 

= f(h;x',w+). 
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Remark 29.53. Note that Stu'{w'^ ^ t . a ) = u' '{(pt{w'^ * t . a j) does not hold in gen- 
eral. (Actually the right hand side is not defined.) On the other hand, Stu(w+) = 
u{ift{wi)) does hold. Moreover, S t u'{w'a) = S t u'{w'^ ^ t . a ) holds, because both 
are the unique nearby intersection point of Stu'(Y±') n hStN w +. (In other words, 



w 



Therefore we find that h^t is independent of t and is equal to hi = hi t o- We can 
use this fact in the same way as the proof of Lemma 129.471 to show 

T^S-x! ,ipw + ^2{ip)w'+ ,hi — S* ° 'P-js! ,w + ,w'+ .hf 

The lemma follows by taking the average over w + . □ 

We thus proved that E(x') is invariant under the T n and G(x) actions. 
We consider the set of x' satisfying 

du' e E(x') 

together with E and 

s(x') = du'. 

This defines a Kuranishi neighborhood of the T n orbit of x. 

In the same way as before we can extend it and define E(x!) for x' in a neigh- 
borhood of the T n x &i orbit of x. Then E(x) is invariant under the T™-action 
and the permutation of interior marked points. 

We thus completed the construction of our Kuranishi neighborhood in the case 
when x has only one disc component. 

29.2. The case with more than one disk components. We finally consider 
the case when the domain may have 2 or more disk components. 

Let x = (E,z+,u) e Mo-j(f3). We decompose E into disk components (we 
include tree of sphere components to the disc component on which it is rooted). 
We write 

E= (J 

Each of the disk component together with the restriction of u and z + induces an 
element 

x(a) = (E(a),^,u a ) E M ;t a (fi(a)). 
Each of x(a) satisfies one of the following three conditions. 

(1) x(a) satisfies Condition 129.91 

(2) x(a) satisfies the conclusion of Lemma 129.311 (I). 

(3) x(a) satisfies the conclusion of Lemma [29.311 (2). 

We say that x(a) is of Type I, II, III if it satisfies (1), (2), (3) above, respectively. 
Sometime we say a is of Type I, II, III also. 

We take and fix a splitting of T n as in Lemma T29.30I We write this splitting as 
&a x la • (This splitting depends on a (which is of Type III) so we include a in 
the notation.) 

Hereafter we put 

if a is of Type I or II, . „ „ ,. 

Jy ' (29.34) 

if a is of Type III. 
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For each x(a) of Type I or II, we take extra marked points so that Condition 
129.101 or 129.321 is satisfied respectively. 

For each x(a) of Type III, we choose the union S Q C X of circles as in Lemma 
129.331 We then take S a as in (|29.28p . ((S,x) in (|29.28|) corresponds to (S a ,x(a)) 
here.) We use it to define S as follows. 

We defined the group G(x) as in Definition [2921 We remark that in our situation 
where the domain S has at least two disk components, G(x) is necessarily a finite 
group. This is because the isotropy group of a boundary singular point is trivial. 
(See the proof of Lemma 129.311 ) 

Remark 29.54. An element g G G(x) may exchange factors x(a). We choose wJ+ 
(the case of Type I and Type II component), S a (the case of Type III component) 
so that it is preserved under this action. In fact, we are proving Proposition 129.51 
inductively. (Namely by induction on E(/3).) In other words, we are making the 
choices of or S a inductively on E{f3 a ). In our situation for which j3 is de- 
composed into f3 = ^2 (3 a , those choices for each of (3 a had already been made. Of 
course, it depends only on the isomorphism classes. So the action of g automatically 
preserves it. 

We define 

Goo(x) = {(g, <p) G G(x) | g G T Q for all a}. 

This is also a finite group. 

Let 21(111) be the set of all a G 21 of Type III. We define an equivalence relation ~ 
on 21(111) as follows: Let a, a' £ 21(111). Then a ~ a' if there exists (g, ip) £ Goo(x) 
such that <p(£(a)) = E(a'). 

Let (w^)aea(iii) an d consider the following condition on it. 

Condition 29.55. (1) Each of w+ satisfies Condition [297341 (Here we replace 
x in Condition [297541 bv x(a).) 
(2) Let a ~ a' and y>(£(a)) = £(«') as above. Then there exists p £ & ma 
such that 

We remark that if a - a' then T Q = T a ,, = 

Definition 29.56. The set S is a subset of naea(ni) ^« consisting of the elements 
(w+) Qe2 i(in) satisfying Condition [29,551 

Since we have already fixed w+ if a is of Type I or II, we obtain (w+) ae 2t for 
each element of S. Hereafter we regard (w+) a ew G S. 

Lemma 29.57. S is invariant under the G(x) action. 

Proof. This is a consequence of Condition 129.341 (3) and the fact that Goo(x) is a 
normal subgroup of G(x). (See also Remark l29.54l ) □ 

For (iyj)aea G S, we consider 

v(w+) = (^,z^u{Jw+ S j = (E,2+ Uw+) . 
We put ^ = i a = m = m « = #^ + - 
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We also define Aut + (v(w + )) as in Definition 129.111 Let tp £ Aut+(v(uT + )). 
We then obtain p — (pi,p2) — ^(y) £ &e ~x & m . We remark that the image 
v P(Aut+(v(w + ))) depends on w + in general. However if g = (g, (p) £ G(x), then 

*(Aut + (v(w + ))) = / 9*(Aut + (gv(wJ+)))p- 1 

where gv(iS + )) = (£, <p ■ z + U p ■ w + ), p = ^ (<£>)• 

We remark that if (g,(p) £ Goo(x) then ip £ Aut + (v(uJ + )) by Condition 129.551 
(2). 

We also choose N w as in Condition 129.131 or 129.361 

We consider a neighborhood il(v(«J + )) of v(w + ). Let v' £ il(v(w + )) and v' = 
(£', z* + , w' + ). Then we have Lf(S(T,)), a neighborhood of singular point sets of £, 
and 

V :E\W(£(£)) £' 

such that the following holds: 

Condition 29.58. (1) i V '(^ + ) = z' t + , w(wf) = w'+ . 

(2) i v i is a diffeomorphism to its image. 

(3) i v i is biholomorphic on each of the support of E(x(a)). 

(4) If a = ((71,0-2) £ V(ip), ip £ Aut+(v(iZ;+)) then 

i av , = i v o 1 /,- 1 :S\ W(5(E)) -> S'. 

(5) When E has 2 or more disk components, i v < is compatible with the maps 
inductively defined in each of the disk components. 

(6) v depends continuously on v' in C°° topology. 

We will elaborate Condition (5) later during the proof of Lemma T29. 711 
Let ei,62 be small positive numbers. We take and u' : (£',£?£') — > 

(X,L). 

Definition 29.59. For x' = (T,' 1 z' + ,u / ) and w+, we say that x' = (S', u') is 
{t\,t2)-close to (hx,w + ) with respect to w' + if the following holds. 

(1) v' = {T,',z'+,w'+) £ it(v(uJ+)) and dist(v', v(w+)) < e x . Here we use 
an appropriate metric on A^o;£+m to define the distance between v' and 
v(w + ). 

(2) The C 1 distance between two maps v! o i v , and /iu is smaller than e% on 
S\W(5(E)). 

(3) diam(u'(5)) < ei if 5 is any connected component of the complement 
E'\v(E\W(5(E))). 

(4) u'(w'+) £ hN w + for each a and 

dist(u / («4+), < e 2 . 

Here «?+ = « + ) a€j4 - 

We remark that this definition is exactly the same as Definition 129.141 
We can proceed in the same way as the case of Type I component using Condition 
I29.59l in place of Definition 129. 141 However, then, the resulting Kuranishi chart will 
not be disk-component-wise. To obtain a disk-component-wise Kuranishi chart we 
need to consider the case where the element h £ T n above may vary depending 
on the disk component to which h is applied. For this purpose we state the next 
definition. 
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We denote 

w+ = (J w+ = [j {w+ a ) aeAa - 

We also write w + = (w+) ae A sometimes. 

In the next definition we consider p = (pi,/3 2 ) £ 6; x & m which is induced by 

pa G ©#a, Po,i, Po,2 

according to the formula 

Pi(a,a) = (p (a),p 0j i(a,a)), p 2 (a,a) = (p (a), po >2 {a,a)). (29.35) 

Here po,i is a map from {(a, a) \ a € 21, a = 1, ... , £ a } to {1, . . . , £ Po ( a )} an d po,2 is a 
map from {(a, a) \ a € 21, a = 1, ... , m a } to {1, ... , to po ( q )}- (Actually ^ po ( Q ) = t a 
and m po(a) = m a .) 

In such a case we write 

P = (Pi,p2) = bo,po,i,Po,2]- 

In case p = ^{f) for 9? € Aut + (v(w+)) the permutation p is of the form (|29.35| . 
In fact po is determined by 

¥>(£(a)) = s (Po(a))- 

We also remark the following. Suppose [po, po,i, Po,2] = ^{f) and po(a) = a. Then 
(^0,1(^1 ')>Po,2(ct, •)) i s an element of x &m a - Moreover it lies in the image of 
Aut+(x(a)). 

Definition 29.60. Let (/i(a)) aeSl with h(a) £ T a . We say that x' = (E',f+,u') 
is weakly (ei, e 2 )-close to (x, /i, (h(a)) a £<&i w + ) with respect to w' + if the following 
holds. 

(1) v' = (T,',z'+,w'+) e it(v(uJ+)) and dist(v', v(w+)) < e t . Here we use 
an appropriate metric on Mo-,e+m to define the distance between v' and 
v(uJ+). 

(2) The C 1 distance between two maps v! o i v / and h(a)u is smaller than ei on 
E(a)\M(5(S)). 

(3) diam(M'(5)) < ei if «S is any connected component of the complement 
E'\v(S\W(5(E))). 

(4) u'tto^o) G h(a)N w + for each a, a and 

dist(u'«+ a ),/i(a)u(w+ a )) < e 2 . 

(5) |/i — /i(a)| < ei if x(a) is of Type I or II, and \ir(h) — h(a)\ < e% if x(a) is 
of Type III. Here tt : T n -> X"™ -1 is the projection. 

Definitions 129.591 and 129.601 are related in the following way. 

Lemma 29.61. For each e = (e l7 e 2 ) rtere exists (e?(e), e^C^)) suc ^ ^ e follow- 
ing holds for e[ < t\{e), e' 2 < e 2 (e). 

(1) // x' = (E'jz'+ju') is (ei, e 2 )-close to (hx,w + ) with respect to w' + , then 
x' = (E', it') is weakly {e\,e 2 )-close to (x, /i, (h(a)) a6 a, -ffere 
ft,(a) = ft- /or all a. 

(2) // x' = (E', z l+ , v!) is weakly (e' 1 ,e' 2 )-close to (x, h, (h(a)) a e<&, w + ), then 
there exists w" + such that x' = (E', u') is (ei,e 2 )-close to (/ix, w + ) 
with respect to w" + . 
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Proof. The proof is immediate from definitions. □ 

We will consider the situation of Definition 129.601 

We can generalize Lemma 129.391 in our present situation as follows. 

Lemma 29.62. Let \i\ £ &i and ei,C2 be sufficiently small. 

Suppose x' is weakly (ei, €2)-close to (x, h, (/i(a)) a£ g, w + ) with respect to w'^ 

and ^iix' is weakly (cx,C2)-close to (x,h, (h(a)) ae t&,w + ) with respect to uf^y 

Then there exists (1,V0 S Goo(x) C G(x) such that pt 2 ) — P(i)A*> A* = (Mi)/^) = 
^(tp) and w'^ = jU2^nv 

The proof is the same as that of Lemma 129.161 

Let ao be of Type I or II. We define the set -f)(x', ao, w + ) of all h(ceo) £ T n with 
the following properties: There exist w' + and h(a) £ T n for a ^ ao such that x' is 
(^l) £2)-close to (x, /i, (/i(a)) Q ga, w + ) with respect to w' + . We define a function 

/„„(•; x',w + ) : Sj(x',a ,w + ) -> R 

by 

/ ao (%);x' ) #)= ^ dist(tt'(«/+ ia ),ft(ao)u(«;+ ta )) 2 . (29.36) 

Lemma 29.63. The right had side of V29. 36}) is independent of (a ^ ao) and 
w'+. 

Proof. When we fix u;+ (for a ^ ao also) but change w' + , the required invariance 
is a consequence of Lemma 129.621 

When we change w£ a for a / ao, the element w'^~ a may change but we may 
choose w'c^ a so that u'{w'^ o a ) does not change. 

The lemma easily follows from those facts. □ 

If ao is of Type I, then f ao is strictly convex. 

If ao is of Type II, we use special points on the component £(ao) and define 
fa + in the same way as (|29.26[) and can show that it is strictly convex. 

We now consider the case of a of Type III. We first modify Lemma [2930] for the 
present situation. Let us consider x' = (£' , z' + , u') and £ S for k — 1,2. 

Lemma 29.64. For each e= (£1,62) there exists (e?(e), such that the follow- 

ing holds for e! x < e5(e), e' 2 < e 2^)- 

Suppose x' is weakly (e^, e' 2 )-close to (x,h, (/i(a)) ae a., ^^m) wi/i respect to w'^. 
Then there exists such that x' is weakly (ei,€2)-close to (x,h,(h(a)) a ^e,wf 2 -.) 
with respect to vf^s . 

Proof. The proof is the same as the proof of Lemma 129.401 □ 

For each choice of w + , ao of Type III, we define the set $)o( x ' , a o, w + ) of all 
h(ao) £ T™" 1 with the following properties: There exists w' + and h{a) £ T n for 
a^Qo such that x' is (ei, £2)-close to (x, h, (h(a)) a em, w + ) with respect to w l+ . 

We then define 

f ao : 55 (x',a ,w + ) -> K 
by the same formula as (I29.36|) . 

Lemma T29.63I holds in the case when a is of Type II or III also. 
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We now put 

h(a) £ ^(x, a) if a is of Type I or II, 
h(a) € Sj(x, a, w + ) if a is of Type III, 
3h (/i(a)) ae a, h satisfies (5) of Definition 129.601 
Each of f a , f a ,+ may be regarded as a function on it. We also put 

(pi,p2)=[po,Po,i ,Po,i]6S^ 

We next adapt Lemma [29.211 to the present situation. We put 

|Goo(v)|-{ 5 |3^ ( 3 ,^)eG o(v)}. 

Let c be the order of |Goo(v)|. 

Let | Goo (x) | = {gi = 1,.. .,g c }. We put 

Goo(x) = {si d = (gi,tpi,j) | i = l,...,c, i = 

Here c) = #{</? | (1, ip) e G(x)} and 931,1 = id. We put 

= [ (j (i,j),0) cr (i,j),0,l) cr (i,j),0,2] = ( (J (i,j),l!< :7 '(i,j),2)- 

Lemma 29.65. Assume i3(x,w + ) ^ 0. Then, there exist exactly c choices of 
(/ii(a)) ae a 2 = 1 , . . . , c swc/i £/ia£ a?/ o// a and f a ,+ attain local minimum there. 
For each i, there exist hi £ T n and choices of ^ and 

P(i,j),l = [P(i,j),0i P(i,j),o,i] G ©£, j = 1, . . . ,d 
such that pfo t j\-ix! is weakly (ei,62)-close to (yi,hi,(hi(a)) ae <^,w + ) with respect to 
w, + -,. Let Wi n(zt) = z + , s, ipi i(wt) = w + 1 \ . 
TTien we /lave 

M a ) = 5i~ 1/l i( a )' = ^(tj) = ^ijO^^ti)- (29.37) 

Proof. In the case when x' = x, we can prove that f a (or f a ,+) takes local minimum 
at hi(a) — g^ 1 and — ipij(w^ ^) by using Condition [29311 We may choose 

ei , £2 so that there is no other local minimum. This implies the lemma for the case 
x' = x. 

The general case can be reduced to this case by using the continuity argument 
similar to the proof of Lemma 129.211 □ 

Lemma 29.66. For each given e and e = (ei, £2), there exists (ei(e, e), e^e, e)) such 
that the following holds for all e\ < e?(e*, e), e 2 < £2(^1 e )- 

7/x' = (£',z' + ,u') is weakly (e[, e 2 )-cZose to (x,h',(h'(a)) a <z$i,w + ) with respect 
to w' + , then there exists (/i(a)) Q e2i <= -f)( x , w + ) such that f a (or f a ,+) attains local 
minimum at h(ot) for each a and \h'(a) — h(a)\ < e. 

Proof. If x' = x, the proof is immediate from Lemma l29.62l Then the general case 
follows from continuity argument (using strict convexity of f a ) in a way similar to 
the last part of the proof of Lemma [2921] D 



We now define the maps 



Ku» ^tf+^a ■ ^W")) Cq°(^'; u'*TX ® A ' 1 ). (29.38) 
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Here the right hand side denotes the set of smooth sections whose supports are 
disjoint from the neighborhood U(S(T,)) of singular points of E. 

We take and fix w + . We assume that f a (or f a .+) assumes local minimum 
at (hi(a)) ae <2i G £)(x, w + ). We remark that puj^ix! be weakly (ei, £2)-close to 
(x, hi, (hi(a)) ae sn, w + ) with respect to w'u tj \- 

We put v'j. ^ — (E', ^Uj)) - ^ e decompose the image i v > into U Q E'(a) 

where 

E'(a) = Im ? v /(E (a)) 
and Eo(a) is the intersection of the domain of i v j and E(a). 
Let x € Eo(a). We have 

(29.39) 

We also have: 

(V 1 )* 

A^(E) «4 A$ (X)) (E'). (29.40) 

They induce (|29.38p . 

We next prove that the image of the map V ' , T+ , T ,+ is independent of 

Lemma 29.67. In the situation of Lemma \29.6b\ we have 

Proof. Using Lemma I29.65I the proof is the same as that of Lemma I29.22I □ 

Remark 29.68. In general, V x > ,w>+ ,a depends on w^, for a' ^ a. The element 
h(a) is independent of vj'^, for a' 7^ a. However the map i v > may depend on w' + . 
In particular, it may depend on w'^i for a' ^ a. We will come back to this point in 
the course of the proof of Lemma I29.71I 

Let us move w + G S in a one-parameter family w*~. Here s G S . We take h s (a), 
w' s + for each w+ so that they continuously depend on s G (0, 1). (Here we identify 
5 1 \ {point} = (0, 1).) Then we can use (the proof of) Lemma T29. 401 to show that 
V x , -/+ a is close to the constant map. Therefore we use Lemma 129.651 to prove 
that w' s + can be extended to a family parametrized by s € S 1 . (We use the fact 
that the group Goo(x) is a finite group here.) 

We use this fact to show that there exists a w + G S parametrized continuous 
family of w' + . We denote it by wt + . 



We now take the average over w + and define V-xj ,a by 



V*, a = (29-41) 

Jw+GS ™ + 



We use the canonical probability measure of S in the right hand side. 

By Lemma T29. 671 the right hand side of (|29.41|) is independent of the choice of 
wt + . We can generalize Lemma T29. 481 and use it to show that V x > , Q is injective. 

We put 

£(x» =Im7V,a, £(x') = 0£(x',a). 
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Lemma 29.69. If g <E T n , then 

E(gx',a) = g*E(x' ,a). 
Proof. For each a G 21(111) we decompose g as g — g Ui i + g Ui 2 where g a> \ £ S^, 

Let us take hf , hf a , a , ipf^ as in Lemma 129.651 (They depend on w + . 

So we include it in the notation.) We define gw + — {gi^aW^) ae %. (We put g a ,i = 1 
if a is of Type I or II.) More precisely, we lift g a i to g a< i = (g Q ,i, Vvi) G G(x)o 
(= the connected component of G(x)) and define 

gw+ = (ip-^ ■ w+) a& . 
We remark that g a> \u = u o iji a ±. We also remark that 

See (I29~33l 1 

Since a - a' implies = 5&, and T™ -1 = T™" 1 , it follows that gw+ e S. 
We apply Lemma l29.65l to gx'. aw + , x to obtain s hf w , s ftf™ s ^<^f) } a ' 8 Vi j ■ 
Then, by definition, we have 

(See also the proof of Lemma [29. 521 ) 
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Therefore 

V , _ , „ = g*V , „ , ^, +tS + . 

By taking average over w + we obtain the lemma. □ 

We next prove the G(x) invariance of E(x'; a). Let g = (g, ip) £ G(x) and &(p) 
be of the form [p , p ,i, po,2]- 
We have a map 

g» : ^(S's^TI ® A ' 1 ) -> Go°(E'; ( 5 u')*TX ® A ' 1 ) 

as in the proof of Lemma 129.41 

Lemma 29.70. We have 

£(gx; p (a)) = g,£7(x;a). 

Proof. Let g = (g, and w + € S. By Lemma[2937l we have ip(w + ) £ S. The rest 
of the proof is the same as the proof of Lemma r29.49l □ 

We use it to define a Kuranishi chart of a neighborhood of the T n x &i orbit 
of x in the same way as before. It is invariant under the G(x) action and of the 
permutation of the interior marked points. 

We now prove 

Lemma 29.71. The Kuranishi chart we defined above is disk- component-wise. 

Proof. As we mentioned in Remark 129.681 h(a) depends only on and is inde- 
pendent of w^, , a 7^ a' . So we only need to study i v < to prove the lemma. 

Here we describe Condition l29.58l (5) more precisely. During this description we 
write z v ' ;v in place of i v /. Namely we specify v. 

Let v = (S, z + , w + ). We decompose 

S= (J 

where E(a) is a disk component (together with sphere components attached on it). 

Definition 29.72. Let Part(2l) be the set of all B = {2l(/3) |^e!B} such that: 

(1) 2109) c 21. 

(2) 2l = (J /36 < 8 2l(/3). 

(3) If $ ^ /?', then 2103) n 2103') = 0. 

(4) Uaea(^) ^ s connected for each (3 € 03. 

Let 1 = {2103) | € 33}, B' = {2t'(/?') | 0? e 93'} e Part(2l). We say B < B' if 
for each /3 € 53 there exists j3' € 03' such that 2l(/3) C 2t'(/?'). 

For B = {2t(/3) | /? G 03} € Part(2t) let H(v;B) be the set of elements v' = 
(£', 2*+, w'+) G il(v) such that the following holds: 

If a, a' € 21 and i V '- v (Y.(a) \ U(S(T^)) belongs to the same disk component as 
i^. v (S(a') \U(S(S)), then there exists ft g 03 such that a, a' € 2l(/3). 

By definition, il(v; B) is a closed set. Moreover if B < B', then il(v; B) C U(v; B'). 
Let v' = (£', z'+,w'+) € ll(v) and (3 e 03. We put 

E'(/3) = |J The component containing i V;v (E(a) \W(5(E)). 

aga(/3) 
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By definition 

£'(/?) n £'(/?') CS(E), 

if p ^ 0'. Namely 

£' = |J S'(/3) (29.42) 

is a 'disjoint' union. (More precisely, two different members intersect only at one 
boundary singular point, if any.) 
We put 

H(v; B) = il(v; B) \ |J il(v;B'). 

B'<B 

Note that ()29.42[) is a decomposition to the disk components if and only if v' is an 
element of it(v;B). 

Let v' £ it(v;B). The component £'(/?) together with interior marked points on 
it defines an element v'(/3). We have a map 

V W; v (/3 ) : (J (£(<*) \W(S(£))^ £'(/?). 

o 

Suppose v' e il(v; B) and v" G H(v'). Then we have a map 
z v „ ;v , : (J (£'G9)\ «(<$(£')) 

Now the following is the precise form of Condition 129.581 (5) . 
Condition 29.73. If v' e 5Jl(v;B) and v" e it(v') n lt(v), then we have 

i v ";v = V>' O V(/3);v(,8) (29.43) 

on U„ 6a( «£(tt)\W(5(E)). 

Sublemma 29.74. There exists i v < ;v which satisfies Condition \29.58\ (1) - (4), (6) 
and Condition \29~7^ 

The proof is by induction on the number of disk components. 

Now using (|29.43[) and Remark 129.681 we can prove Lemma T29. 711 □ 

The proof of Proposition 129.51 is now complete. □ 

Once Proposition 129 . 51 is established, we can prove Proposition 129 . 1 1 in the same 
way as }Fu2j Corollary 3.1. □ 

30. Appendix 4: T n equivapjant continuous family of multisections 

In this section we construct a continuous family of multisections with cyclic sym- 
metry for the Kuranishi structure produced in the last section. Most of the construc- 
tion is a straightforward combination of those employed in [F0004 ( F0005, Fu2 . 
We only need to prove the following Lemma 130.11 

We consider ([/, E,T,s) and /, N with the following properties: 

(1) U is a smooth manifold with a T n action. 

(2) E is a T n equivariant vector bundle on U. 

(3) r is a finite group which has right action on U and E. Moreover E is a T 
equivariant vector bundle. The action of T on U is effective. 
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(4) The r action and T n action commute and so defines a T n x T action on E. 

(5) N is a smooth manifold and / : U — > N is a smooth submersion. 

(6) s is a T n x T equivariant section of E. 

Lemma 30.1. There exist a manifold W with a T n action, and a multisection 5 
of E /r x E — > Uq/T x W that satisfy the following properties: 

(1) Uq is a T n x r invariant neighborhood o/s _1 (0). 

(2) s is smooth and is transversal to 0. 

(3) The restriction of f to s _1 (0) is a submersion to N. 

(4) Each branch of s can be chosen to be as close to s as we want in G° sense. 

Proof. Let p G U. We put I p = {g € T n \ gp = p}, T p = {7 G T \ p = p-/}, 
G P ,+ = {(9- 7) e T n x T I gp = P7}, which contains I p x T p . 

We define a left action of r by jp — pj^ 1 . Hereafter we only use this left action. 
The group G p ,+ acts on X and E as a subgroup of T n x T. By this action, p is a 
fixed point of G p .+. So G Pi + acts on the fiber E p . 

We choose a submanifold X p containing p which is a local transversal to the T n 
orbit of p. We may choose X p so that it is G Pi + invariant. We take a T n x T 
invariant metric of U and a T n and T invariant connection of E. 

We put W' = E p and define a section s p of 2? on X p x W' by 

apCar.tfi) = s(x) +H p {w). (30.1) 

Here is the parallel transport along the minimal geodesic joining p and 
transversal to 0. Moreover (3) in the conclusion of Lemma feO.ll is satisfied. In fact 
the restriction of the projection X p x W' p — > X p to s~ 1 (0) is a submersion. 

We take a closed subgroup J p C T n such that the map J p x I p — > T n defined 
by (<7> h) 1 — ^ gh is finite to one and surjective. We put T p = J p x G Pi +. We define 
-: '/;. > V" l).v 

^(5, (ft, 7)) = 5ft- 

7r is a surjective homomorphism. We put H p = Ker7r c T p . H p is a finite group. 
The restriction of the projection J p x G Pj + — > G p .+ to H p defines a homomorphism 
H p — > G p .+, that is injective. 

We recall I p C G Pi + by the embedding g n- (p, e) where e G T is the unit. 
Therefore we can embed 

J p n i p — > -ffp 

by 3 >-> (3 _1 , (fl,e)). 

We let J p act trivially on W' p . We then define the a diagonal action on T p = 
J p x G p .+. Its restriction to H p defines an action of H p on W p . The embeddings 
H p — > G p . + and I p r\J p — > H p preserves this action to W' p . Here we regard I p r\J p C 
Ip C T n to define I p n J p action. 

Let Up = T n X p be the T n orbit of X p , which is a neighborhood of T n p, the T" 
orbit of p. We remark that if y € J7 P then there exist g € J p and a; G X p such that 
y = gx. Moreover if g'x' — gx as above, then .g _1 .g' G J p H / p . 

We have 

s p (ga;,gw) = g„s p (a;, w) 
where g + in the right hand side is the map g^ : E p — > _E gp induced by the G p .+ 
action on E. 
We put 

#p = {g* = (flii (fti,7i)) I * = !)•••, 
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Now we define an ^-multisection s' p on U p x W p by 

s ' P (y, w ) = {gs P (x, giw) | i = 1, ... ,£}, 

where y = gx (g G J p , x G X p ). This is well-defined. In fact, if p = g'x' = gx then 
ff = 99a, x = g a x' for some g a € J p Ci I p . Therefore 

g's p (x', gjiu) = 3s p (a;, g,g w). 

This implies that s p is well-defined. (Note I p n J p C 77p.) 

The multisection s p is T p equivariant. In fact J p equivariace is immediate from 
definition. If g = (hi, (ft-2,7)) G G P) _|_ then for y = gx (g G <7 P , a; € X p ) we have 

s p (gy,gw) = {gs p (gx,g i gw) \i=l,...,£} 

= {9Ss p (x,g l w) \ i=l,. ..,£} = gs' p (y,w). 

(Note H p is a normal subgroup of Xp.) 
It is easy to see that 

Sp(x,gw) = s' p (x,w) 

for g G Hp. 

We remark that the quotient space W p /H p is an orbifold. (Note however that 
it may not be effective. Namely there may exist a nontrivial element of H p whose 
action on W p is trivial.) 

We take an open subset W p of W p /H p which is a manifold and is sufficiently 
close to the origin. The quotient group T n — G p . + /H p acts on W p . 

Then s' p induces a W p parametrized multisection s' p on U p . 

We put 

r p , + = { 7 er| 7 [/ p n[/ p ^0}. 

We may choose X p so small that 7 € r p + holds only when jp € T n p. Then we 
have a surjective homomorphism 

G p ,+ ^r Pi+ , (9,1)^1- 

For (<fc,7,-) € G p ,+, we write 

gi = hiki, hi e J p , fc l € 7 P . (30.2) 
For x £ Up and u> <E W p we define ^-multisection s p 3 ^ by 

4 3) (a;,«;) = {< / (a:,fci«;) |i = l,...,*}. (30.3) 

(Note £ = #G Pi+ .) We remark that s p (x, fw) = s' p \x, w) if / e J p n 7 p . Therefore 
(|30.3[) is independent of the choice of the decomposition (|30.2p . 

We now extend s p 3 ^ to J7+ = TU P as follows. Let (y, w) G 17+ x VF p . We have 
y = ~/x with 7 e T, 1 e t/ p . We put 

Sp 4 )(y, W )=7*4 3) ^^)- (30.4) 

We claim that (|30.4p is well-defined. In fact let y = 72; = ~f'x', with 7' e T, 1' e C/ p . 
We have p, = 7 _1 7' G T Pi+ , x = /ix'. We take g G T™ such that g = (p, /i) G G Pi +. 
We put g = hk with ft, G J p , fc G 7 p . Then 

7's p 3 V,™) = 7m4 3) (^'.^) = 7£T 1 gs p 3 V,w) = 7 fc- 1 /i- 1 s p 3) (g^',gu') 

= 7Ar 1 /r 1 4 a) (ga/,io) =7fc _1 4 3) (^ 1 g^'. w ) = ^(k^h^gx^k^w) 

= 7s p 3) (/ ia; '^~ lu; ) = 7 s p 3) ( a; > fc^ 1 ^) = js p 3 \x,w). 
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It is easy to see that s p is T x T n invariant, (|30.1j) implies that s p satisfies (2) and 
(3) of Lemma 130. II Therefore s p 4 ' satisfies (2) and (3) of Lemma 130.11 also. Thus 
Sp 4 ' 1 gives a required W p parametrized family of multisections on U p . 

Then by gluing s p ^ for various pi by an appropriate partitions of unity, we obtain 
the required family of multisections. □ 

Using Lemma 130. H the rest of the construction is the same as IFOOQ4] , |FOOQ5] 
and |Fu2j and so is omitted. 



31. Appendix 5: Hochschild and quantum cohomologies 

In this paper we study the operators p, q and the cyclically symmetric version q c 
of q, in the case of toric manifold and its Lagrangian submanifold that is an orbit 
of T n action. We use it to prove our main result, Theorem 11.11 We use various 
properties of these operators for this purpose. We have proved them only in our 
toric case. 

Actually those operators are defined in greater generality and most of the prop- 
erties we use here indeed hold in greater generality. There are various literatures 
which conjecture/claim/prove/use them in various level of generality and of rigor. 

The purpose of this section is to briefly summarize the properties of operators 
p, q etc. which are expected to hold, in order to put the discussion of this paper 
in proper perspective. We also mention various earlier results. We might overlook 
some other existing literature because our knowledge are certainly incomplete. 

We remark that the operators p, q etc. are defined in [FOOQ2] Chapter 3 and 
|FOQ03j Section 3.8 for any pair (X, L) where X is a symplectic manifold and L 
is its relatively spin closed Lagrangian submanifold. We first review its relation to 
Hochschild cohomology here. 

Let C be a filtered Ao inov module. We assume it is free. We consider the 
Hochschild complex: 

oo 

CH(C[1],C[1]) = l[Ho mAonm (B k (C[l}),C[l}). (31.1) 

k=Q 

More precisely, for <p e Hom\ nov (£? (C[1]), C[l]) = C[l], we assume V'o(i) = 
mod A^~ nov , in addition. Its boundary operator is defined by 

_^ ki 

(Slp)(x 1 , . . . ,x k ) = Y] y^-l)* 1 ™^!, . . . ,^(2^-, . . . ),..., x k ) 



k 1 +k 2 =k+l j=l 

fcl 

fci+fc 2 =fc+l .7=1 



(31.2) 



Here (p = ((pk)kLo an( i 

*i = deg ipk- 2 (deg xi + . . . + deg'x-^i), * 2 = deg'xi + . . . + deg':Ej_i. 

(See |FOQ03j Section 4.4.5.) Let us consider the case when C = H(L; Ao i7lov ) as 
in [FOOQ3] Theorem A. The operators q^ : fe defines a map 

q : E(H(X;A , nav )[2}) ->■ CH{H(L;A 0tnov )[l],H(L;A 0<Ilov )[l]) 
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by 

q(Pi,---,Pe)( x u---,%k) = qi ;k (p 1 ,...,p i ;x 1 ,...,x k ). (31.3) 
It is easy to see that the image of this map consists of cycles. See [FOOQ3) Section 
7.4. 

We next define product structure on CH(C[1], C[l]). Let tp = (¥?fe)j£=o> ip = 
(«=o- We put ' 

m 2 ((p,ip)(xi,...,x k ) 

= X! ( _1 )* m 2(^fci( a; l ! ■ • • >X kl ),l/j k2 (x kl+ i, . . . ,X k )) ( 31 - 4 ) 
ki-\-k2=k 

where 

* = deg ip k2 (deg' x\ H h deg' ar fcl ) . 

Then 

tp\j ip = (-l) dc sv( dc ^ +1 'm 2 (^,V) 
defines an associative product. 

Remark 31.1. (1) We can define mfe(</?i, . . . , in a similar way. It defines 
a structure of algebra on CH(C[1], C[l]). 
(2) This structure is a particular case of one defined in |Fulj Theorem- 
Definition 7.55. Namely we consider the filtered category with one ob- 
ject whose endomorphism algebra is the algebra C. Then CH(C[1] , C[l]) 
is identified with the set of all prenatural transformations from identity 
functor to identity functor. In [Ful Theorem-Definition 7.55, the filtered 
Aoo structure of it is constructed. If we apply it to our particular case, it 
coincides with the above A^ structure on CH(C[1], C[l]). 

Claim 31.2. The map q defines a ring homomorphism 

QH(X;A , nov ) -> HH(H(L;A , nov )[l],H(L;A , nov )[l}). (31.5) 

Here we put quantum cohomology ring structure on the left hand side. The right 
hand side is S-cohomology of H H (H (L; Ao, not) )[l], H(L; AQ, nov )[l]) , that is the Hochschild 
cohomology. 

Remark 31.3. (1) When we consider several Lagrangian submanifolds instead 
of one Lagrangian submanifold, it forms a filtered A^ category called 
Fukaya category. Then we can modify the statement so that the right 
hand side is a Hochschild cohomology of Fukaya category. 
(2) We can include bulk deformation by an element b € H ev (L; A^ nov ) then 
Claim 15X21 still holds. Namely we put QH(X; Ao, n ov) the b-deformed quan- 
tum cup product. (See (|2.33[) .) We use also use b-deformed A^ structure 
on Floer cohomology of the right hand side of (|31.2[) . Then fl31.2[) becomes 
a ring homomorphism in this generality. 

Conjecture 31.4. We use quantum (higher) Massey product on QH(X; Aq^ iov ) to 
obtain a filtered A^ structure on it. (See |FOOQ6] Corollary 1.10.) Then (j 31. 5\ 
is extended to a filtered 4 M homomorphism. 

Remark EO] (1) (2) apply to Conjecture 131.41 

Theorem 19. II is closely related to Claim l3"L~2"| but it looks slightly different. We 
will explain its relation now. (For the simplicity of notation we consider the case 
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when b = 0, namely the case without bulk deformation. Including bulk deforma- 
tions is fairly straightforward.) 

We first consider the case when the potential function is Morse. In that case 
there are finitely many (L(ui), b{) (i = 1, . . . , ranki/ (X)) , such that 

HF((L( Ui ),bi), (L(ui),bi)) = H(T n ). 

(See Lemma T24. 51 ) Moreover HF((L(ui),bi), (L(ui),bi)) is a (nondegenerate) Clif- 
ford algebra as a ring. So we have 

HH(H(L{ Ui )), H(L(ui)); A) = A. 

(Here we use the Aoo structure to define Hochschild cohomology in the right 
hand side.) Thus Claim I3TT21 implies that there exists a left homomorphism 

QH(X; A) -> Y[A. (31.6) 

i 

Using the identification (|2.16[) it is easy to identify A with Jac( s pD)(X>A A. Then 
the ring homomorphism (|31.5[) induces a ring homomorphism to Jac(*}3D) <8)a A. 
It coincides with the Kodaira-Spencer map appearing in Theorem 19. II 

We next consider the case when ?PD is not necessarily Morse. We consider 
the basis e, e. ( (i = l,...,n), e/ (7 C {l,...,n}) of H*(T n ;Q). Here dege = 0, 
dege 4 = 1, dege/ > 2. 

Let ip = {<Pk)%Lo be an element of CH(H(L; A )[l], H(L; A )[l]) <8> Ao A- We put 

= <Pk(ej x ,...,e jh ) e A. 

We define 

K ( P) = Y1 jjfn.-,ik x h--- x jk G A [[xi,...,a; n ]] ® Ao A. (31.7) 

fc=0 ji,...J fc = l 

Lemma 31.5. ( |ffi.7] ) induces a ring homomorphism 

A [[xi, . . . ,x„]] (8>A A 



HH(H(L; A )[l], H(L; A )[l]) ®a A 



-ffere we use to define Hochschild boundary operator in the left hand side. 

We will write the boundary operator 5 in (I31.2j) as 6b in case we use m£ . 

Proof. It suffices to show that the image of the Hochschild boundary operator maps 
to the Jacobian ideal in the right hand side by the map (|31.7p . Let ijj = (ipk)kLo 
be the Hochschild chain. We define . for i,jx,.-.,jk — 1, . . . ,n by 

n 

^k(e J1 ,...,e Jk ) ~^h) u _ ijk ei € A[e,e/;deg e/ > 2]. 

i=l 

We then define 



oo n ^ 

hi = ^2 tf h h,...,jk x h ■■■ x 3k e A [[«!,..., Kn]] ®A A. 

fe=o ji,— ,i*=i 
It is straightforward to check 



KSb m = it h *^^ 1 + bl "" ,Xn+bn) 



i—i 
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Hence the lemma. □ 
We can prove 

Ao[[xi,...,x n ]] <g) Ao A 



Jac(yD) ®Aq ^- — H y oyo 



j V ^ ,i = l,...,n) 

We remark that the left hand side is a quotient of the strictly convergent power 
series ring, while the right hand side is a quotient of the formal power series ring. 
We can however prove that they are isomorphic in the present situation in a way 
similar to Lemma T12.81 

Therefore, by Lemma 131.51 we obtain a ring homomorphism 

HH(H(L; A )[l], H{L\ A )[l]) ®a A -> Jac(<£D) ® Ao A. (31.8) 
Composition of (|31.8[) and (I31.5|) is the Kodaira-Spencer map appearing in Theorem 

m 

We can prove Claim 131.21 in a way similar to Theorem 19.11 We do not try to 
prove this here since we do not use it in this paper. 

The homomorphism q in (|31.5[) is related to the homomorphism ^ b ^ given 
in (|17.2j) as follows. Let ip = ((pk)fLn ^ e a Hochschild chain. We put 

Tp = <fo{l) G C. 

It is easy to see that Tp is a mi-cycle if ip is a Hochschild cycle. Thus we have 

HH{H{L- A )[l], H(L; A )[l]) ®a A ->■ HF{{L(u), 6), (L(«), 6); A). (31.9) 
is a composition of (|31.9[) and <f. Since (|31.9|l and q are both ring homo- 



i* 

qm,(6,u) 

morphisms 

*£,,(*,») : Q H ( X '> A ) HF((L{u), 6), 6); A) (31.10) 

is also a ring homomorphism. 

Remark 31.6. (1) We remark that , fe > is constructed in [FOOQ2] and 
Theorem 3.8.62 |FOOQ3j . However the fact that it is a ring homomorphism 
is neither stated nor proved there. 
(2) For the case of monotone L, the fact that „ , is a ring homomorphism 
is closely related to a statement proved in Theorem A BC2 . 
Here are some more precise statements on their relationship. 

(a) The algebra which is denoted by QH*(L; TV) in |BC2j is isomorphic to 
the Floer homology. Namely 

QH*{L; TV) ® n A , nov S HF((L, 0), (L, 0); A , nov ), 

as rings. (Here it is assumed that L is monotone.) This fact had 
been proved in the year 2000 version [FOOOl] pages 287-291, with- 
out the monotonicity assumption, except the compatibility with ring 
structure. Note we may take TZ = Q[T, T -1 ] as the coefficient ring in 
the monotone case as explained in |FOOQ3j Chapter 2. 

(b) The map 

QH(X; TZ) ® QH(L; TV) QH(L; TZ) (31.11) 

appears in |BC2j Theorem A (ii). Via the isomorphism mentioned 
above, this map coincides with the map 

(p,x)^qi ; i(p,z). (31.12) 
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It is proved in [BC2I that (|31.11j> determines a module structure on 
QH(L;1Z) over the quantum cohomology ring QH(X;1Z). In view of 
the fact that mo = in monotone case, this statement is a special case 
of the Claim (See also (5e2] .1 

We remark that (|31.12|) is slightly different from (|31.10l) . The latter 

map corresponds topn- qi ; o(p)- 
(3) The homomorphism (|31.5|) had been known much earlier. It seems that 
the first reference where it is mentioned is [Ko2] . (In |Ko2j , the right hand 
is replaced by Hochschild homology of Fukaya category which is a more 
general statement than the present context. There may also be several 
physics literature containing statements related to this homomorphism.) 
The category version of the map (|31.5|) is believed to be an isomorphism 
under suitable assumptions. This is stated explicitly as a conjecture by P. 
Seidel in Conjecture 1 |Se5j for the exact case. (In noncompact case such 
as the exact case, one needs to replace quantum cohomology by symplectic 
homology.) There are also earlier references such as [Se4j but |Se5j contains 
the statement in the most transparent way. Seidel also constructed the 
map ()31.5p and proved that it is a ring homomorphism in the exact case 
in Section 6 (6B) |Se4) . ('The technicalities' mentioned in the 4-th line of 
Section 6 (6B) Se4; can be easily taken care of by now, that is 10 years 
after |Se4j was written.) 

Recently this ring homomorphism (j31.5|l is familiar to many experts and 
becomes a kind of 'folklore' in the field. However as far as the authors know, 
rigorous proof of the ring homomorphism property is written in detail only 
for the cases where L is either exact (Seidel), monotone (Biran-Cornea), or 
toric (in this paper), 
We also remark that this kinds of application of 'open-closed Gromov-Witten 
invariant' in Floer homology first appeared in the literature in [F12 . 

There is a cyclic analogue of the map pi.5|) . Namely we can use the cyclically 
symmetric version q c of q to define a map 

q c : QH{X; A ,„ o „) -> HC(H(L; A , no „)[l]; A) (31.13) 

by 

q c (Pi, •■■,Pi)(xi,...,x k ,x Q ) = (q| ;fc (pi, ■ • ■ ,Pf,xx,. . .,x k ),x ) . 
Here the right hand side of (|31.13[) is the cyclic cohomology. This homomorphism is 
expected to play an important role to pursue the line of ideas explained in Section 

cm 

The operator p is constructed in [FOOQ3] Section 3.8 for any pair (X,L). It 
induces a map 

p : HC(H(L; A ,„ o „)) -> H(X; A ) (31.14) 

by 

[Xi (g) . . . (g) Xff] H> pk(xi, . . .,X k ). 

Here the left hand side of (|31 . 14|) is cyclic homology. 

Remark 31.7. We can use p i;k of [FOOQ3j Section 3.8.9 to extend (|31.14|t to a 
map 

EH(X- A , not ,) ® HC(H(L; A ,„ ot ,)) ->■ H(X; A ) 

in a similar way. 
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If b is a bounding cochain (namely if m§ = 0), then we have 
HF((L,b); A ) -> HC(H(L; A Q , nov )) 

by 

[x] ^ [x] e Bj yc H(L;A ,T. ou )[l]. 
(We use Aoo structure m & to define the above cyclic homology.) Combined with 
(|31.14j> . we obtain 

i L<b : HF((L, b); A ) -»■ H(X; A ). (31.15) 

It coincides with the map i#,q m (6,^) in (|17.1[) . 

Theorem 120.11 is expected to hold in that generality. Namely we expect 

(*£,&(")> »Z,,6(tt>)>PD.x 

= £ ± 3 /J (mf (e /; t>), (e, 7 , »)) PD£ . ( 31 - 16 ) 
i, j 

Here e/ is a basis of the cohomology H(X; A). See Proposition 126.171 for sign ±. 
Other notations are the same as in Section [201 

Many parts of the proof in Section [20] can be generalized to the non-toric case. 
However we take short cut in several places in Section [20] So several parts of the 
proof should be rewritten in the general case. 

Remark 31.8. (1) In the monotone case the map Il,o coincides with the map 
il appearing in |BC2] Theorem A (iii). |BC2| attributes those maps to 
the paper [Al . Indeed, the map and which appears in Theorem 
1.5 [Al] (defined in the monotone case) coincide with (|31.10|) and (|31.15[) . 
respectively. 

One of the main applications of Theorem 1.5 [Al] is to prove nontriviality 
of Lagrangian Floer cohomology under certain conditions. The fundamental 
chain of L is used for this purpose there. In the proof of jFOOOl] Theo rem 
6.13 (6.14.3) a similar argument had been used for the same purpose. The 
operators p was introduced in [FOOQ2] in order to make this argument 
more systematic. 

(2) We used the moduli space of pseudo-holomorphic annuli to prove (|31 . 16|) 
in the toric case. The moduli space of pseudo-holomorphic annuli is also 
used in |BC1) and in |Abj . 
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